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This paper proposes a scheme for the implementation of 1 — 3 optimal phase-covariant quantum cloning with

trapped ions. In the present protocol, the required time for the whole procedure is short due to the resonant interaction,

which is important in view of decoherence. Furthermore, the scheme is feasible based on current technologies.
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The existence of the no-cloning theorem shows
that quantum information is fundamentally differ-
ent from classical information.[!] Classical information
can be copied perfectly, whereas quantum information
cannot. This is a direct consequence of the linear-
ity of quantum mechanics. Though an exact copy of
an arbitrary input state cannot be achieved, one can
construct an approximate cloning machine. In Ref.[2],
Buzek and Hillery proposed the first theoretical model
of the 1 — 2 universal quantum cloning machine with
the fidelity 5/6. Since then, a number of modifications
and extensions to their idea have been suggested.3—1%
One of the most significant examples is that the 1 — 2
optimal phase covariant cloning,®! firstly proposed by
Brug et al, can create two copies of an arbitrary
equatorial state with the fidelity F = 1/2 + 1/2v/2
(slightly higher than 5/6). This discovery motivated
an intensive research into the optimal phase covari-
ant cloning.'*=1% In Ref.[11], Fan et al suggested a
theoretical scheme for constructing the 1 — M opti-
mal phase-covariant cloning machines. For the phys-
ical realization, there are several proposals for the
implementation of such cloning.®516] The 1 — 2
and 1 — 3 optimal phase covariant cloning machines
have been experimentally realized in linearly optical
system.['217:18] However, up to now, there have been
no experimental schemes reported in other systems.

The ion-trap quantum information processor, first
proposed by Cirac and Zoller™ and demonstrated

experimentally shortly afterwards,??! was considered
to be a promising candidate for the implementation
of quantum computation and quantum information
processing.!2' =26 Tlluminated by these ideas, we pro-
pose a scheme for the realization of the 1 — 3 op-
timal phase covariant quantum cloning with trapped
ions in the present paper. As far as we know, it is
the first scheme for the demonstration of the optimal
phase covariant quantum cloning with trapped ions.
Our scheme might be experimentally realizable with
presently available techniques.

Now, let us begin our proposal. We consider that
there are three three-level ions confined in the one-
dimensional potential trap. Each ion holds an excited
state |e) and two ground states |g) and |i). The first
qubit is encoded in the two ground states of the ion
1, while the second and third ones are in the bases
{le), lg)} of the ions 2 and 3, respectively. We fo-
cus three different laser pulses to drive the three ions
tuned to the first lower sideband. The Rabi frequency
and the phase of each laser pulse are denoted by (2;
and ¢; (j = 1, 2, 3), respectively. Assume that the
first ionic state, which is to be cloned, is initially pre-

pared in
1 i
7 (1)1 +e?1=)1), (1)
1
where |£),; 7 (lg) £19));-  The vibrational

centre-of-mass (c.m.) mode is cooled to the
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vacuum state |0) .. and the other two ions to  situation, is given by 2]
1
— (V21]e) +19))., lg)5. Thus, we have the whole sys- _
V3 ( : )219s Hy = infhe 2a* |g), (el
tem state in )
+in2se % at |g), (e + He., (3)

% () +¢1-0) @ (VE2le) +19)) 199 10} e - (2)

We now simultaneously turn the second and third
laser pulses on to drive the ions 2 and 3, respectively.
In the resolved sideband limit and in the Lamb-Dicke
regime, the interaction Hamiltonian, describing this

1

23 + 23 cos B3y

= (#+e o) o { Ve

X |g>2 |€>3 |O>vac +

025 + 03
9267i¢2 sin Koz

NG

where Ea3 =1/ 022 + (22.

We choose the two Rabi frequencies (2 and (23,
the interaction time 7 and their laser phases ¢o and
¢3 to satisty

Fosm :7771\/922+Q§=7T,

0 = (\/§+ 1) 0,

19)219)5 [1)vac

where a and at represent the annihilation and cre-
ation operators of the c.m. mode, respectively, n
stands for the Lamb—Dicke parameter. After the inter-
action time 71, the state of the whole system described
by Eq.(2) evolves to

QQ.Qgei(qbaiqb) (COS E23T1 — 1)
025 + 03

+19)219)3 |0>Vac} ; (4)

|€>2 |9>3 |O>vac +

Then, we turn off the second and third laser
pulses. After that, we simultaneously turn on the first
and second ones. In this case, the interaction Hamil-
tonian reads

Hy = ine™*1a* |g), (el

¢3 = 2 + . (5) +infhe a0t |g), (e] + Hee. (7)
The state of the whole system Eq.(4) becomes After the interaction time 7o, the different initial
% (|_|_>1 + el |_>1) ® (|e>2 19)5 + 19)5 |€)5 states, composed of the state of ions 1 and 2 in the
0 bases {[g)y [€)y, [i)11€)s 19)119)2, |i)119),} and the
+19)5 |9>3) 10) vac - (6)  vacuum state |0), evolve as
|
912 + .922 cos a1 i .Qgei(qbliqb) (COS Eiom — 1)
|g>1 |e>2 |0>vac - 912 + 022 |g>1 |e>2 |0>vac + 012 + 922
\Qge_i¢2 sin F1omo
X le 0 + 1 ; 8a
| >1 |g>2| >vac \/m |g>1 |g>2| >vac ( )
(1)1 1€)5 10) e = €08 (7928) [}y [€)5 [0) o + si (7228) €172 [8) |95 [1) e 5 (8b)
1901 19)2 10)vae = 19)119)2 10)vac ; (8¢c)
121 19)2 10)vac = 181190210} ac (8d)
where E1o = ny/ 2% + 23.

With the choice of £2; = /312 and 7% = 7, Eiam = 27, we can obtain the controlled phase flip (CPF)

operation between ions 1 and 2, i.e.

19) le)
19)1 |

2 | >vac
2

)119)2 |

|i>1 |6>2 |O>vac -
1)1 19)2 10)vae = 1)1 19)2 10)yac - (9)

0 - |g>1 |6>2 |0>vac;
O>vac - |g>1 |g>2 |O>vac ;

i)11€)2 10)yae 3
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Due to Eq.(9), we can obtain two controlled-not (CNOT) transformations in the rotating basis, namely

[+)11€)210)vac = 1=)11€)2 10) e 5
|+>1 |g>2 |0>vac )

|
1)1 19)2 10) e —
and
19)118)210)vac = 19)118)2 10} ac ;
19011602 10)vac = 19)119)2 10) e 5

with the abbreviation [£) =

1
— (le) — |g))-
7 (le) —19))
Under the action of the CNOT operator Eq.(10a),
the state of the whole system described by Eq.(6) be-

comes

% (le) + |g)) and J¢) =

Ze[ (204 10) Il + (1 + 1), )

(19 l€)s + 192 19)) | (1)

where we have eliminated the vacuum state |0), .

Next, we turn off the first and second laser pulses
and then simultaneously turn on the first and third
ones to perform a similar CNOT operator Eq.(10a)
on the ions 1 and 3, leading the state of the whole

system to

0= [(|_> + ¢ |+>1) (le)q |9>3 +19)4 |e>3)

+>1 + e’ |_>1) |g>2 |g>3} . (12)

N

+(

Now, we implement a Hadamard transformation
on the ion 1, i.e.

91 = 1), 1D — =) (13a)
and the Hadamard transformation on the ions 2 and
3 respectively, i.e.

|g>j - |€>] ) |€>j - |§>j .

j=2,3.  (13b)

The state of the whole system described by Eq.(12)
will be

[(ID)1 +€“lgd1) (Is)21€)5 + 1€)5 15)s)
|g>1 + et |z>1) |§>2 |§>3] . (14)

ral-

We then perform the CNOT transformation
Eq.(10b) on ions 1 and 2, and then a similar CNOT
operation is implemented between the ion 1 and the
ion 3, where the ion 1 is the controlled qubit. In this

[=)11€)210)vac = [H)1 1€)210)yac 5

1=)119)210)vac = 1011902 10) yac - (10a)
|Z>1 |§> |O>vac |Z>1 |§>2 |0>vac )
(1)1 19)2 0)vac = = 10)11€)2 10)yac » (10Db)

case, the state of the whole system evolves to

% {18)1 (Is), |§>3 +1£), |<>3) +19)1 1€), |§>3

+e[19); (I)31€)5 + 1€)3 5)3)
1iy 1) o))} - (15)

At last,
Eq.(13a) and then the rotating transformation |g) (i|+

we implement the Hadamard gate

|i) {(g| on the ion 1. The whole system state will finally
be

% (1)1 1$)2 |§>3 +1+)1 1), |§>3 + 1)1 16, |§>3)

+6 (|=)1 195 185+ 1=)1 1€)2 |9
+ 41 16)z [$)g)] (16)

For the sake of making the representation clear,
we identify |[+) and |€) as the logic |0) and |—) and |s)
as the logic |1), respectively. Then the input state de-
scribed by (1) and the final state of the whole system
Eq.(16) can be rewritten as

7 (10) + ¢ 1)) (17a)
and

1

7 \/_ (]001) + ]010) + |100))

+e! (|011) + |110) + |101)) |, (17Db)

\f

respectively, which shows that the 1 — 3 optimal
phase-covariant quantum cloning machine with fi-
delity of 5/6 has been realized. 111!

It is necessary to give a brief discussion on the
feasibility of the proposed protocol. In our scheme,
the above ionic levels |g), |e) and |i) can be obtained
from the levels Sy, (m; = —1/2), D55 (m; = —1/2)
and Sy (m; = 1/2) of °Ca*, respectively.l?” Since
the lifetime of the metastable Ds/, state is about
T~ 1.16s, we can neglect the spontaneous radiation.
Due to Refs.[28, 29], the authors also show that the vi-

bration c.m. mode (v = 27 x 1.2MHz) can be cooled
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to the vacuum state with the fidelity 99% and the
ions to the Lamb—Dicke regime ( < 0.1) via sideband
cooling. The three ions can be individually addressed
by using focused laser beams with the fidelity 97%.
For the single-qubit rotating, we can easily obtain the
transition |e) < |g), such as the Hadamard transfor-
mation Eq.(13b) in a very short period of time.*/ And
the transition |g) < i) can be obtained via adjusting
the pulse area and using Ramsey interferometry.®!]
So the errors mainly owe to the imperfection of two-
qubit logical gates. If we choose the Rabi frequency
{2 = 27 x 47kHz in Eqs.(5) and (9), the required
time for preparing the entangled states described by
Eq.(9) is about 40 us and the required time for im-
plement the CPF described by Eq.(9) is about 100 us,
which leads that our scheme may be realized in about
450 ps. Thus, we have enough time to finish the whole
procedure and the error of the off-resonant excitations
is less than 4%.12%) We now suppose that the fluctu-
ation of each Rabi frequency is about 3% and Eq.(5)

are satisfied, we then obtain cos(Ea371) &~ —0.998 and
sin(FEq3711) &~ —0.055 in Eq.(4). So the fidelity of hav-
ing the entangled states in Eq.(6) is about 0.99. In ad-
dition, the other main sources for the imperfection are
Laser frequency noise (2% error per each laser pulse
and each time), and residual thermal excitation (2%
error).128:29:32 Therefore, the fidelity of our scheme is
about 70%.

In summary, we have proposed a scheme for the
realization of the 1—3 optimal phase covariant quan-
tum cloning with trapped ions. The present protocol
is based on the simultaneous resonant interaction be-
tween each two ions and the vibrational mode. The
scheme doesn’t use the vibrational mode to act as
memory and the required time for the whole procedure
is short based on resonant interaction, which is impor-
tant in view of decoherence. Therefore, our scheme
may be feasible on the basis of the presently available
techniques.
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