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Anisotropic emission of charged mesons and

structure characteristic of emission source
in heavy ion collisions at 1–2A GeV∗
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Angular distributions of pions and kaons produced in heavy ion collisions at the low-energy end of high energies

(1–2 A GeV) have been investigated by using a multisource ideal gas model. The model covers the expansions and

movements of the emission sources, and it is related to the collective flows. By using the analytic expression and the

Monte Carlo method, the azimuthal and polar angle distributions of mesons are calculated by the model and compared

with the experimental data of the KaoS Collaboration.
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1. Introduction

Heavy ion collisions at high energies provide a

unique opportunity to investigate both the multipar-

ticle production and the multifragment emission pro-

cess. In particular, 1–2A GeV is considered to be at

low-energy end of high energies. In the intermediate

energy (MeV) region and the high energy (GeV) re-

gion, the mechanisms of nuclear reactions are expected

to be different from each other.

There are a few accelerators working at the low-

energy and of high energies. For example, the Be-

valac at the Lorentz Berkeley Laboratory (LBL) in

Berkeley and the heavy ion synchrotron (SIS) at

the Gesellschaft für Schwerionenforschung mbH (GSI)

in Darmstadt can accelerate heavy ions to 1–2A

GeV,[1] the Synchrophasotron at the Joint Institute

for Nuclear Research (JINR) in Dubna to 3 − 5 A

GeV,[2] and the Alternating–Gradient Synchrotron

(AGS) at the Brookhaven National Laboratory (BNL)

in Brookhaven to energies ranging from 2A to 15A

GeV.[3] It is expected that the Cooling Storage Ring

(CSR) at the Heavy Ion Research Facility in Lanzhou

(HIRFL) and the Institute of Modern Physics (IMP)

in Lanzhou will accelerate heavy ions to a few A GeV

or lower energies.[4]

In higher energy regions, the Super Proton Syn-

chrotron (SPS) at the European Organization for

Nuclear Research (CERN) in Geneva can accelerate

heavy ions to energies ranging from 20A to 200A

GeV.[5] In ultrahigh energy regions, the Relativistic

Heavy Ion Collider (RHIC) at BNL in Brookhaven has

been working in a centre-of-mass energy range from

22.5A to 200A GeV since June 2000,[6] and the Large

Hadron Collider (LHC) at CERN in Geneva is ex-

pected to work in a centre-of-mass energy range from

5.5A to 14A TeV in the near future.[7]

Many experimental results of heavy ion colli-

sions at high energies have been reported in the past

20–30 years.[8−12] Meanwhile, more theoretical mod-

els have been suggested to explain the experimental

results.[13−23] To describe the multifragment emission

process, we have suggested a multisource ideal gas

model and explained the azimuthal and polar angle

distributions of fragments produced in the projectile

and target nuclei in an energy range covering the en-

ergies achieved by AGS and SPS by using the Monte

Carlo method.[24−27]

To give a further test to the multisource ideal gas
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model, in this paper, we study the angular distribu-

tions of pions and kaons produced in heavy ion colli-

sions at 1–2A GeV. Not only the Monte Carlo method

but also the analytic expression is given in the present

paper. The calculated results are compared with the

experimental data of the KaoS Collaboration.[28−32]

2. The model and formulation

The model used in this paper is called the multi-

source ideal gas model which can be found in our pre-

vious work.[24−27] Only the Monte Carlo method was

introduced in the previous work. The analytic expres-

sion was lacking due to our insufficient knowledge at

that time. Now we describe the model by using both

the analytic expression and the Monte Carlo method

in the present work.

To describe the model, let the beam travel along

the oz-axis and the reaction plane be the yoz-plane.

Many emission sources of particles (or fragments) are

assumed to be formed in participant (or spectator) in

high energy heavy ion collisions. Each emission source

is treated as an ideal gas source. The interactions

among different emission sources affect the emissions

of particles (or fragments).

In the rest frame of the emission source, as used

in a Maxwell’s ideal gas model, the three components

p′x, p′y, and p′z of momentum of particle (or fragment)

concerned obey the Gaussian distribution and have

the same standard deviation σ,

fp′

x,y,z
(p′x,y,z) =

1
√

2πσ
exp

(

−
p′2x,y,z

2σ2

)

. (1)

Considering the interactions among different emission

sources, the source concerned will have expansions and

movements in the momentum space. Due to the ex-

pansions and movements of the source concerned in

the momentum space, the momentum components px,

py, and pz of the momentum of particle (or fragment)

concerned in a final state will depart from the Gaus-

sian distribution. We need two kinds of parameters to

describe the effects of the expansions and movements

of the source concerned separately. Let Bx,y,z repre-

sent the movements and ax,y,z and bx,y,z denote the

coefficients which describe the effects of the expan-

sions and movements of the source respectively. The

simplest relation between the momentum in source

rest frame and the momentum in final state is linear.

We have

px,y,z = ax,y,zp
′
x,y,z + Bx,y,z

= ax,y,zp
′
x,y,z + bx,y,zσ. (2)

It seems that Eq.(2) is in contradiction with the

Lorentz transformation. We point out that one could

understand the current formalism because Eq.(2) rep-

resents the relations between ‘mean’ momenta in the

cases of laboratory (or centre-of-mass) reference frame

and source rest frame. According to the knowledge

of probability theory and Eq.(2), the distributions of

px,y,z can be given by

fpx,y,z
(px,y,z)

=
1

√
2πσax,y,z

× exp

[

−
1

2σ2

(

px,y,z − bx,y,zσ

ax,y,z

)2]

. (3)

The unit-density functions of px and py are

fpx,py
(px, py)

= fpx
(px)fpy

(py)

=
1

2πσ2axay
exp

[

−
1

2σ2

(

px − bxσ

ax

)2

−
1

2σ2

(

py − byσ

ay

)2]

. (4)

Considering the transverse momentum

pT =
√

p2
x + p2

y, (5)

and the azimuthal angle

ϕ = arctan
py

px
, (6)

we have the unit-density functions of pT and ϕ as

fpT,ϕ(pT, ϕ)

= pTfpx,py
(pT cosϕ, pT sinϕ)

=
pT

2πσ2axay
exp

[

−
1

2σ2

(

pT cosϕ − bxσ

ax

)2

−
1

2σ2

(

pT sinϕ − byσ

ay

)2]

. (7)

Thus, the pT distribution is

fpT
(pT) =

∫ 2π

0

fpT,ϕ(pT, ϕ)dϕ, (8)

and the ϕ distribution is

fϕ(ϕ) =

∫ ∞

0

fpT,ϕ(pT, ϕ)dpT. (9)
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Similarly, the unit-density functions of pz and pT

can be given by

fpz ,pT
(pz, pT)

= fpz
(pz)fpT

(pT)

=
pT

(2π)3/2σ3axayaz
exp

[

−
1

2σ2

(

pz − bzσ

az

)2]

×
∫ 2π

0

exp

[

−
1

2σ2

(

pT cosϕ − bxσ

ax

)2

−
1

2σ2

(

pT sin ϕ − byσ

ay

)2]

dϕ. (10)

Considering the momentum

p =
√

p2
z + p2

T (11)

and the polar angle

ϑ = arctan
pT

pz
, (12)

the unit-density functions of p and ϑ are

fp,ϑ(p, ϑ)

= pfpz,pT
(p cosϑ, p sin ϑ)

=
p2 sin ϑ

(2π)3/2σ3axayaz
exp

[

−
1

2σ2

(

p cosϑ − bzσ

az

)2]

×
∫ 2π

0

exp

[

−
1

2σ2

(

p sin ϑ cosϕ − bxσ

ax

)2

−
1

2σ2

(

p sinϑ sin ϕ − byσ

ay

)2]

dϕ. (13)

The p distribution is

fp(p) =

∫ π

0

fp,ϑ(p, ϑ)dϑ, (14)

and the ϑ distribution is

fϑ(ϑ) =

∫ ∞

0

fp,ϑ(p, ϑ)dp. (15)

In the Monte Carlo calculation, let R1, R2, R3,

R4, R5, and R6 denote random variables distributed

in [0, 1], we have

p′x,y,z =
√

−2 lnR1,3,5 cos(2πR2,4,6)σ, (16)

because p′x,y,z obey the Gaussian distribution. From

Eqs.(5) and (11), the transverse momentum and mo-

mentum are obtained as

pT = σ

√

[ax

√

−2 lnR1 cos(2πR2) + bx]2 + [ay

√

−2 lnR3 cos(2πR4) + by]2 (17)

and

p =

√

p2
T + σ2[az

√

−2 lnR5 cos(2πR6) + bz]2 (18)

respectively. From Eqs.(6) and (12), the azimuthal and polar angles can be written as

ϕ = arctan
py

px
= arctan

ay

√
−2 lnR3 cos(2πR4) + by

ax

√
−2 lnR1 cos(2πR2) + bx

(19)

and

ϑ = arctan
pT

pz
= arctan

√

[ax

√
−2 lnR1 cos(2πR2) + bx]2 + [ay

√
−2 lnR3 cos(2πR4) + by]2

az

√
−2 lnR5 cos(2πR6) + bz

(20)

respectively.

From the above discussion, we see that two meth-

ods both can be used to calculate the azimuthal and

polar angle distributions. For convenience, we use the

Monte Carlo method in this paper. The azimuthal and

polar angle distributions can be obtained by a statis-

tical method. An isotropic emission gives ax,y,z = 1

and bx,y,z = 0. The physics condition gives ax,y,z ≥ 1.

The number and excitation degrees of emission sources

do not affect the azimuthal and polar angles.

Because the parameters bx,y,z are normalized to

the width of the momentum distribution, the expres-

sions for ϕ and ϑ do not contain the parameter σ. This

allows us to describe the particle angular distribution

in a way that is independent of the temperature of the

source. The parameters Bx,y,z describe how much the
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source is displaced from the beam axis or what the

average transverse momentum of the source is, and

the parameters bx,y,z describe only the displacement

coefficient of the source. To obtain the temperature

(or σ), one should use the distribution of transverse

momentum pT, but not the azimuthal and polar angle

distributions.

3. Comparison with experimental

data

The left panels of Fig.1 show the π+ (upper panel)

and K+ (lower panel) azimuthal distributions that are

measured at the values of impact parameter b ranging

Fig.1. Left panels: Azimuthal distributions of π+ (upper panel) and K+ (lower panel) for the values of chosen impact

parameter (b), rapidity over beam rapidity (y/ybeam), and transverse momentum (pT) bins in Au–Au collisions at 1.5A

GeV. The circles denote the KaoS experimental data.[28,29] The continuous, dashed, and dotted curves represent our results

calculated by using the Monte Carlo method. Right panels: Transverse structures of emission sources. The continuous

curve circles represent the emission sources in the px − py plane and correspond to the azimuthal distributions described by

the continuous curves in the left panels. The dotted curve circles denote the normal isotropic source and correspond to the

azimuthal distributions described by the dotted curves in the left panels. The dashed curves in the left panel refer to the

calculated results with keeping ax,y unchanged and letting bx,y = 0. The values of chosen b, y/ybeam, pT bins, ax,y and

bx,y, are shown in the figure.

from 5.9 to 10.2 fm, rapidity over beam rapidity

y/ybeam from 0.3 to 0.7, and transverse momentum

pT from 0.2 to 0.8GeV/c in Au–Au collisions at 1.5A

GeV, where N denotes the number of particles in the

vertical axis direction. The circles refer to the KaoS

experimental data.[28,29] The continuous curves repre-

sent our calculated results by using the Monte Carlo

method, and the corresponding parameter values in
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Eq.(19) for each event group are given in the right

panels of Fig.1. The results without source expan-

sion and movement are given in the left panels indi-

cated by the dotted curves. To see the dependence

of calculated results on the parameter values, the cal-

culated results with keeping ax,y unchanged and let-

ting bx,y = 0 are indicated by the dashed curves in

the figure. All calculations were done by using the

Monte Carlo method, and for each case 106 particles

were generated. In the calculation for the continuous

curves, the χ2-testing method was used. To see the

shapes of the expansion and moving emission source

in the momentum space in the transverse plane, which

correspond to the continuous curves in the left panel,

the continuous curve circles in the right panel repre-

sent the sources in the px−py plane and the small full

circles denote their centres. The dotted curve circles

represent the original emission sources in the px − py

plane and the small open circles refer to their centres.

Corresponding to the dotted curve circles in the right

panels, the azimuthal distributions in the left panels

are represented by the dotted curves. One can see

an expansion of the source along the y-direction and a

movement of the source along the negative y-direction

for the emission of π+, and an expansion of the source

along the y-direction and a movement of the source

along both the positive x- and negative y-directions

for the emission of K+.

The left panels of Fig.2 show the π+ (upper

panel), K+ (middle panel), and K− (lower panel) az-

imuthal distributions that are measured at the values

of b ranging from 3.8 to 6.5 fm, y/ybeam from 0.3 to

0.7, and pT 0.2 to 0.8GeV/c in Ni–Ni collisions at

1.93A GeV. The circles denote the KaoS experimen-

tal data.[28,29] The meanings of curves in Fig.2 are the

same as those in Fig.1. In 1.93A GeV Ni–Ni colli-

sions, one can see an expansion of the source along

the y-direction and a movement of the source along

the negative x-direction for both the emissions of π+

and K+, and an expansion of the source along the

x-direction for the emission of K−.

Given in the left panels of Fig.3 are the π+ az-

imuthal distributions measured in the peripheral (up-

per panel) and semicentral (middle and lower panels)

Au–Au collisions at 1A GeV. For the three panels,

the range of y/ybeam is 0.55–0.75. For the upper and

middle panels, the values of pT range from 0.26 to
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Fig.2. The description is the same as that for Fig.1, but it shows the results of π+ (upper panel), K+ (middle panel), and

K− (lower panel) in Ni–Ni collisions at 1.93A GeV. The experimental data are cited from Refs.[28,29].

0.60GeV/c; and for the lower panel, the values of pT

are in a range of 0.16-0.26 GeV/c. The circles de-

note the KaoS experimental data.[30] The meanings of

curves in Fig.3 are the same as those in Figs.1 and 2.

In peripheral Au–Au collisions at 1 A GeV, one can

see an expansion of the source along the y-direction

and a movement of the source along the negative x-

direction for the emission of π+. In semicentral Au–

Au collisions at 1A GeV, for the emission of π+ at the

values of pT ranging from 0.26 to 0.60GeV/c, one can

see an expansion of the source along the y-direction

and a movement of the source along the negative y-

direction; and for the emission of π+ at the values of

pT 0.16 to 0.26GeV/c, one can see an expansion of

the source along the y-direction and a movement of

the source along the positive x-direction.
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Fig.3. The description is the same as that for Fig.1, but it shows the results of π+ in peripheral (upper panel) and

semicentral (middle and lower panels) Au–Au collisions at 1A GeV. The experimental data are cited from Ref.[30].

Indicated in the left panels of Fig.4 are the K+

azimuthal distributions that are measured in differ-

ent event groups in Au–Au collisions at 1A GeV.

For the upper panel, b ≥ 10 fm, and the values of

y/ybeam range from and pT 0.2 to 0.8, and from 0.2 to

0.8GeV/c respectively; for the middle panel, the val-

ues of b,y/ybeam and pT range from 5 to 10 fm, from

0.2 to 0.8, and from 0.2 to 0.8GeV/c respectively; and

for the lower panel, the values of b, y/ybeam and pT

range from 5 to 10 fm, from 0.4 to 0.6, and from 0.2 to

0.8GeV/c. The circles refer to the KaoS experimental

data.[31] The meanings of curves in Fig.4 are the same

as those in Figs.1–3. For the emission of K+ in Au–Au

collisions at 1AGeV, in the case of b ≥ 10 fm, one can

see an expansion of the source along the y-direction

and a movement of the source along the negative x-

direction for the emission of K+; and in the case of

b = 5 − 10 fm, one can see an expansion of the source

along the y-direction and a movement of the source

along both the positive x- and negative y-directions.

The polar angle distributions of K+ (upper panel)

and K− (lower panel) in non-central (left panel, b >

6 fm) and near-central (right panel, b < 6 fm) Au–

Au collisions at 1.5A GeV are shown in Fig.5, where

ϑcm on the axis denotes the polar angle in the centre-

of-mass reference frame and σinv(ϑcm) in the verti-

cal axis represents the measured invariant production

cross section of kaons with ϑcm. The full circles refer

to the experimental data of the KaoS Collaboration

and the open ones are the full circles reflected around

cosϑcm = 0.[29] The continuous curves describe our

results calculated by using the Monte Carlo method

with the chosen az and bz values shown in the figure.

The dashed curves represent the Monte Carlo calcu-

lated results with keeping az unchanged and letting

bz = 0. The normal isotropic emission gives the results

as shown in the figure by the dotted curves. In Au–Au

collisions at 1.5A GeV, one can see an expansion of

the source along the z-direction and a movement of

the projectile (target) source along the positive (neg-

ative) z-direction.
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Fig.4. The description is the same as that for Fig.1, but it shows the results of K+ in Au–Au collisions at

1A GeV. The experimental data are cited from Ref.[31].

Figure 6 is similar to Fig.5, but it shows the po-

lar angle distributions of K+ (upper panel) and K−

(lower panel) in non-central (left panel) and near-

central (right panel) Ni–Ni collisions at 1.93A GeV.

The full circles refer to the experimental data of the

KaoS Collaboration and the open ones are the full cir-

cles reflected around cosϑcm = 0.[32] The meanings of

curves are the same as those in Fig.5. In non-central

Ni–Ni collisions at 1.93A GeV, one can see an expan-

sion of the source along the z-direction and a move-

ment of the projectile (target) source along the posi-

tive (negative) z-direction. In near-central Ni–Ni col-

lisions at 1.93A GeV, one can see only a movement of

the projectile (target) source along the positive (neg-

ative) z-direction.
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Fig.5. Polar angle distributions of K+ (upper panel) and K− (lower panel) in non-central (left panel,

b > 6 fm) and near-central (right panel, b < 6 fm) Au–Au collisions at 1.5A GeV. The full circles denote

the experimental data of the KaoS Collaboration and the open ones are the full circles reflected around

cos ϑcm = 0.[29] The continuous curves represent our results calculated by using the Monte Carlo method

with the chosen az and bz values shown in the figure. The dashed curves refer to the Monte Carlo calculated

results with keeping az unchanged and letting bz = 0. The normal isotropic emission gives the results shown

in the figure by the dotted curves.

Fig.6. The description is the same as that for Fig.5, but it shows the polar angle distributions in non-central

(left panel) and near-central (right panel) Ni–Ni collisions at 1.93A GeV. The experimental data and their

reflections are cited from Ref.[32].
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4. Discussion and conclusion

In our previous work,[27] the meanings and the

normal values of ax,y and bx,y were explained in terms

of the transverse expansion and movement of the

source in high energy heavy ion collisions, and the re-

lation between the transverse (elliptic and directed)

flows and the parameters (ax,y and bx,y) was dis-

cussed. In the coordinate frame used in the present

work, an in-reaction-plane transverse elliptic flow cor-

responds to ay > ax ≥ 1 and the source has a rela-

tively great expansion along the y-direction i.e. im-

pact parameter direction, while an out-of-reaction-

plane transverse elliptic flow corresponds to ax > ay ≥
1 and the source has a relatively great expansion along

the x-direction (In Ref.[27], on in-plane and out-of-

plane elliptic flows, it is regretful that we confused

the relative sizes of ax and ay).

Similarly, az and bz are expected to be related

to the longitudinal (elliptic and directed) flows and

can be explained in terms of the longitudinal struc-

ture of the source. az > 1 means an elliptic flow and

the source having an expansion along the z-direction,

while az = 1 means no flow and the source having no

expansion. bz > 0 (< 0) means a positive (negative)

directed flow and the source having a movement along

the positive (negative) z-direction, while bz = 0 means

no directed flow and the source having no movement

along the z-direction. Generally speaking, the expan-

sion and movement of the source are caused by the

asymmetry of mechanics.

According to the above discussion, we can say

that a mixture of an in-reaction-plane transverse el-

liptic flow and a transverse directed flow in x- or y-

(or both x- and y-) directions is observed in azimuthal

distributions of π+ and K+ in Au–Au and Ni–Ni col-

lisions at 1–2A GeV. From the azimuthal distribution

of K− produced in Ni–Ni collisions at 1.93A GeV, we

see an out-of-reaction-plane transverse elliptic flow. In

non-central and near-central Au–Au collisions at

1.5A GeV and non-central Ni–Ni collisions at 1.93A

GeV, we see a mixture of a longitudinal elliptic flow

and a longitudinally directed flow from the cosϑcm

distributions of kaons. For kaon production in near-

central Ni–Ni collisions at 1.93A GeV, a longitudi-

nally directed flow is observed.

The present work concerns charged meson pro-

duction in heavy ion collisions at the SIS energies. Our

previous work[24−27] dealt with the emissions of final-

state particles and fragments over an energy range

covering the energies achieved by the AGS and SPS. It

is interesting to test the multisource ideal gas model

at higher and lower energies. Recently,[33] by using

the multisource ideal gas model, we reconstructed the

transverse emission source in the momentum space

for light fragments with the values of mass number

A being in a range of 1− 4 in reaction 86Kr+124Sn at

25A MeV and large impact parameter (b = 7−10 fm)

based on the theoretical predictions of the Isospin-

Dependent Quantum Molecular Dynamics (IDQMD)

model.[34] The parameters of the multisource ideal gas

model were obtained by fitting the corresponding the-

oretical results of px distributions from the IDQMD

model and meanwhile assuming that the emission

source has no expansion and no movement along the

y-direction. With these parameters and assumption,

we have shown that the multisource ideal gas model

can reasonably describe the IDQMD-predicted results

for the azimuthal distribution and the pT dependence

of elliptic flow and fourth-order anisotropic flow, but it

can only qualitatively describe the pT spectra.[33] This

implies that the multisource ideal gas model reason-

ably reproduces the relative deformation of the trans-

verse emission source of the IDQMD model.[34]

We have investigated the azimuthal and polar

angle distributions of pions and kaons produced in

Au–Au and Ni–Ni collisions at 1–2A GeV. A multi-

source ideal gas model, which covers the expansions

and movements of the source, gives a good descrip-

tion of the experimental data concerned. The formula

obtained in the model can give the azimuthal and po-

lar angle distributions directly, and the values of az-

imuthal and polar angles can be given by the Monte

Carlo method, too. It is known that the azimuthal

and polar angle distributions partly reflect the ther-

mal properties of the interacting system. Our model

shows that the normal isotropic thermal spectrum has

an expansion and a movement in both the transverse

and longitudinal momentum spaces. In the centre-of-

mass reference frame, both the projectile and target

sources have a movement in the longitudinal direction.

In the Monte Carlo calculation, the formula is not re-

lated to the degree of excitation of the emission source,

but it is based on the local equilibrium assumption.
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