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The statistics of polarization in electromagnetic waves or target vector has been studied deeply, generally using

Stokes parameters. Unfortunately, all the data-processing includes the assumption that the sampling data are inde-

pendent of time, without a consideration of the time coherence of the polarization data, such as instantaneous Stokes

parameters. In this paper, the definitions of the instantaneous coherent polarization function and polarimetric spectrum

are presented for the first time, which shows the coherences of the instantaneous Stokes parameters in both time and

frequency domain, even in spatial coherence. The new formula of definition can be extended to spatial propagation

coherence, both in free space or any linear medium.
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1. Introduction

Hurwitz[1] was the first to investigate the statisti-

cal properties of unpolarized light for which he studied

probability density functions (PDFs) of the parame-

ters characterizing the ellipse. But all the three pa-

rameters are functions of the polarization Barakat[2]

studied the probability behaviour of the parameters

for arbitrary degree of polarization. Eliyahu[3] pre-

sented the vector statistical distribution functions for

correlated Gaussian fields. The results may be used to

describe the interesting cases of polarization of multi-

ply scattered light from disordered media based upon

explicit calculations for the covariance matrix of the

scattered light. Brosseau[4] examined the statistics

of the normalized Stokes parameters for a stochastic

plane wave field which is Gaussian distributed and

gave the lower-order moments. In the recent years

it was found that the degree of polarization of the

beam can change upon propagation, not only in free

space, but also in random media, and in a turbulent

atmosphere. Touzi and Lopes[5] and Lee et al
[6] de-

veloped the theorem to describe the statistics of the

speckle of the Synthetic Aperture Radar (SAR) im-

agery. Korotkova[7] generated the Stokes parameters

from two-point quantities other than one-point quanti-

ties, and studied the changes in statistics of the instan-

taneous Stokes parameters of a quasi-monochromatic

electromagnetic beam on propagation. It showed that

the polarization state would not change if the distance

was far enough than 1 kilometer, whereas the defini-

tion may not express the space coherence clearly. Liu

and LÜ[8] have given the coherence vortices of par-

tially coherent beams in the far field.

In early radar systems, for radar’s resolution

is low, the backscatter wave can be seemed to be

compound with many independent scattering centres,

and therefore the backscatter wave is Gaussian dis-

tributed. While with the improvement of the radar’s

resolution, the scattering centres are not independent

in space or time, and then the above assumption is not

suitable. The statistical properties have not been un-

der the consideration of the time or spatial coherence

of the electromagnetic waves or target vector. But

in reality the time coherence of the electromagnetic

waves affects the variant rules of the polarization state

which can be expressed with the Stokes parameters.

In this paper, the instantaneous coherent polarization

function (ICPF) is defined to describe the time coher-

ence of the Stokes parameters, and the polarimetric

spectrum is defined too to describe the coherence in

frequency domain of Stokes parameters, and this is

much helpful for target detection and target recogni-

tion.

Section 2 gives the definition of ICPF. The an-

alytical expression in detail is derived for the ICPF

in Section 3. Then the instantaneous coherent po-

larimetric spectrum (ICPS) is defined in Section 4.
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Section 5 gives an instance for the ICPF and ICPS.

Finally, the conclusion is presented.

2. Definition of instantaneous co-

herent polarization function

The coherent vector of the Stokes parameters has

been defined,[7,9] but it cannot be used to describe

the coherence definitely. So this definition is renamed

as the first ICPF. For the description of the direct

coherence of the time-sequence or spatial-propagation

Stokes parameters, the second ICPF is defined to char-

acterize the coherent Stokes parameters.

2.1. The first ICPF

Assuming that any planar incident wave can be

represented as e(t), where t ∈ T , we define the time

coherence of the wave vectors as

c(t1, t1 + τ) = e(t1) ⊗ e
∗(t1 + τ), t1, t1 + τ ∈ T,

where ‘⊗’ denotes the Kronecker product. It is to say,

the time coherence of the wave vectors is derived by

the Kronecker product of the wave vectors at two dif-

ferent times. Then the time-domain is presented as

g0(τ) = g0(t, τ) = 〈EH(t)EH
H (t + τ)〉 + 〈EV(t)EH

V(t + τ)〉,

g1(τ) = g1(t, τ) = 〈EH(t)EH
H (t + τ)〉 − 〈EV(t)EH

V(t + τ)〉,

g2(τ) = g2(t, τ) = 〈EH(t)EH
V (t + τ)〉 + 〈EV(t)EH

H(t + τ)〉,

g3(τ) = g3(t, τ) = −j[〈EH(t)EH
V (t + τ)〉 − 〈EV(t)EH

H (t + τ)〉]. (1)

In the stationary stochastic process, the coherent

function is not coherent of time. Here ‘〈·〉’ denotes the

ensemble average. If the stochastic process is ergodic,

the ensemble average equals to the time average. From

Eq.(1), it can be seen that the first instantaneous co-

herent polarization is just a linear compound of the

wave coherence. We cannot see the coherence of the

Stokes parameters clearly.

2.2. The new ICPF

Supposing that the Stokes parameters are real sig-

nals, we define the self-coherent functions as

s0(τ) = 〈S0(t)S0(t + τ)〉 = 〈[EH(t)EH
H(t) + EV(t)EH

V (t)][EH(t + τ)EH
H (t + τ) + EV(t + τ)EH

V (t + τ)]〉,

s1(τ) = 〈S1(t)S1(t + τ)〉 = 〈[EH(t)EH
H(t) − EV(t)EH

V (t)][EH(t + τ)EH
H (t + τ) − EV(t + τ)EH

V (t + τ)]〉,

s2(τ) = 〈S2(t)S2(t + τ)〉 = 〈[EH(t)EH
V(t) + EV(t)EH

H (t)][EH(t + τ)EH
V (t + τ) + EV(t + τ)EH

H (t + τ)]〉,

s3(τ) = 〈S3(t)S3(t + τ)〉 = −〈[EH(t)EH
V (t) − EV(t)EH

H (t)][EH(t + τ)EH
V (t + τ) − EV(t + τ)EH

H (t + τ)]〉. (2)

As is seen, the definitions are quite different

among Eq.(1) and Eq.(2).

After the analysis of the equations’ structure,

the basic coherent polarimetric cells (BCPC) are ex-

tracted to simplify the calculation. Those are the first-

order BCPC, second-order BCPC, and fourth-order

BCPC. As is the following:

Rij(τ) = 〈Ei(t)E
H
j (t + τ)〉,

Sij(τ) = 〈|Ei(t)E
H
j (t + τ)|2〉,

where i, j = H, V.

The fourth-order BCPC is the mean of the prod-

uct of the four electromagnetic elements, such as

〈EH(t)EH(t + τ)EH
V (t)EH

V (t + τ)〉.

The ICPF can be derived via the compound of

the three BCPCs.

By the same way, we can define the cross-coherent

functions:
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s01(τ) = 〈S0(t)S1(t + τ)〉 = 〈[EH(t)EH
H(t) + EV(t)EH

V (t)][EH(t + τ)EH
H (t + τ) − EV(t + τ)EH

V (t + τ)]〉,

s12(τ) = 〈S1(t)S2(t + τ)〉 = 〈[EH(t)EH
H(t) − EV(t)EH

V (t)][EH(t + τ)EH
V (t + τ) + EV(t + τ)EH

H (t + τ)]〉,

s23(τ) = 〈S2(t)S3(t + τ)〉 = −j〈[EH(t)EH
V (t) + EV(t)EH

H (t)][EH(t + τ)EH
V (t + τ) − EV(t + τ)EH

H (t + τ)]〉,

s13(τ) = 〈S1(t)S3(t + τ)〉 = −j〈[EH(t)EH
H (t) − EV(t)EH

V (t)][EH(t + τ)EH
V (t + τ) − EV(t + τ)EH

H (t + τ)]〉. (3)

The expressions can also be derived via the three

BCPCs.

3. The calculation of BCPC

In this section the analytical expressions of BCPC

are given from the compound Gaussian distribution.

Then the IPCF are expressed with the BCPCs.

3.1. The calculation of BCPC

A stochastic polarized wave is ergodic owing to

Gaussian distribution with zero mean. When (ĥ, v̂) is

selected as the coordinate, we have

eHV(t) ∼ N(0, C), eHV(t + τ) ∼ N(0, C),

where C is the covariance matrix, and

C = 〈eHV(t)eH
HV(t)〉 = 〈eHV(t + τ)eH

HV(t + τ)〉

=

[

CHH CHV

CVH CVV

]

.

Define a variable EHV = [eH(t), eH(t + τ), eV(t),

eV(t + τ)]T, where eH(t) = xH + IyH, eH(t + τ) =

pH + IqH, eV(t) = xV + IyV, eV(t + τ) = pV + IqV, I

is imaginary number unit.

So the PDF of the electromagnetic wave vector

EHV is

f(EHV) =
1

π4|ΣHV|
exp{−EH

HVΣ
−1
HVEHV},

where ΣHV is the covariance matrix:

ΣHV = 〈EHVEH
HV〉 =















σHH RHH(τ) σHV RHV(τ)

RHH(−τ) σHH RVH(τ) σHV

σVH RVH(τ) σVV RVV(τ)

RHV(τ) σVH RVV(−τ) σVV















.

The elements of the wave vector EHV own to

Feynman path assumption. The elements in the ma-

trix ΣHV are complex.

For the BCPC calculation, we can derive them

via complex Gaussian distribution of the wave vector.

Firstly we try to obtain the expressions of

〈Ei(t)E
H
j (t + τ)〉, 〈|Ei(t)E

H
j (t + τ)|2〉, i, j= H,V.

Generally we let Ei(t) = xi + Iyi, Ej(t + τ) =

pj + Iqj , where I is imaginary number unit. Thus the

covariance matrix of Ei(t) and Ej(t + τ) is

Σij =

[

σijRR(τ) σijRI(τ)

σijIR(τ) σijII(τ)

]

,

where σijRR(τ) = σjiII(τ), σijRI(τ) = −σijIR(τ).

σijRR(τ) denotes the real part of the coherent func-

tion and σijII(τ) is the imaginary part of the coherent

function. The other two elements of the covariance

matrix are the coherent functions between real part

and imaginary part.

From Feynman path assumption of the complex

Gaussian distribution, we can get

〈xipj〉 = 〈yiqj〉 = σijRR(τ) = σijII(τ),

〈yipj〉 = −〈xiqj〉 = σijIR(τ) = −σijRI(τ).

The first-order BCPC is

Rij(τ) =〈Ei(t)E
H
j (t + τ)〉

=2[σijRR(τ) + IσijIR(τ)]. (4)
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The second-order BCPC is

Sij(τ) =〈|Ei(t)E
H
j (t + τ)|2〉

=4[σiiRR(τ)σjjRR(τ) + σ2
ijRR(τ)

+ σ2
ijRI(τ)]. (5)

If there are four Gaussian random variables with

zero mean X1, X2, X3, X4, it is easy to know

E[X1X2X3X4] =E[X1X2]E[X3X4]

+ E[X1X3]E[X2X4]

+ E[X2X3]E[X1X4]. (6)

Then for a fourth-order BCPC, there is

〈EH(t)EH(t + τ)EH
V (t)EH

V(t + τ)〉

=〈EH(t)EH(t + τ)〉〈EH
V (t)EH

V (t + τ)〉

+ 〈EH(t)EH
V (t)〉〈EH(t + τ)EH

V (t + τ)〉

+ 〈EH(t + τ)EH
V (t)〉〈EH(t)EH

V (t + τ)〉.

Based on Feynman path, it is known

〈EH(t)EH(t + τ)〉 = 〈EH
V(t)EH

V (t + τ)〉 = 0,

〈EH(t)EH
V (t)〉 = 〈EH(t + τ)EH

V (t + τ)〉 = σHV.

And then we can get

〈EH(t)EH(t + τ)EH
V (t)EH

V(t + τ)〉

=〈EH(t + τ)EH
V (t)〉〈EH(t)EH

V (t + τ)〉

+ 〈EH(t)EH
V (t)〉〈EH(t + τ)EH

V (t + τ)〉. (7)

Then we derive the fourth-order BCPC

〈EH(t)EH(t + τ)EH
V (t)EH

V (t + τ)〉

=RHV(−τ)RHV(τ) + RHV(0)RHV(0). (8)

By the same method, the other fourth-order BCPC

can be obtained as

〈EV(t)EH(t + τ)EH
H (t)EH

V (t + τ)〉

=RHH(−τ)RVV(τ) + RHH(0)RVV(0), (9)

〈EH(t)EH
V (t)EH

H (t + τ)EV(t + τ)〉

=RVV(−τ)RHH(τ) + RVV(0)RHH(0),

(10)

〈EV(t)EH
H (t)EH

H (t + τ)EV(t + τ)〉

=RVH(τ)RVH(−τ) + RVH(0)RVH(0). (11)

3.2. The analytical expression of the first

ICPFs

Inserting Eqs.(4,5) into Eq.(1), we can obtain the

analytical expressions of the first ICPFs as

g0(τ) = RHH(τ) + RVV(τ),

g1(τ) = RHH(τ) − RVV(τ),

g2(τ) = RHV(τ) + RVH(τ),

g3(τ) = −j[RHV(τ) − RVH(τ)]. (12)

3.3. The analytical expression of the sec-

ond ICPFs

Inserting Eqs.(8–11) into Eq.(2), we can derive

the expressions of the second ICPFs as

s0(τ) =SHH(τ) + SHV(τ) + SVH(τ) + SVV(τ),

s1(τ) =SHH(τ) − SHV(τ) − SVH(τ) + SVV(τ),

s2(τ) =2Re[RHV(−τ)RHV(τ) + RHH(−τ)RVV(τ)

+ RHV(0)RHV(0) + RHV(0)RVH(0)],

s3(τ) = − 2Re[RHV(−τ)RHV(τ) − RHH(−τ)RVV(τ)

+ RHV(0)RHV(0) − RHV(0)RVH(0)].

(13)

3.4. The cross-coherent polarization

function

Inserting Eqs.(8–11) into Eq.(3), we can de-

rive the expressions of the cross-coherent polarization

function as

s01(τ) = 〈S0(t)S1(t + τ)〉 = SHH(τ) − SHV(τ) + SVH(τ) − SVV(τ),

s12(τ) = 〈S1(t)S2(t + τ)〉 = 2Re[RHH(0)RHV(0) + RHV(τ)RHH(−τ) − RVV(0)RHV(0) − RVV(τ)RHV(−τ)],

s23(τ) = 〈S2(t)S3(t + τ)〉 = 2Im[RHV(0)RHV(0) + RHV(τ)RHV(−τ) + RVV(τ)RHH(−τ)],

s13(τ) = 〈S1(t)S3(t + τ)〉 = 2Im[RHH(0)RHV(0) + RHV(τ)RHH(−τ) + RVV(0)RVH(0) + RVH(τ)RVV(−τ)].(14)
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Other cross-coherent polarization functions can be ob-

tained by replacing τ with (−τ).

4. The ICPS

If gi(τ) satisfies the following assumption,

Gg(ω) =

∫ ∞

−∞

|g(τ)|dτ < ∞,

we can define the ICPS as

Gg(ω) =

∫ ∞

−∞

g(τ)e−jωτdτ. (15)

By the same condition and definition, we can get the

ICPS for si(τ), sij(τ) as

Gss(ω) =

∫ ∞

−∞

s(τ)e−jωτdτ, (16)

Gsc(ω) =

∫ ∞

−∞

sij(τ)e−jωτdτ. (17)

The spectra definitions describe the coherence of

Stokes parameters in frequency domain.

5. The instance for the gaussian

correlated fields

For the convenience of the simulation, we sup-

pose the wave vector independence between horizon-

tal and vertical polarization channels. The coher-

ent function of the horizontal channel is RHH(τ) =

〈EH(t)EH
H (t + τ)〉 = 2σHHRR(τ), on the assumption of

σHHIR(τ) = 0. The coherent function of the vertical

channel is RVV(τ) = 〈EV(t)EH
V(t + τ)〉 = 2σVVRR(τ),

where σVVIR(τ) = 0. Then the first ICPFs can be

simplified as

g0(τ) = 2[σHHRR(τ) + σVVRR(τ)],

g1(τ) = 2[σHHRR(τ) − σVVRR(τ)],

g2(τ) = 0,

g3(τ) = 0.

The second ICPFs are simplified as following:

s0(τ) =8[σ2
HHRR(τ) + σ2

VVRR(τ)

+ σHHRR(τ)σVVRR(τ)],

s1(τ) =8[σ2
HHRR(τ) + σ2

VVRR(τ)

− σHHRR(τ)σVVRR(τ)],

s2(τ) =8[σHHRR(−τ)σVVRR(τ)],

s3(τ) =8[σHHRR(−τ)σVVRR(τ)].

Here we let σHHRR(τ) =
1

4
e−α|τ |, σVVRR(τ) =

1

4
e−β|τ |. Under this condition we can obtain the ICPS

of gi(τ) as

Gg0
(ω) =

∫ ∞

−∞

g0(τ)e−jωτdτ

=
α

α2 + ω2
+

β

β2 + ω2
,

Gg1
(ω) =

∫ ∞

−∞

g1(τ)e−jωτdτ

=
α

α2 + ω2
−

β

β2 + ω2
,

Gg2
(ω) =

∫ ∞

−∞

g2(τ)e−jωτdτ = 0,

Gg3
(ω) =

∫ ∞

−∞

g3(τ)e−jωτdτ = 0.

The ICPS of si(τ) are

Gs0
(ω) =

∫ ∞

−∞

s0(τ)e−jωτdτ

=
2α

4α2 + ω2
+

2β

4β2 + ω2
+

(α + β)

(α + β)2 + ω2
,

Gs1
(ω) =

∫ ∞

−∞

s1(τ)e−jωτdτ

=
2α

4α2 + ω2
+

2β

4β2 + ω2
−

(α + β)

(α + β)2 + ω2
,

Gs2
(ω) =

∫ ∞

−∞

s2(τ)e−jωτdτ

=
(α + β)

(α + β)2 + ω2
,

Gs3
(ω) =

∫ ∞

−∞

s3(τ)e−jωτdτ

=
(α + β)

(α + β)2 + ω2
.

The Figs.1–6 are given to show the coherence of the

Stokes parameters for this case, when α = 1, β = 2.

The horizontal coordinate means the coherent time τ

and the vertical coordinate means the values of the

coherent function gi(τ) or si(τ).
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Fig.1. The first ICPS of g0(τ).

Fig.2. The first ICPS of g1(τ).

Fig.3. The second ICPS of s0(τ).

Fig.4. The second ICPS of s1(τ).

Fig.5. The second ICPS of s2(τ).

Fig.6. The second ICPS of s3(τ).

From the above figures we can see that the band of

the first ICPS is narrower than the second definition,

which means that the second definition has shorter

coherent time. And the first ICPS g1(τ) has a trend

of little fluctuation while its band of frequency is nar-

rowest.

6. Conclusion

In this paper the coherence of the instantaneous

Stokes parameters at different times is studied, which

describes the coherence of the polarization states. The

ICPF, ICPS and the cross-polarization function are

defined as the variables of the polarization state shifts.

In reality, the Stokes parameters may be seen as a kind

of real signals just describing the polarization state in

time or frequency domain. All the results derived in

the paper may be extended new definition of the co-

herence of Stokes parameters in space propagation.[7]

and would be used to target detection, recognition and

other aspects.
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As we know, the distributions of the electromag-

netic waves are of many kinds, how to obtain their

ICPF, ICPS, and the cross-polarization function will

be our work in future.
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