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This paper derives the closed-form expressions for nonparaxial phase flipped Gaussian (PFG) beams propagating

in free space, through a knife edge and an aperture, which enable us to study nonparaxial propagation properties of

PFG beams and to compare nonparaxial results with paraxial ones. It is found that the f parameter, offsetting distance

of the knife edge and truncation parameter affect the nonparaxial beam propagation properties. Only under certain

conditions the paraxial approximation is applicable. The results are illustrated by numerical examples.

Keywords: nonparaxial propagation, phase flipped Gaussian (PFG) beam, f parameter, offsetting

distances
PACC: 4200

1. Introduction

Recently Delaubert et all'! proposed the phase
flipped Gaussian (PFG) beam, which has a Gaussian
intensity distribution with a 7 phase flip between the
two halves of the beam profile and demonstrates its
potential applications in tilt locking of an optical cav-
ity and high precision position measurements. PFG
beams can be produced experimentally by means of
interferometric and wave plate techniques. Within the
framework of the paraxial approximation the propa-
gation properties of PFG beams were studied both by
expanding the flipped mode into an infinite sum of
odd Hermite-Gauss modes and by using the gener-
alized Huygens-Fresnel integral (Collins formula).["2
However, just like Gaussian beams, the paraxial ap-
proximation is no longer valid when the beam width
is comparable with the wavelength and/or the far-
field divergence angle is large enough.>~7 For such
a case the nonparaxial approach has to be taken into
consideration. In this paper, based on the Rayleigh—
Sommerfeld diffraction integral, analytical propaga-
tion equations of nonparaxial PFG beams are derived
and their nonparaxial propagation properties are stud-
ied and compared with paraxial ones. The results are
illustrated by numerical examples.

2. Theoretical formulations

For our study the two-dimensional representation
(x, z) of PFG beams in Refs.[1] and [2] is extended to
the three-dimensional case (z, y, z) due to the non-
separability of the 2 and y variables.[®! Assume that
the field of a PFG beam at the plane z=0 in the Carte-
sian coordinate system takes the form

E¢o(20,Y0,0) = 6 (x0) 0 (yo) Eo(zo,Y0,0);

-1, <0,
o) { 70

15 $0207

_17 Yo < 07
0 (yo) = Louso (1)
y Yo =2 U,

where

2/m 3+
Eo(ffoa Yo, O) = U)O/ exp (_ 0w2y0) ) (2)
0

Neli;

wo
tion factor. It is well known that the strict solution

is the normaliza-

wp denotes the waist width,

of the Helmholtz equation in the half space z > 0 is
given by the Rayleigh—-Sommerfeld diffraction integral
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of the form.! vectors in the x, y and z directions, respectively, and

exp (ik|r — ro|)

Epo(r) =— % //:’O Ef.0(x0,%0,0) G(r,ro) = ) (4)

|r — 7o
X deodyo7 (3) k is the wave number related to the wavelength A by
: k= 27/
where ro = xot+yo7, r =xt+yj+ 2k, ¢, 3, k are unite Expanding G(r,rq) into

ad + Yy — 2awo — 2yyo>] -

1
G(r,ro) =~ —exp [ik (r + o

recalling the integral formula

/a e (—ps?) sin(gs)ds = ;i\\//;exp (_Z—;) [erf (% + a\/13> a+ erf (% — a\/ﬁ)], (6)

and substituting Eqs.(1) and (5) into Eq.(3), by te-  the substitution from Eqs.(5) and (10) into Eq.(3)
dious but straightforward integral calculations we get  leads to

Ero(z,y,2) = Eo(z,y, z)erf (ax) erf (ay) , (7) Etto(z,y,2)
_ iz ”
where = _7\/%f7“2 exp (ikr)
2 2 . .
z/r \/2/m ) Tty £ 2 e 24 11
Bolon ) =135 72 " P A7) <o () o (77 o (7 ) - (01
x exp [o” (2% +47)] (8)  where f = 1/kwy is the f-parameter.®!

Using the paraxial approximation
a=1i/(wo (r/zo)2 —ir/z), 9)
22 4 g2

and r = \/m, and erf(-) denotes the er- TRZT 2, (12)
ror function, and zp = 7wd /A is the Rayleigh length. e can simplify Eqs.(7) and (8) to

Equation (8) is the propagation formula of nonparax-

ial Gaussian beams in free space, and apart from a Efp.o(x,y, z) = EOp(Iayvz)erf (Oépx) erf (apy) (13)

normalization factor it is consistent with Eq.(10a) by

letting wo; = woy in Ref.[6]. Equation (7) indicates with
that due to the flipped phase, the amplitude and phase g - 1 2/ )
of the field Fy(z, y, z) are modulated by error func- op (2,9, 2) T14iz/2 “we P (ik2)
tions of erf(az) and erf(ay) of complex argument. It a2 y? 0 9 o
is noted that the x and y variables in Eq.(7) are not X €Xp (1k 22 ) exp [aP (x Ty )} ’
separable, which is the general feature of nonparaxial (14)
beams.!®! i/wo
Under the far-field approximation Qp = P ) (15)
(z/20)" —iz/z20
|r—r0|%r—m, (10)  and

. .k 2 2 . .
Etpo(z,y,2) = —\/2_+fzexp (ikz) exp [;—Z (2 + y2)] exp <—x4f%) erf <%> erf (21—]%z> , (16)
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respectively. It is readily seen that Eq.(13) coincides with Eq.(14) in Ref.[2] for the case of two-dimensional

paraxial free-space propagation.

If there is a knife edge offsetting from the centre of a PFG beam by a; and b; in the x and y directions,

respectively, the field of the PFG beam at the plane z=0 becomes

Ej(‘lg(xov ai, Yo, b1, 0) =

Substituting Egs.(5) and (17) into Eq.(3), we obtain

1
EJ(‘..lg(fLHaluyabl,Z) = ZEo(x,y,z) [erf(

where
x(ial) =alx+a (1+1ir/z0)], (19)
Y = afy £ by (1+ir/20)]. (20)

0, |zo| < a1, |yo| < b1, a7
0 (z0) 0 (yo) Eo(z0,0,0), |zol > a1, |yo| > b1.
) +erf(@®)] [erf@) + ety (18)
|
where
:v](oail) =aplrta (1+iz/2)], (22)
Yo = ap [y £01 (1+iz/2)] (23)

Using the paraxial approximation, we can reduce
Eq.(18) to

Egpo(a:,al,y,bl,z)
:_Eop(x,y, z) [erf ( ) +erf ( )}
[erf (ypz;u) +erf( (b1) )} (21)

;3(.@07 az, Yo, b?a O) =
Recalling the relation
E
we obtain

B

H(IO)Q(yO) E0($0790,0)7 |$0| S az, |y0| S b27
0, |zo| > a2, |yo| > ba.

f,é(xo, az, Yo, b2, 0) + E%(Io, az, Yo, b2,0)

Equation (21) implies that Eop(z, y, 2) is modu-
lated by [erf( (al)) + erf( (a 1))] and {erf (ygfﬁ)) +

erf (y(bj)) ] in the z and y directions, respectively.

Now we consider that a PFG beam propagates
through a rectangular aperture with half-widths as
and b at the plane z=0, i.e.,

(24)

= Ef.O(IOa Yo, 0)5 (25)

) 00 ot - o (4) ()

font (o) ert (50)] (2)

The corresponding paraxial propagation equation of the apertured PFG beam is given by

B

{erf (ypf)) + erf (

fp)O(«T,az,yab%Z) =Eop(w,y,z){erf (apz) erf (apy) — i {erf( (a2) ) +erf( (a2) )}

y?) )} } (27)

Equations (21) and (27) coincides with Egs.(18) and (23) in Ref.[2], respectively, for the case of two-dimensional

paraxial propagation.
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3. Numerical illustrative exam-

ples and discussions

Numerical calculations were made by using the
formulae derived in Section 2, to illustrate nonparaxial
propagation properties of PFG beams and to compare
nonparaxial results with paraxial ones.

Figures 1(a) f=0.04, (b) f=0.05 and (c) f=0.30
show normalized intensity distributions I, /I;max of
unapertured PFG beams in the z direction at the
planes 2=20zy and 40zp, where I, = |Efo(z, 10,
2)|%, I;, max denotes the maximum intensity in the
direction. In Figs.1(a)-1(c) solid curves and circles
represent the results calculated by using Eqs.(7) and
(13), respectively. As can be seen, there is an on-
axis central dip, i.e., |Eo(0, 10A, 2)|*=0, and the

width of the central dip increases with the increase
of the distance z, which can be interpreted by using
the behaviour of the error function as || —0 (see Ap-
pendix A). Figures 1(a) and 1(b) indicate that the
paraxial approximation holds true if f <0.04. For the
case of f=0.30 in Fig.1(c) a noticeable difference be-
tween the nonparaxial and paraxial results appears. In
Ref.[10] Nemoto derived the condition for the parax-
ial Gaussian beams, namely, f <0.18 if the field of
Gaussian beams at the plane z=0 is given by Eq.(2).
It means that, as compared with Gaussian beams, for
PFG beams the smaller f-parameter (i.e., the larger
wp/A) should be taken to satisfy the paraxial approx-
imation. In addition, numerical results by direct in-
tegration of Eq.(3) coincide with those calculated by
using Eq.(7), and confirm the validity of Eq.(5).

1.2 1.2
(a) (b)
0.9 09r
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Fig.1. Normalized intensity distributions I /I max in the z direction at the plane 2=20z¢ and
40z of unapertured PFG beams. (a) f=0.04; (b) f=0.05, (¢) f=0.30. ‘“—’, by using Eq.(7), ‘o
0 00 0 0o, by using Eq.(13).
Normalized intensity distributions I, /I;max in is valid for f <0.04 and a; < 0.20wp. Again, an

the z direction at the plane z=40zy of PFG beams
with an offsetting knife edge are plotted in Figs.2(a)
(f=0.04) and 2(b) (f=0.30) for different values of aj,
from which we see that the paraxial approximation

appreciable discrepancy between the results by using
Eqgs.(18) and (21) are seen for the case of f=0.30 in
Fig.2(b).
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Fig.2. Normalized intensity distributions I;/Izmax in the z direction at the plane z=40z9 of PFG
beams with a knife edge. (a) f=0.04; (b) f=0.30. ‘—’, by using Eq.(18), ‘o0 0 0 0 0 o’, by using Eq.(21).

Normalized intensity distributions I, /I;max in
the z direction at the plane z=40zy of aperture
PFG beams are depicted in Figs.3(a) (f=0.04), (b)
(f=0.03) and (c) (f=0.01) for different values of the
truncation parameter § = as/wg. Figures 3(a)-3(c)
follows that the paraxial approximation is applicable
under the conditions that (a) f <0.04, 6>1.5, or (b)

of (b) and (c) the aperture effect plays a role. For
0>1.5 in Figs.3(a)-3(c) the aperture effect is negligi-
ble because for such cases the use of Eqs.(7) and (26)
delivers the same result. The aperture half-width as,
with which the PFG beams remain effectively unaper-
tured, increases as the f parameter decreases, because
the beam width increases with decreasing f parame-

f <0.03, 6>1.0, or (c) f <0.01, §>0.5. For the cases ter.
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Fig.3. Normalized intensity distributions I /Iz max in the x direction at the plane 2=40z¢ of apertured
PFG beams. f=0.04, (b) f=0.03, (c) f=0.01. ‘—’, by using Eq.(26), ‘0 o0 0 0 o o’, by using Eq.(27),

‘X X X X xx’, by using Eq.(7).

4. Concluding remarks

In this paper, based on the Rayleigh—Sommerfeld
diffraction integral, analytical expressions for non-
paraxial PFG beams propagating in free space and

through a knife edge and an aperture have been de-
rived. Just like the paraxial case, the propagation
equations are written as a product of two terms—
one of them is the free-space propagation expression
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of nonparaxial Gaussian beams and the other term is  and
the complex-argument error function. The latter term 5
: ) . exp(—27) a?

describes the modulation due to the flipped phase, off- erf(z) ~1 — W (1+0(=""))
setting knife edge and aperture. Under the paraxial

o for || > 1 and Rex > 0. (A2)
approximation our formulae reduce to the correspond-
ing paraxial ones. The f parameter, offsetting dis- 3
tance and truncation parameter affect the nonparax-  Therefore, for 2? < i + (L) the use of

Z0 20

ial propagation behaviour of PFG beams. Only un-
der certain conditions, e.g., for f <0.04 in the free-
space propagation case; f <0.04, and a;<0.20wy in
the offsetting knife edge case, and f <0.03, 6>1.0
in the apertured case, the paraxial approximation is
valid. Otherwise, the nonparaxial approach in this

paper should be taken.

Appendix A

The error function erf(z) can be approximately
expressed as

erf(z) ~ 2 4 0(®) for |a| — 0 (A1)
o

3

Eq.(Al) in Eq.(7) yields

32 2222/t 5,
x

g L+ 12/

—2 (22 +9?)

wg (L +7%/z5)

E 2~
|Ero(z,y,2)| -

(A3)

xexp[

Equation (A3) indicates that |Ejo(z,y,2)> ~ 0
as |z| —0, and for a given value of z near xz=0,
|Efo(z,y, 2)|” decreases with an increase of z, which
results in an widening of the on-axis dip.

2 2
On the other hand, for — > —4/1+ <L> ,
Wy 20 20

the use of Eq.(A2) in Eq.(7) leads to

2 2 22 —2(* +9°) 2 : 2 :
Broles AN~ T gy | [t 2] (160 + 2osingiol - (A
where
/2o 2, 2\1/ B Jwi
=,/ —="= (1 A At = A5
X60 wﬁz/wg ( +r /ZO) p1+’f'2/237 (6 Iay)v ( )
(2w 1 1
— — Zarct - = . A6
1/}50 T/ZO (1 + 7”2/2’3) 2&I‘C an T'/ZQ l (6 €T, y) ( )
From Eq.(A4) it follows that the oscillation may appear because Eq.(A4) contains sin terms.
Similarly, for the offsetting knife edge case, we obtain
(1) 2 2 2(2)/7‘ —2 (x2 + y2)
E b = —_
f~O(Iaa17ya 172) 7_‘_3wé (1+T‘2/ZO) {E y exp 1+T‘2/Z
for (z=+a)’ \ /1 (A7)
2’0
and
2 2 22/ 2(:62—1—3/2)
B b ~ AL A,
sol®:a1,4:b1, %) w1+r2/zé’exp 3 +r2/23)
for (z+ay)? + 01 >> _woﬂ (A8)
where
Ag =1+ (X3 +X5_) /4+ (Xp+X5—/2) cos (Ys— — py) + (X4 sinpy + xp—singp_), B=xzy, (A9)
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1/ 20 (1+T2/Z§)1/4e (z +a1)*/wd (A10)
zt = X )
o V7(z £ a1)/wo P 1+72/22
1/4
s = \1/20 (1—!—1"2/,28) / ox (y:l:bl)2/w3 (A11)
vE V7(z £ 1) /wo 1+7r2/22 |’
(z+a1)/w? 1
o = ————— L 0 " arct — |, Al2
Y r/20 (1 +12/22) arctatt /20 (Al2)
(y+b)?/wi 1 1
= — Zarct — . Al3
Yz r/20 (1 +12/28) arctatt r/zo (AL3)

Using the paraxial approximation, it is readily seen that Eqs.(A3), (A4) and (A8) reduce to Eqgs.(28), (29)
and (34) in Ref.[2], respectively for the two-dimensional paraxial case.
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