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The flow is assumed to be potential, and a boundary integral method is used to solve the Laplace equation for the
velocity potential to investigate the shape and the position of the bubble. A 3D code to study the bubble dynamics is
developed, and the calculation results agree well with the experimental data. Numerical analyses are carried out for the
interaction between multiple bubbles near the free surface including in-phase and out-of-phase bubbles. The calculation
result shows that the bubble period increases with the decrease of the distance between bubble centres because of the
depression effect between multiple bubbles. The depression has no relationship with the free surface and it is more
apparent for out-of-phase bubbles. There are great differences in dynamic behaviour between the in-phase bubbles and
the out-of-phase bubbles due to the depression effect. Furthermore, the interaction among eight bubbles is simulated
with a three-dimensional model, and the evolving process and the relevant physical phenomena are presented. These
phenomena can give a reference to the future work on the power of bubbles induced by multiple charges exploding

simultaneously or continuously.
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1. Introduction

The boundary element method (BEM)!~6 has
been widely used to simulate the bubble dynamics,
including the large bubbles resulting from explosion
and the small cavitation bubbles. The BEM can re-
duce the number of dimensions to one, and only the
boundary of the fluid domain needs to be meshed,
which saves a lot of computing time. Moreover, the
BEM can be well adapted to the large deformation
of meshes at the boundaries of the structure and the
bubble, even when the bubble surface generates sever
In general, the BEM has its outstand-
ing advantage in modelling the 3D complex bound-

distortion.

ary surface (e.g. the bubble surface and the free sur-
face), therefore, it is used in this paper. In the past
decades, a vast literature dealing with the bubble dy-
namics has been published.!' =1 But there was only
a little involved with the interaction of double bub-
bles or multiple bubbles.["*) There exists the interac-
tion between two bubbles in both the small bubbles
and the macro large bubbles, for example, when two
charges explode simultaneously. In the field of mul-
tiple charges exploding, a common knowledge is that

multiple bubbles, boundary integral, free surface, depression effect, potential flow theory

two charges exploding simultaneously or continuously
would yield higher power than a single charge. But it
has not been validated. Therefore, the interaction of
multiple bubbles including the in-phase bubbles and
out-of-phase bubbles is simulated with a 3D code de-
veloped in this paper in order to give a reference to the
relevant research on the dynamics of multiple bubbles.

2. Theoretical background

Gas inside a bubble is assumed to be isentropic,
and the effect of the gas motion on its pressure is ig-
nored. Gas pressure is related only to its initial state
and volume. The relation between the bubble pressure
P and the bubble volume V is as follows:

v A
P =pc+po(70) , (1)

where P, is the saturated vapour pressure of condens-
able gas, Py and Vj are the initial pressure and the
initial volume of the underwater explosion bubble re-
spectively, and -y is the ratio of the specific heat which
is related to the gas composition. For gaseous explo-

(10]

sion products from Trinotrotucl (TNT),!'% it equals
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1.25; for ideal gas, it equals 1.4.

The ambient water moves along with the bub-
ble under the effects of expansion and deformation
of the bubble. Without taking the viscosity and the
compressibility into account, the water can be con-
sidered as an irrotational incompressible ideal fluid.
The velocity potential of the fluid domain satisfies the
Laplace equation

Vi =0. (2)

The velocity w of the node in the fluid domain
can be expressed as

u = V. (3)

With the boundary condition in an infinite dis-
tance, the velocity potential ¢(p) at the bubble bound-
ary satisfies the boundary integral equation

c(p)o(q) =/S/ (ag—f)G(n q) - ¢(Q)(%G(Pa q)) ds,
(4)

where S is the boundary surface including the bubble
surface; p and q represent the fixed point and the in-
tegration point of the boundary, respectively; ¢(p) is
the solid angle observed at p. When p is in the fluid
domain, ¢(p) = 47; when p is at the smooth bound-
ary, ¢(p) = 2m; when p is in the corner, c¢(p) < 4m.
The solid angle at the control point p can be obtained
by integration as

W= [[ S v, pes )
S

The spacial Green’s function is G(p,q) =
lp — q|71, and the boundary condition in an infinite
distance is |V¢ — 0.
shown in Fig.1. The origin is at the midpoint of the

The coordinate is defined as

connecting line between two bubble centres. The z
axis directs left and the z axis directs up.

bubble
S 4 g

Fig.1. The coordinate system.

When the bubble surface satisfies the dynamic
condition under which the pressures inside and out-
side the bubble are equal, the motion of the boundary
can be determined as follows:

dx
dp 1 2
G "2 Vol™ —g(z — d),

d o 1 1 Vo\”
—¢—p—+—|V¢I2—gz——(pc+po<—0> )
p 2 p \%4

on the bubble surface, (8)

on the free surface, (7)

where g is the gravity acceleration, the original posi-
tion of bubble centre is z = d, and p, is the ambient
pressure in an infinite distance horizontally. We con-
sider Ry, as the characteristic length, Ap = poo — pe
as characteristic pressure to make the boundary con-
dition dimensionless, such that

% = % Vo[> — 6% (2 —~s), on free surface, (9)
dp 1 2 o o\’
m _1+2|V¢| 0%z E(V> )
on bubble surface, (10)

where § = \/pgRm/Ap is the buoyancy parameter,
€ = po/Ap is the initial pressure parameter of the

bubble (strength parameter), and vy = d/Rm is the
non-dimensional depth of the bubble centre. In or-
der to generalize our research, we use Rp,(p/AP)/?
as characteristic time, Ry, (p/AP)Y? as characteristic
velocity respectively, and (pgRm/Ap)'/? as character-
istic buoyancy to make all variables dimensionless. For
the underwater explosion bubble, parameter ¢ and di-
mensional Ry, can be obtained from the existing impe-
rial formula.[''='4 The numerical method of solving

Eq.(4) has been introduced in Ref.[15].

3. Velocities and normal vectors

of nodes

The velocities of the nodes at the boundary are
uncertain. Normal velocities can be obtained by solv-
ing Eq.(4) but the nodal normal vectors are unknown
(nodal normal does not match that of element). Node
1 is assumed to be a common node among several
nodes, as shown in Fig.2, and then its normal vec-
tor can be obtained by averaging the normal vectors
of its surrounding elements (arithmetic mean is the
simplest method and the normal vector of node ¢ is
obtained by the weighting method in this paper, see
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the following text). To obtain the nodal actual veloc-
ity, we use the method in Ref.[16] to establish a set of
equations about the normal vector and velocity vector
of node 1.

Fig.2. The node %, surrounded by 6 elements, the element
7 is highlighted in grey.

Considering node ¢ composed of several elements
as shown in Fig.2, we assume that the element j con-
sists of three corners A, B and C. Node i coincides
with corner A. Since element j is a plane element,
normal vectors to element j are uniform. Based on
these assumptions, a set of equations to evaluate the
velocity v; of the node 7 can be established as follows:

(ra—rp)-Vo; = da— ¢p,
(ra—rc)-Voj = opa— ¢c,

¢
n-Vo; = — 11
¢.7 an7 ( )
which may be rewritten in the matrix form:
LA —ITB YA —YB ZA — ZB Uj
TA—XC YA —Yc za—2c | " | Y
| N Ny Ny w;
A —éB
_ (bA - d)C , (12)
¢
- on node i
where V¢; is replaced by v; = (uj,vj,w;), so the

velocity vector of element j can be obtained by solv-
ing the equation. However, there are many elements
around node ¢ so that different velocity vectors will
be obtained from the equations of every element.
Thereby, the velocity that is the closest to the ac-
tual velocity needs finding out at node i. The actual
velocity of node i can be obtained by averaging the
velocities of the elements around node ¢ with the in-
verse of the area element S; surrounding node 7 being

weights, and it can be expressed as

elements

Ui

J

> 1

Vi _

J .
S]

All surrounding wj

V; = . (13)

Z il

J

elements
All surrounding

The area element S; can be obtained from the follow-

ing formula:

1

Sy=glra—re)x (ra—ro)l =5, (1)

where J is the Jacobi’s transformation of element j.

Fig.3. Node i, surrounded by 5 elements, with a very
small element.

When choosing the weight coefficient, we choose
1/5; instead of S, as shown in Fig.3. That is because
there are 5 elements around node 7 and the area of the
grey element is very small. Obviously, the element of
smaller area has a greater influence on the normal vec-
tor of node i than the element of larger area, for the
element of smaller area is closer to node ¢. If S is cho-
sen as the weight number, the contribution of smaller
element will be very little, and then the result would
be distorted. So it is better to choose 1/5; as a weight
number. Normal vector of node i can be obtained by
using a similar method as follows:

1
Z njg_j

elements
All surrounding

n;, = . (15)
1
5

elements
All surrounding

This method can assure the convergence of so-
lution. With the linear average method,['”) the nor-
mal can be approximately obtained by averaging the
normal vectors of the elements surrounding the node,
but this method is not accurate. In a grid refinement
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process, the solution will diverge. The accuracy de-
pends on the regularity of its surrounding elements.
After all, the ‘true’ normal of a polyhedron’s vertex
is uncertain. We calculate the velocity without using
the nodal normal, so this difficulty is avoided. Af-
ter the grids have been determined, the velocities of
all elements approach the accurate values, and then
the convergence of the solution to the equation can
be guaranteed. After the velocity of boundary surface
has been known, the next location of boundary surface
can be obtained by the forward-advancing method in

time domain.

4. Results and discussion

4.1. Analysis of the convergence of the
size of the boundary

The size of the free surface will directly influence
the accuracy of calculation with the BEM. Therefore,
in this paper, the effect of free surface size on the accu-
racy of calculation is studied above all. The maximum
radius of the bubble is assumed to be R, and the size
of the free surface is set to be multiples of the maximal
radius of bubble, i.e. 2-15 times as large as the max-
imum radius of bubble. The convergence is analysed
with the calculation result as shown in Fig.4.

From Fig.4 it can be seen that when the size of
the free surface is larger than 6 times as large as the
maximal radius of bubble, the calculation error can be
controlled within 0.2%. Therefore, the size of the free
surface is set to be 6 times as large as Ry,.

3.0
X
g 2.0
°
b
2 1.0
&

0

2 4 6 8 10 12 14

The size of the boundary/Rm

Fig.4. Analysis of the convergence of the boundary size.

4.2. Comparison between the calculation
results and experimental results

There is little literature involved with the exper-
imental research or the numerical research on the dy-
namics of high-pressure bubbles close to the free sur-
face. In order to verify the numerical model in this pa-
per, the calculation results from the numerical model
in this paper are compared with the experimental re-
sults. The testing parameters will be transformed
into dimensionless parameters which are Ryg = 0.1651,
e =100, 62 =0, and v¢ = 1.1. In order to better com-
pare the bubble shape obtained from the numerical
simulation with that from the experiment, the numer-
ical simulation should be carried out in synchronism
with the experiment, and the detailed evolving process
is shown in Figs.5(a)-5(f).

Figure 5(a) shows the initial state of the bubble
and the free surface, when the temperature and the
pressure inside the bubble are high and the bubble ex-
pands quickly outwards. Figure 5(b) shows the state
of the expansion phase and the free surface, when the
bubble continues to expand because of the inertia ef-
fect and interacts with the free surface. The free sur-
face rises to form a spike, which is the phenomenon
the same as that described in Cole’s book.['8] But the
bubble keeps nearly spherical, which illuminates that
the free surface and the gravity have little influence on
the expanding phase of the bubble. Figure 5(c) shows
that the bubble reaches its maximum volume with the
inner pressure being minimum. The upper bubble sur-
face is attracted by the free surface. Figure 5(d) shows
that the bubble begins to collapse and the free surface
continues to rise. Figure 5(e) shows that the bubble
is repelled by the free surface and a downward jet is
formed. Figure 5(f) shows that the bubble collapses
quickly and the jet penetrates through the other side
of the bubble wall, turning into a toroidal bubble. In
a word, in the expansion phase, the free surface has
little influence and the bubble keeps nearly spherical,
while in the collapse phase, the Bjerknes force of the
free surface is more aggravated the bubble collapses
and generates a jet and the jet penetrates into the
opposite bubble surface.
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(f) the jet penetrates the opposite bubble surface

Fig.5. The interaction between the bubble and the free surface.

4.3. Interaction of two in-phase bubbles

In the past decades, a vast literature about sin-
gle bubble dynamics has been published. But, rela-
tively, there has been little research on the interac-
tion of double bubbles or multiple bubbles. The inter-
action between two bubbles exists in both the small
bubbles and the macro large bubbles. For example,
two charges exploding simultaneously can cause two
in-phase bubbles. In order to study the dynamics of
bubbles generated by two charges exploding, the cases
of shadow water and deep water are studied in this
section.

4.3.1. Without a free surface

In deep water, the free surface influence can be ig-
nored when the distance between the bubble and the
free surface is over two times as large as the maxi-
mal radius of the bubble.
between two bubbles under the action of gravity, the

To study the interaction

non-dimensional parameters of these two bubbles are
0.1195, ¢ = 183, 6> = 0.184. The
distance between the bubble centres is set to be 1.8.
The bubble surface is discretized into 1280 three-node

taken as Ry =

plane triangle elements and the time step is set to be
0.02. The calculation results are given in the non-
dimensional form and the interaction between two in-
phase bubbles is shown in Fig.6.

Figure 6(a) shows the initial state of the two bub-
bles at t = 0 and the contour shows the amplitude of
the velocity potential of the bubble boundary. Figure
6(b) shows the state of bubbles at ¢ = 0.39. In the
expansion process, bubbles each take on a flat shape
on their two opposite sides, keeping nearly spherical.
Figure 6(c) shows the state at ¢ = 1.09 when the
bubble volumes reach a maximum and the interac-
tion occurs between the two bubbles. They repel each
other in the expansion phase, and then the bubbles
are no longer spherical. Figure 6(d) shows the state
at ¢ = 2.01 when the bubbles begin to collapse and
dent inwards, and then jets are formed. Figure 6(e)
shows the state at t = 2.22 when the bubble collapse
and jets are formed. The directions of jets are oblique,
and the jets repel each other because of the influence
of the gravity and the interaction between the bub-
bles. Numerical smoothing is not needed in the whole
simulation process, which indicates that the BEM has
a good adaptability when combined with the Elastic
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Mesh Technique (EMT).[®] Figure 6 shows the whole
process of expansion and collapse of these two bubbles
under the action of gravity.
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Fig.6. The interaction between two in-phase bubbles.
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To study the effect of the distance between two
bubbles on the bubble dynamics, the bubble non-
dimensional period and the variation tendency of bub-
ble centres along the z direction are computed with

different values of distance d. The results are shown
in Figs.7 and 8.
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Fig.7. The variation of bubble period with distance be-
tween two bubbles.
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Fig.8. The vertical displacement variation of bubble cen-
tre with distance between two bubbles.

From Fig.7 it can be seen that the pulsation pe-
riod increases with the decrease of the distance be-
tween the two bubbles. This is because that these
two bubbles repel each other in the expansion phase
but attract each other in the collapse phase, which re-
strains the motion of the bubble. From Fig.8 it can
be seen that the displacements of bubble centres in
the vertical direction decrease with the increase of the
distance between the two bubbles. Therefore, the re-
pulsion and the attraction restrain the motion of the
bubbles, increasing the period of the bubble motion.

4.3.2. With a free surface

The motion of the underwater bubble is very com-
plicated, especially when the bubble is close to a free
surface, because the bubble will interact strongly with
the free surface. For instance, when a charge explodes
near the free surface, a water spike of metres will
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be generated, but this special physical phenomenon
is hard to observe and measure through experiment,
There-

fore, this specific underwater phenomenon is simulated

especially for the case of multiple bubbles.

with a three-dimensional model developed here. On
the basis of last subsection, taking the effect of the
free surface into account, we set the non-dimensional
distance between the bubble and the free surface to be
1.0 and discretize the bubble surface into 1280 three-
node plane triangle elements. The non-dimensional
length and width of the free surface are both set to
be 6 and the free surface is discretized into 690 three-
node plane triangle elements. The calculation results
are given in the dimensionless form. The interaction
processes of bubbles and the free surface are shown in
Fig.9.

Figure 9(a) shows the initial states of bubbles and
the free surface at t = 0 where ¢ is the non-dimensional
time. The contour shows the non-dimensional am-
plitudes of velocity potential of the bubble boundary
and the free surface. Figure 9(b) shows the states at
t = 0.28 when the bubbles keep expanding and cou-
ple with the free surface. The free surface rises and
the two bubbles repel each other, keeping spherical.
Figure 9(c) shows the states at ¢ = 0.8 when the bub-
ble volumes each reach a maximum and couple with
each other. Bubbles are attracted by the free surface
and the bubbles are no longer spherical because of the
repelling force between the two bubbles. Figure 9(d)
shows the states at ¢ = 1.32 when bubbles begin to
collapse and the free surface rises more. The upper
surfaces of the bubbles form downward jets under the
joint action of the Bjerknes force and the gravity while
the bottom surfaces each take on a flat shape because
the Bjerknes force acts more strongly than the grav-
1.57 when
bubbles collapse and jets are formed. The directions

ity. Figure 9(e) shows the states at t =

of jets are different from those described in the last
subsection. In the last subsection, there is only grav-
ity so the jet directions are reversed to the direction
of gravity but here the jets are obliquely downward.
Moreover, the bubble period is shortened obviously
because of the joint action of the free surface and the

gravity. Meanwhile, the free surface reaches the high-
est and the maximal non-dimensional displacement of
the vortex of the free surface is 0.67 which is 0.67 times
as large as the maximum radius of bubble, about 4m.
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Fig.9. The interaction between two in-phase bubbles near
free surface.
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4.4. Interaction between two out-phase
bubbles

Here the two out-of-phase bubbles are generated
by two charges exploding in water continuously. To
study the dynamics of the two bubbles, this section
will be dedicated to the explosion cases in shadow wa-
ter and deep water separately.

4.4.1. Without a free surface

Ignoring the free surface effect, we mainly study
the interaction between two out-of-phase bubbles un-
derwater explosion. Non-dimensional parameters of
bubbles are Ry = 0.1195, ¢ = 183, and §%2 = 0.184.
And the non-dimensional distance between the bub-
bles is 1.8. The bubble surface is discretized into 1280
three-node plane triangle elements. Time step is set
to be 0.02 and the non-dimensional time between two
explosions is 0.007. Calculation result is given in the
dimensionless form. The interaction process of the two
out-of-phase bubbles is shown in Fig.10.

Figure 10(a) shows the states of the two bubbles
at t = 0.02, and the contour shows the amplitude of
the velocity potential at the boundary, from which
we can see that one of bubbles explodes first. Figure
10(b) shows the states at ¢ = 0.40. Bubbles expand
further, and the right bubble takes on a flat shape
on each of two sides, but the left one keeps nearly
spherical. Figure 10(c) shows the states at ¢ = 0.96
when the bubble volumes each reach a maximum, and
the interaction occurs between the two bubbles. They
repel each other in the expanding phase, depressing
the motion of the right bubble (which explodes later).
The bubbles are no longer spherical. Figure 10(d)
shows the states at ¢ = 1.25 when the bubbles begin
to collapse and the right bubble dents inwards, and
then a jet is formed, but the left bubble keeps nearly
spherical. Figure 10(e) shows the states at ¢t = 1.37
when the right bubble collapses and a jet is formed.
The jet is oblique under the gravity and the interac-
tion between bubbles. In this case, the right bubble
is created 0.007 later than the left bubble, and this is
the only difference between this out-of-phase case and
that in-phase case in the last subsection. However,
there is a great difference in interaction between the
two different cases. For example, the period of the
bubble generated early increases and that of the bub-
ble generated later decreases greatly. The motion of
the bubble generated later is restrained by the bigger

bubble, making it collapse too early and then weaken-
ing its power. In this paper it is called the depression
effect between two out-of-phase bubbles, which can
give a reference to the research on the power gener-
ated by multiple charges exploding simultaneously or
continuously.
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Fig.10. The interaction between two out-of-phase bub-
bles.
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4.4.2. With a free surface

To better simulate the bubble dynamics, we take
the effect of free surface into account and set the non-
dimensional distance between the bubble centre and
the free surface to be 1, and we discretize the bub-
ble surface into 1280 three-node plane triangle ele-
ments. The non-dimensional length and width of the
free surface are both set to be 6, and the free sur-
face is discretized into 690 three-node plane triangle
elements. The calculation results are given in dimen-
sionless form. The interactions between the two out-
of-phase bubbles near the free surface are shown in
Fig.11.

Figure 11(a) shows the states of bubbles and the
free surface at ¢ = 0.02 where ¢ is the non-dimensional
time. The contour shows the non-dimensional ampli-
tudes of the velocity potential of the bubble boundary
and the free surface. Figure 11(b) shows the states
at ¢ = 0.40 when the bubbles continue expanding and
couple with the free surface. The free surface rises and
the two bubbles repel each other. The right bubble is
nearly spherical and the left one takes on a flat shape.
Figure 11(c) shows the states at ¢t = 0.72 when the
left bubble volume reaches a maximum and couples
with the free surface. Bubbles are attracted by the
free surface, and the bubbles repel each other, which
restrains the motion of the right bubble which is gen-
erated later. Figure 11(d) shows the states at ¢t = 0.90
when free surface rises more. The left bubble is still
nearly spherical while the right bubble begins to col-
lapse under the joint action of the Bjerknes force and
gravity. The upper surface and the bottom surface
each take on a flat shape. Figure 11 (e) shows the
states at ¢ = 1.01 when the right bubble collapses un-
der the action of the left bubble. Owing to the fact
that the water volume of the free surface is excluded
by the bubbles, the retarded flow is weakened and the
energy supplied by the retarded flow is reduced, which
results from the depression effect of the left bubble on
the right bubble. In last subsection, there exists only
the gravity so that jets reversed to the gravity are gen-
erated. But in this subsection, the Bjerknes force is
counteracted with the gravity so that no jet is formed.

Moreover, the periods of bubbles are shortened obvi-
ously because of the joint action of the free surface
and the gravity of bubbles.

Phi, Magnitude

113

1.03

0.94
084
075
66
056
047

o

coooo

3
2
1
0
0

SBexs

(a) £=0.02

Phi, Magnitude
0

%

©00000000000
SRIAZRZNRBRLBE

Qo

wﬁ“

=

@
E]
g
s
5

0000000
SRERBIBoPBam

(c) t=0.72

Phi, Magnitude
0

cooo000000000

: J

(d) t=0.90

Phi, Magnitude
8
78

cooo

ocooooo000
COZRNEEBDD
BRRBESEIAR.

=

8

(e) t=1.01

Fig.11. The interaction between two out-of-phase bub-
bles near free surface.
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To better observe the interaction between the two
bubbles and the free surface, the velocity vectors at
the boundary at ¢t = 0.56 and 0.90 are shown in Fig.12.
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Fig.12. The velocity vectors of two out-of-phase bubbles
near surface.

From the velocity vectors it can be seen that the right
bubble begins to collapse at ¢ = 0.56 while the left
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bubble continues expanding and the free surface rises.
Bubbles enter collapse phase at t = 0.90; the right
bubble collapses too early which leads the power to
be weakened. In addition, the right bubble makes no
contribution to the water-grave phenomenon. This is
because of the depression effect from the interaction
between these two out-of-phase bubbles. Therefore, it
can be concluded that the depression effect exists be-
tween two out-of-phase bubbles, whether there exists
a free surface or not.

5. Interactions of multiple bub-
bles

For the next example, we aim to simulate the bub-
ble dynamics large-scale problem by using the present
numerical method. The dimensionless parameters of
eight bubbles are Ry = 0.1195, ¢ = 200, and 6% = 0.25.
The dimensionless distance between two bubble cen-
tres is 2 and the bubble surface is discretized into 1280
three-node plane triangle elements and the time step
is 0.02. The calculation results are given in the di-
mensionless form as shown in Fig.13.
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Fig.13. The interaction among multiple bubbles.

Figure 13 shows the strong coupling effects of mul-
tiple bubbles including expansion, collapse, jet forma-
tion and rebound process. The periods of motion and
the directions of jets are different because of the in-
teraction of bubbles. For example, the motion periods
of bubbles 2 and 3 are longest and those of bubbles 6
and 7 are shortest, and also the bubble shapes are dif-
ferent. This work just does some original research on
the interaction among multiple bubbles, and further
research about the complex physical phenomenon of
multiple bubble interaction will be done in the future
work.

6. Conclusions

Based on the potential flow theory, the dynam-
ics of the bubbles is simulated with the BEM, and a
3D code is developed. Calculation results agree well
with the experimental results. With the present nu-
merical method, the interactions of multiple bubbles
are simulated, including in-phase bubbles and out-of-

phase bubbles. Main suggestions and conclusions are
as follows:

1) The numerical error is less than 0.2% when the
size of the free surface is set to be larger than 6 times
as large as the bubble maximal radius.

2) The periods of the bubble motion increases
with the decrease of the distance between the two bub-
ble centres.

3) The vertical displacement of the bubble cen-
tres also decreases with the increase of the distance
between the two bubble centres.

4) Underwater bubble interacts with the free sur-
face strongly when close to it, and the free surface
forms a water spike under the action of an underwa-
ter bubble, and forms double peaks under the action
of two bubbles.

5) Under the joint action of the Bjerknes force
and the gravity, there appears the depression effect in
multiple bubbles, especially for out-of-phase bubbles,
whether there exists a free surface or not.

6) The interaction between two out-of-phase bub-
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bles is quite different from that between two in-phase
bubbles because of the depression effect. For the bub-
bles generated in underwater explosion, the period of
the bubble formed first increases while that of the bub-
ble formed later decreases greatly. The larger bubble
restrains the motion of another bubble, which makes
the bubble formed later collapse too early and weaken

its power.

7) Jets in different directions are formed under
the strong interaction among multiple bubbles. These
physical phenomena give a reference to the research
of the power of multiple weapons exploding simulta-
neously or continuously.
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