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A system consisting of two different atoms interacting with a two-mode vacuum, where each atom is resonant

only with one cavity mode, is considered. The effects of dipole-dipole (dd) interaction between two atoms on the

atom—atom entanglement and mode—-mode entanglement are investigated. For a weak dd interaction, when the atoms

are initially separable, the entanglement between them can be induced by the dd interaction, and the entanglement

transfer between the atoms and the modes occurs efficiently; when the atoms are initially entangled, the entanglement

transfer is almost not influenced by the dd interaction. However, for a strong dd interaction, it is difficult to transfer

the entanglement from the atoms to the modes, but the atom—atom entanglement can be maintained when the atoms

are initially entangled.
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1. Introduction

Quantum entanglement is a fundamental resource
for quantum information. Since atoms and photons
were found to be able to be used as qubits, much
attention has been paid to generating atom-—atom

1-6] entanglement!”8!

entanglement, atom—photon
and photon-photon entanglement.®=2 In addition,
atoms are usually applied to storing information
while photons are always employed to carry and pro-
cess information. Therefore, storing information in
atoms!'? and transferring information between atoms

sl14-16] are also topics of much current

and photon;
interest.
On the other hand, the dipole-dipole (dd) inter-
action between the atoms has given rise to a myr-
iad of fascinating phenomena.['”=2! Especially, in the
field of quantum information, the dd interaction plays
an important role in generating the entanglement.
According to the two-photon excitation of resonant
transitions modified by a dd interaction, Lukin and
Hemmer[?? described a method of manipulating en-
tangled metastable states of pairs of neighbouring
atoms. By laser-induced dd interactions, Opatrny et
al 3] realized the entanglement of atom pairs confined
to adjacent sites of two mutually shifted optical lat-

dipole—dipole (dd) interaction, concurrence, entanglement transfer

tices. In order to achieve a robust entangled state,
many researchers have made efforts to stabilize the
atomic entanglement via the dd interaction in differ-
ent engineering scenarios, such as a squeezed vacuum
field,[?42%) an electro-magnetic bath[?6) and a classical
driving field,[2":28] etc. Therefore, it is very necessary
to investigate further into the effect of dd interaction

on quantum entanglement.

Recently, the entanglement transfer from a two-
mode field to a pair of separable atoms, each of
which interacts only with one of the modes, has been

d.[29-32] Kraus and Cirac?9 have

intensively studie
found that the two atoms can be entangled where
the two cavity fields are driven by the common two-
mode squeezed light. Then Paternostro et al [?% found
the complete conditions for the entanglement transfer
from a common two-mode driving field to a pair of
qubits. Very recently, it is shown in Ref.[33] that the
entanglement can be transferred reciprocally between
maximally entangled atoms and continuous-variable
systems which are initially prepared in a pure sep-
arable Gaussian field. In addition, we have found
that the entanglement can be fully exchanged between
two entangled atoms and two cavity modes initially

in vacuum.¥ In these studies, the entanglement can

*Project supported by the National Natural Science Foundation of China (Grant No 60478049), the Natural Science Foundation
of Hubei Province, China (Grant No 2006ABB015) and the Natural Science Foundation of Huazhong Normal University, China.

TCorresponding author. E-mail: guohong@phy.ccnu.edu.cn

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



972 Guo Hong et al

Vol. 17

be transferred between atoms and field modes, but it
cannot be generated by the system itself due to the
non-interaction between the two atom—mode subsys-
tems. In the present paper, we show that the two
separable atoms can be entangled by the dd interac-
tion between them. Consequently, the entanglement
transfer between the atoms and the modes is stimu-
lated.

The rest of this paper is organized as follows. In
Section 2, we describe our model and present the de-
grees of atom—atom entanglement and mode—mode en-
In Sections 3 and 4, the effects of the
dd interaction on the two entanglements are discussed

tanglement.

when the two atoms are initially separable and maxi-
mally entangled, respectively. Finally, the conclusions
are presented in Section 5.

2. Model and entanglement

The model discussed in the present paper is based
on a two-mode Jaynes-Cummings (J-C) model, ] in
which there are two different two-level atoms inside
an ideal cavity supporting two modes with frequen-
cies wy and ws. Here the dd interaction between the
two atoms is also considered. In the rotation wave ap-
proximation, the Hamiltonian for the system can be
written as (h = 1)

H: HO + Haf + Haa; (1)
2

Hy :Zwi(azai‘i‘sf)a (2)
i=1

2

Hy = Zgi(a;‘S; + H.c.), (3)
i=1

Hoo = 2(S{ S5 +H.c.), (4)

where, a;r and a; are the creation and annihilation op-
erators for the ith mode with frequency w;, while w; is
also the transition frequency of the ith atom; S7 and
S+ denote the atomic spin-like operations with S7 =
(1/2)(Jei)(eil = |gi){gil) and S;" = (S7)" = lei)(gil, gi
is the coupling constant between the ith atom and the
ith mode; {2 refers to the strength of dd interaction
between the atoms; Hy describes the free Hamiltonian
of the atoms and the modes; H,s denotes the inter-
actions between the atoms and the respective modes;
H,, represents the dd interaction between the atoms.
For simplicity, we suppose that the atom—mode cou-
plings are equal, i.e. g1 = g2 = g.

The total state of the system at time ¢t = 0 is
[1(0))at =[1(0))a @ [1(0))¢
= COS 9|6192,0102>
+ €' sin f|g; ea, 0102) (5)
with 0 <0 <7/2, —w < ¢ <.

In the Schrodinger picture, the total state of the
system at any time ¢ can be expressed as

[1(t))ar = c1(t)|e192,0102) + ca(t)|g1e2,0102)
+ c3(t)|g192, 1102) + ca(t)|g192,0112),  (6)

|
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[
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[
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=
=
D
=
3
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S

es(t) =g{—irB(t) — (2r16 + 202
—i[ri(g® — 0%) —r00]n
ca(t) =g{—ir2B(t) + (2r20 — 1 02
—i[ra(g® — ©%) +7.602]n

with
a? cos(at) — b cos(bt)
a(t) = a2 — b2 ’
asin(at) — bsin(bt)
() = T =
cos(at) — cos(bt)
t) = ———————=
bsin(at) — asin(bt) for b0,
—a3b + ab3
() = at — sin(at) (®)
— for b =0,
a
and
a=y/2 Ve
2 )
b=y PV
2 )
p =07 42¢%> + 262,
q=0"+4¢>02% + 164°6°. (9)

Here r; = cosf, o = e?sinf, and © = A/2 with
A = w1 — wo, the difference between the atomic tran-
sition frequencies.

It is convenient to quantify the degrees of atom—
atom entanglement and mode-mode entanglement by

concurrence defined as(36:37]

C =max {0, VA1 — vV — VA — V), (10)
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where \;(i = 1,2, 3,4) are the eigenvalues, in decreas-
ing order, of matrix R = p(o, ® o,)p*(0y Q@ 0y); 0y is
the Pauli spin matrix and the asterisk denotes com-
plex conjugation; p is the density matrix of an arbi-
trary two-qubit state. The two qubits are maximally
entangled when C'= 1, while they are separable when
C=0.

Following our previous work, 34

it is easy to cal-
culate the atomic concurrence Cy,a,(t) and the field
concurrence Cty, (t) as follows:

Cazas (1) = 2[er(®)[e2(8)],
Cry, (1) = 2[es(t)|]ea(?)], (11)

where the symbol | - | denotes the modulus.

3. Two atoms separable initially

Now we consider the case of § = 0, that is to say,
the two atoms are initially in a separable state |e1g2),
which is sensitive to the effect of the dd interaction.
In the following, we will discuss the effects of weak
and strong dd interactions respectively.

3.1. The effect of weak dd interaction

When the difference between the atomic transi-
tion frequencies, A, the strength of dd interaction {2
and the atom—mode coupling constant g satisfy the re-
lation of A <« 2 < g, we can make an approximation
for a and b, respectively, in expression (9) as

Q, and b%g—g. (12)

a~g+2 5

Then expressions (7) and (11) are easily reduced to
1
c1(t) = cos(gt) cos <§Qt) ,
. (1
co2(t) = —icos(gt) sin (5 Qt) ;
. 1
es(t) ~ —isin(gt) cos (5 Qt) ,
. (1
¢4 (t) ~ — sin(gt) sin (5 Qt) (13)

and

Ch,ay (t) ~ cos®(gt)| sin(2t)],
Ch,1, (t) ~sin?(gt)| sin(£2t)]. (14)

From expression (14) we see that the two initially
separable atoms can be entangled due to the weak dd

interaction between them. We also see that the two
entanglements both have two periods, one is the oscil-
lation period with a value of /g determined by atom-—
mode coupling, the other is the envelope oscillation
period, which is 7/(2 arising from the dd interaction.
Obviously, at gt = nm and 2t = (m + 1/2)7 (n,m =
0,1,2,--), the atoms are maximally entangled and
the modes are separated, while at gt = (n+1/2)7 and
2t = (m+1/2)m, the modes are maximally entangled
and the atoms are completely disentangled into their
initially separable states. That is to say, entanglement
can be completely transferred from the atoms to the
modes because of the atom-mode couplings. In addi-
tion, it is possible for the entanglement to be restored
to the atoms. Thus the entanglement transfer between
the two subsystems is almost periodical and perfect.

In order to study the dependence of the maximum
entanglement obtained during the time evolution on
the difference between the atomic transition frequen-
cies, we extract the corresponding maximum value on
the time scale (0,100/g), which is large enough for
our model. As shown in Fig.1, MC,,,, and MCy,y,
represent the corresponding maximum concurrences of
atom—-atom and mode-mode subsystems derived from
the time evolution respectively.
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Fig.1. The maximum concurrences (MCa,a, + 1.0) (up-
per) and MCy g, (lower) versus A/g with § = 0 and
2 =0.1g.

When A < 2, the maximum values of the two
entanglements both are about 1.0. As the value of
A increases as shown in Fig.1, the maximum values
of the two entanglements decrease first, then increase
and go through a peak value at about A = 2g, finally
drop close to zero.

Since the dd interaction here is weak, i.e. 2 < g,
we can explain these results via dressed states. The
dressed states, which are the eigenstates of the Hamil-
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tonian H = Hy + Hg¢, are

1
1€1) = Eﬂglgm 1,02)%[e1g2,0102)),
1
£3) = ﬁﬂglgza0112>i|9162,0102>),
(15)
the corresponding eigenvalues are
A
£ ===
+ 92 g,
A
2 =— TE0 (16)

Figure 2 shows the transitions induced by the dd
interaction between two atoms. The transitions of
|E2)—|EL) and |€3)—|€L) when A ~ 0 and |£2)—|EL)
when A ~ 2g occur easily because the transitions need
no additional energy. As a result, when A ~ 0 and
A ~ 2g, the two atoms are easily and deeply entan-
gled, and the maximum entanglement of two atoms
when A ~ 0 is larger than when A ~ 2g. How-
ever, in other cases, it is difficult for the transitions
to occur as shown in Fig.2, which need additional en-
ergies, thus the maximum entanglement between two
atoms is small. In addition, due to the strong atom-
mode couplings, the entanglement transfer between
the atoms and the modes happens easily and almost
completely, thus the maximum entanglement between
the modes is always similar to that between the atoms
in behaviour. Therefore, the maximum entanglements
between two atoms and between two modes strongly
depend on the difference between the atomic transi-

tion frequencies.

1€3)

1£2)

1£2)

Fig.2. The eigenstates of the Hamiltonian H and the
transitions induced by the dd interaction between two
atoms.

3.2. The effect of strong dd interaction
2
Under the condition of A <« % < {2, the ap-

proximations for ¢ and b in expression (9) are

9’
~{, br=. 17
“ ’ 0 (17)

Substituting expression (17) into expressions (8) and
(7), the population amplitudes of the four basic states
are

c1(t) ~ cos(£2t),
co(t) = —isin(£2t),

cs(t) ~ — i% [sin(Qt) +sin <%t>} ,
ca(t) z% [cos(m) — cos <%t>} (18)

Then combining expression (18) with expression (11),
the two concurrences become

Caia, (1) = sin(202t)],
Ct,1, (t) =~0. (19)

From expression (18) we see that when (2 be-
comes very large, the system state can be approxi-
mately written as

[9(t))at ~2[cos(£2t)|e192)
—isin(£2t)[gie2)] ® |0102).  (20)

This implies that due to the strong dd interaction,
the energy exchange in the whole system mainly oc-
curs between the two atoms, which is determined
by the Hamiltonian H,, described by expression (4).
Consequently, the degree of atom—atom entanglement
ranges from 0 to 1 with a frequency of £2/7; the mode-
mode entanglement reaches a value zero, this is be-
cause in this situation the atoms and the modes are
approximately decoupled, thus it is difficult to trans-
fer the entanglement from the two atoms to the two

modes.
2.0
1.5
9 1.0-
=
0.5 4
0 > 1 T T T
0 1 2 3 4 5

Alg

Fig.3. The maximum concurrences (MCa,a, + 1.0) (upper)
and MCy, g, (lower) versus A/g with 6 =0 and {2 = 10g.

Figure 3 shows the maximum values of entangle-
ments for different values of A. As contrasted with
the results in Fig.1, here the maximum values of the
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entanglements of atom—atom and mode—mode are al-
most unchanged as the value of A increases. This im-
plies that the dependence of the maximum values of
the two entanglements on the difference between the
atomic transition frequencies is obviously suppressed
by the strong dd interaction.

1€}

€%

l€2)

e'L)

Fig.4. The eigenstates of the Hamiltonian H’ and the
transitions induced by the atom—mode couplings.

Because of the relation of ¢ < (2, the Hamilto-
nian Hys denoting the atom-mode coupling is taken
as a perturbation. The eigenvalues and the corre-
sponding eigenstates of the unperturbed Hamiltonian

H' = Hy + H,, are easily derived respectively as

gl —j:vA2 4402
+ — 2 )
& :i%, (21)
and
A 1
|5/i> :—i|€192,0102> + —|g1e2,0102),
Ai Ai
|5li> =|g192, 1102),
1€72) =lg1g2,0112), (22)
JAZ 2
with Ay = M and A4 = \//\gt-l-l. As

a large additional energy is needed in all the tran-
sitions induced by the atom-mode interaction shown
in Fig.4, no matter what the difference between the
atomic transition frequencies is, it is really hard for
the atoms to transfer their entanglement to the modes,
and thus the two modes are almost always disentan-
gled.

4. The two atoms maximally en-
tangled initially

In this section, we will discuss the case of § =
w/4, i.e. the two atoms are initially in a Bell state

(lerga) + |g1e2))/V/2, which is a maximally entangled
state with C' = 1. In the same way, the effects of weak
and strong dd interactions will be studied respectively.

4.1. The effect of weak dd interaction

When A, 2 and g satisfy the condition of A <«
2 < g, the approximate values for a and b are given
in expression (13). Accordingly, expressions (7) and
(11), respectively, become

1 i
c1(t) =ca(t) =~ —= cos(gt)e 22,

V2

cs(t) mey(t) = —% sin(gt)e =7, (23)
and
Cayar(t) ~ cos” (gt),
Chyt, (t) ~sin?(gt). (24)

In this case, the atom—atom entanglement and the
mode—mode entanglement both range from 0 to 1 with
the same oscillation period 7/g, and the latter retards
by half the oscillation period compared with the for-
mer. Hence, the entanglement can almost be fully
transferred between the atoms and the modes, which
is similar to the case of 2 = 0.3*] Moreover, this re-
sult is nearly not affected by the weak dd interaction,
which is because the dd interaction is so weak that it
just induces a phase factor in the total state of the
system at any time ¢.

Figure 5 displays the dependence of maximum
values of the two entanglements on the value of A.
With the value of A increasing, the maximum values
of the mode—-mode entanglement are always 1, which
indicates that, no matter what value A has, the en-
tanglement between two atoms can always be fully
transferred to the two modes and be restored.

2.0

1.5 1

1.0 *

MC

0.54

Alg

Fig.5. The maximum concurrences (MCa,a, + 1.0) (up-
per) and MCy, ¢, (lower) versus A/g with § = 7/4 and
2 =0.1g.
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Figures 6-8 plot the time evolutions of the entan-
glements for the two subsystems for different values
of A. Tt is obvious that when A =~ 0 (see Fig.6) and
A = 2g (see Fig.7), the time evolution of each en-
tanglement appears to be modulated by the difference
between the atomic transition frequencies. When the
value of A is far from these two points (see Fig.8), the
modulation behaviour disappears almost completely.
Comparing these results with those in the case of
2 = 0,B4 it is found that because of the dd interaction
between two atoms, the modulation behaviour of each
entanglement is strongly dependent on the difference
between the atomic transition frequencies. However,
no matter what the value of A is, the entanglement
transfer between the atoms and the modes are always
nearly complete. This indicates that the possibility of
transferring entanglement between the atoms and the
modes does not depend on the difference between the
atomic transition frequencies even when it is affected
by the weak dd interaction.

2.04
1.5
O 1.07
0.54

0- i I/\/\ HR /\/\/\

0 5 10 15 20 25 30
gt/m

Fig.6. The concurrences (Ca,a,(t) + 1.0) (upper) and
Ct, £, (t) (lower) versus gt with 6§ = 7/4, 2 = 0.1g and
A =0.1g.

2.0

1.5 1

0.5

0 L e N B A B S S |
0 5 10 15 20 25 30

gt/m

Fig.7. The concurrences (Ca,a,(t) + 1.0) (upper) and
Ct, £, (t) (lower) versus gt when § = 7/4, 2 = 0.1g and
A = 2g.

2.0

1.5

0.5

O+——1T———T "t 1T Tt
o 5 10 15 20 25 30

gt/m
Fig.8. The concurrences (Cajas(t) + 1.0) (upper) and

Ct 5, (t) (lower) versus gt with § = 7/4, 2 = 0.1g and
A = 4gq.

4.2. The effect of strong dd interaction

Next, we consider the case of {2 > ¢g. Under the

2
condition of A <« %, a and b are given in expression

(17) approximately. Accordingly, the population am-
plitudes and the two concurrences can be, respectively,
expressed as

and
Cayas (1) ~1,
Ct, 1, (t) ~0. (26)

In this case, we find that the populations are
not only concentrated in the states of |ejga,0102) and
|g1ez,0102), but also almost equal. Thus the system
state can be approximately expressed as

[(E)ae ~ % (ler02) + lgrea)) ©10105).  (27)

V2

Compared with the state when ¢ = 0, the state when
t > 0 has an additional phase factor, which is induced
by the dd interaction. Consequently, the two atoms
can always maintain their initial entangled state due
to the strong dd interaction, which is different from
the case in which the two atoms are initially separa-
ble. This indicates that the strong dd interaction can
prevent the two atoms maximally entangled initially
from disentangling. In addition, because of g <« {2,
it is difficult for the two atoms to transfer their en-
tanglement to the two modes, thus the mode—mode
entanglement always approaches to a value near zero.

For different differences between atomic transition
frequencies, we calculate the time evolutions of the two
entanglements numerically for 0 < A < 5¢. It is found
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that, as the value of A increases, the obtained results
are almost similar to those in expression (26). That
is to say, the maintaining of the atomic initial entan-
glement is also independent of the difference between
atomic transition frequencies, for which the reason is
the same as that shown in Section 3.2.

5. Conclusions

We have investigated the effects of dd interaction
on entanglement transfer of a system composed of two
different atoms each interacting resonantly only with
one of two cavity modes.

For small values of (2, it is shown that the entan-
glement of the two initially separable atoms can be

generated by the weak dd interaction between them,
so that the entanglement can be transferred to the
two cavity modes and restored to the atoms through
the atom—mode couplings. Interestingly, whether the
atoms are initially separable or entangled, the entan-
glement transfer between the atoms and the modes is
nearly not influenced by the weak dd interaction for
any given value of A.

For large values of {2, the dd interaction is de-
structive to the entanglement transfer between the
atoms and the modes. However, it makes the two
atoms maximally entangled periodically when they
are initially separable and maintain the atomic ini-
tial state when they are maximally entangled initially,

which is also independent of the value of A.
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