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Stochastic period-doubling bifurcation is explored in a forced Duffing system with a bounded random parameter

as an additional weak harmonic perturbation added to the system. Firstly, the biharmonic driven Duffing system with a

random parameter is reduced to its equivalent deterministic one, and then the responses of the stochastic system can be

obtained by available effective numerical methods. Finally, numerical simulations show that the phase of the additional

weak harmonic perturbation has great influence on the stochastic period-doubling bifurcation in the biharmonic driven

Duffing system. It is emphasized that, different from the deterministic biharmonic driven Duffing system, the intensity

of random parameter in the Duffing system can also be taken as a bifurcation parameter, which can lead to the stochastic

period-doubling bifurcations.
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1. Introduction

Duffing system is a deterministic mathematical
model for an electro-mechanical system suggested by
Duffing in nineteenth century. Since then it has be-
come a paradigm for studying nonlinear dynamics and
chaos, and thousands of papers related to Duffing sys-
tems have been presented today. In general, there
are two kinds of excitations that are subjected to
Duffing system: stochastic excitation and harmonic
excitation. For a Duffing system subjected to har-
monic excitation there are many important conclu-
sions about period-doubling (PD for short) bifurca-
tion, quasi-periodic motion and chaos.!'~6 Recently
multiple harmonic excitations subjected to a forced
Duffing system has been paid more attention. Qu
et all™and Yang et all® explored the phase effect of
additional weak harmonic perturbation on suppress-
ing chaos in forced Duffing system. References [9-12]
studied the chaos control and synchronization by an-
alytical and numerical methods for a Duffing system
with two harmonic excitations. Occurrence of multi-
ple period-doubling bifurcation routes to chaos in pe-
riodically pulsed forced Duffing systems is discussed in
Ref.[13]. Jing et al*'%] studied the complex dynam-
ics in a forced Duffing system and a three-well Duffing

system with two harmonic excitations.

The differential equation of a forced Duffing sys-
tem with an additional weak harmonic perturbation
is as follows:

i+ i +ex® = Feos (wt) + BF cos (2t + ¢), (1)

where «, e, F,w, 3, {2 and ¢ are real parameters. The
first periodic force F cos(wt) drives the system to
the different dynamical states while the second one
BF cos (§2t) is a weak periodic excitation sensitively
modifying the system dynamics, and 3 is the ampli-
tude of the perturbation, which is assumed to be very
small (8 < 0.1). In fact, the parameter « or € of Duff-
ing system (1) is a random parameter in real world due
to the practical factors, such as installation, material
and design.

If the parameter ¢ is a random parameter, the
Duffing system (1) is called a stochastic Duffing sys-
For this kind of stochastic dy-
namical system three numerical methods are avail-

tem in this article.

able for analysing its dynamical behaviour: one is the
Monte Carlo method,*8 which is simple and univer-
sal, but usually involves a quite amount of computa-
tion effort. The second is the stochastic finite element
method,['718] which needs least computation, but usu-
ally is restricted to systems with random variables of
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small perturbation only. The third is the orthogo-
nal polynomial approximation method,®=22! which
is based on the expansion theory of orthogonal poly-
nomials without the limitation to small perturbation.
References [23-28] have already discussed the PD bi-
furcation, chaos and chaos control in a nonlinear dy-
namical system with random parameters using orthog-
onal polynomial approximation. Next we will apply
the orthogonal polynomial approximation to the study
of stochastic PD bifurcation in a stochastic Duffing
system subjected to two harmonic excitations.

This paper is organized as follows. In Section 2,
the stochastic Duffing system is reduced to the equiv-
alent deterministic one by orthogonal polynomial ap-
proximation. The stochastic PD bifurcation and its
random feature in a stochastic Duffing system are pre-
sented in Section 3. In Section 4 we draw some con-
clusions about the stochastic dynamical behaviour in
the stochastic Duffing system with two harmonic ex-
citations.

2. Orthogonal polynomial ap-

proximation for stochastic sys-
tem (1)
System (1) can be rewritten as follows:

&+ ai +ex® = Fcos (wt) + BF cos (2t +¢), (2)

where o, Fiw, 3,2 and ¢ are real parameters. We
suppose that ¢ is a random parameter in the form

e =¢&+ du, (3)

where € and §/2 are the mean value and the standard
deviation of € respectively, § is taken as the intensity
of £ and is named random intensity. Suppose that U
is a random variable defined on [—1, 1] with a given
probability density function (PDF for short), say an
arch-like PDF which can be expressed as

(2/m)V1—u2, as

0, as

lul <1;
lu] > 1.

pu) =
According to the theory of orthogonal polynomials, 2]
the PDF p(u) is a weight function of the second
Chebyshev polynomial U; (u) (¢ =0,1,...,N). That
is to say, the orthogonality of Chebyshev polynomials
of the second kind can be expressed as

Ll %MUZ (u) Uj (u) du =

—~
.
~—

1 =
0, (i # )

The recurrent formula for Chebyshev polynomials of
the second kind is

uUi (u) = 5 (Ui—1 (u) + Ui (u) - (4)

N =

Owing to the orthogonality of Chebyshev polynomi-
als, any function f(u) C L? can be expanded into the

following form:
i=0

where ¢; = f_llp(u) f (w)U; (u)du. So the response
x (t,u) of system (1) can be expressed by the follow-
ing series

T (tv u) = Z i (t)Ui (u) ) (5)

where U; (u) represents the ith Chebyshev polynomial,

N represents the largest order of the polynomials we

have taken, and z; (t) = f_ll p(u)x (t,u) U; (u) du.
Substituting Eqgs.(3) and (5) into Eq.(2), we have

2 N
(% + a%) > @i (8 Ui (u)
1=0

+& <Z z; (t) U; (u)>

= Fcos (wt) + BF cos (2t + ¢). (6)

N 3
The nonlinear term <Z x; (1) U; (u)) on the left side
i=0

of Eq.(6) can be expar?ded into

—xo() o () + -+ a2y () UR (u)
1 (

+3a3 (8) 21 () Ug (u) Ur (u) +

+3en-1 (t) 2y () Un—1 (w) U (u)

+620 (t) 21 (t) 22 (¢) Uo (w) Uy (v) Uz (u) + -+
+6xn_2 (t)zn—1 (t) 2N (F)

xUn—2 (u) Un-1(u) Uy (u). (7)

By the recurrent formula, Eq.(4), the triple prod-
uct polynomial of Eq.(6) can be further reduced into
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a linear combination of the related single polynomials.
As for Chebyshev polynomials, U; (u), we have

Us (u) = Up (u),
302 (u) Uy (u) = 3U; (u),
3U% (u) Uz (u) = 3Uy (u) 4 6Us (u) + 3Uo (u),

....... (8)

By denoting the coefficient of U; (u) in the linear com-
bination as X; (¢), Eq.(7) can be finally expressed as

N 3
(Z i (t) Ui (U)>
1=0

= Xo (#)Uo (u) + -+ X3n (t) Usn (w)
3N

=Y Xi () Ui (w). 9)
1=0

The expressions of X; (t),7 = 0,1,2,...,3N, can be
derived through computer algebraic system, such as
MAPLE.!3 By the recurrent formula of Chebyshev
polynomials Eq.(4) and by Eq.(9), the third term of
Eq.(6) can be reduced to

N 3
ué (Z x; (1) U; (u)>
1=0

3N
= <uz X, (1) U; (u)>
=0

3 D Xi(t) [Uiea (u) + Ui ()

1 3N
- 552 [(Xio1 () + X1 (D)]U; (w),  (10)
=0

where X_1 (t) is supposed to be zero due to the ap-
proximation, Eq.(5). Substituting Egs.(9) and (10)

into Eq.(6), we have
2 N
(% - a%) > @i (8 Ui (u)
i=0
3N
+e <Z X; (t) U; (u))
i=0

1 (3N

+50 (Z [Xi-1 () + Xig1 (1)) Us (U)>
i=0

= Fcos (wt) + BF cos (2t + ¢). (11)

Multiplying both sides of Eq.(11) by U; (u) in sequence
and taking expectation, owing to the orthogonality of
the Chebyshev polynomial, we finally have

2
( d + a—d) xo (t) +&EXo () + 16X1 (t) = F cos (wt) + BF cos (2t + ¢) ,

de? dt

( & a—d) o1 (t) +5X1 () + %5

de? dt

de? dt

2

[Xo (1) + X2 (t)] =0,

( &’ + a_d) zo (1) + X5 () + %5 [X1 (t) + X5 ()] =0,

(% + a%) oy (1) +EXn (1) + %5 [Xn-1(t) + Xnp1 (t)] = 0. (12)

This is just the equivalent nonlinear deterministic sys-
tem reduced by the Chebyshev polynomial approxima-
tion for the stochastic Duffing system with a random
variablej\l[] of an arch-like PDF. When N — oo in

Eq.(5), > x; (t) U; (u) is strictly equivalent to x (¢, u)

of the stlo_chastic dynamical system. Otherwise, if IV is
finite, Eq.(5) is just approximately valid with a mini-
mal residual error. In the following numerical analy-
sis, we take N = 9 and obtain the numerical solution
x; (t), (i=0,1,...,9) of Eq.(12) by effective numeri-

cal methods available. Then, the approximate random
response of the original stochastic Duffing system can
be expressed as

9
z(tu) =Y i (Ui (u). (13)
i=0
If the random parameter v = 0, namely ¢ = &,
we obtain the deterministic Duffing system, which is
significant for the following text. We also name this
system as the mean parameter system:
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&+ ai + é2® = Fcos (wt) + BF cos (Rt + ¢). (14)

The ensemble mean response of the stochastic Duffing
system can be obtained:

9

Elx(tu)]~ Yz ()E[U; (w)] =0 (t).

=0

(15)

Then, the sample response of the mean parameter sys-
tem may be expressed as

x (t,0)

2
g
&
=
S

= a0 (t) —x2 (t) + x4 (t) — xe (t) + 25 (t). (16)

3. Stochastic PD bifurcation in

stochastic system (1)

In this section we will show the various types of
responses corresponding to a series of specific condi-
tions for studying stochastic PD bifurcations. We will
find the ensemble mean response F [z (¢, u)] (EMR for
short) by Eq.(15), and then further check it by the
sample response x (t,0) of mean parameter system
(SRM for short) by Eq.(16). Let IC denote the ini-
tial condition for the deterministic equivalent system,
Eq.(12),

,z9(0)]",

,i9(0)],

z(0) = [20(0), ...

y(0) = [0(0), ...

and the ICs those for the deterministic Duffing system
20 = (0), yo = 2 (0). In this paper, the parameter §
is taken as a small quantity, and the same IC for the
deterministic equivalent system, Eq.(12), is taken as

7 8 9 10 11 12

the IC for the deterministic Duffing system, namely

xo =20 (0), wo =0 (0),
2:(0)=d; (0) =0, (i=1,2,3,...,9).

In this paper, the IC is chosen as follows:

x (0) = [3.0,0,...,0,0]",
y (0) = [2.0,0,...,0,0]",
o = 3.0, Yo = 2.0

3.1. phase effect on the dynamical be-
haviour in a stochastic Duffing sys-
tem

The system parameters are chosen to be a =
0.3, £=1.0, w = 1.0 (throughout the article). Com-
pared with other parameters, the phase of the ad-
ditional weak harmonic perturbation can cause an
unimaginable effect. As the parameter 6 = 0.0, the
stochastic system is changed into a deterministic Duff-
ing system. For the parameter § = 0.0, the bifur-
cation diagram and the maximal Lyapunov exponent
with respect to F' in the deterministic Duffing system
are shown in Figs.1(a) and 1(b) respectively. We can
find from the figure that chaos is the main state in
a usual Duffing system, and the width of the period
windows is very narrow. For the parameters F' = 8.85,
8 = 0.075 and 2 = 3.0, the bifurcation diagram and
its maximal Lyapunov exponent with respect to ¢ are
shown in Figs.2(a) and 2(b) respectively. The chaos in
the biharmonic-driven Duffing system is replaced by
periodic motion as the phase of the additional weak
harmonic perturbation is increased. From Figs.1 and 2
it is clear that after adding the weak harmonic pertur-
bation, 0.075F cos (£2t + ¢), the dynamical behaviour
of the Duffing system is changed drastically.

Maximal Lyapunov exponent

-0.2

7 8 9 10 11 12
F

Fig.1. Diagram of bifurcation (a) and the maximal Lyapunov exponents diagram (b) against F' for o =

0.3, £=1.0, w= 1.0, 8= 0.0.
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Maximal Lyapunov exponent

Fig.2. Bifurcation diagram (a) and the maximal Lyapunov exponents diagram (b) against ¢ fora = 0.3, € =

1.0, w=1.0, F =8.85, 8 =0.075, 2 =3.0.

The same phase effect on dynamical behaviour is
also shown in the stochastic Duffing system. When
the parameters are chosen to be F' = 885, g =
0.075, 2 = 3.0, 6 = 0.01, the bifurcation diagrams
against ¢ of SRM and EMR are shown in Figs.3(a)
and 3(b) respectively. It is clear that similar to the de-

terministic Duffing system (14), there are three series
of PD bifurcations in the stochastic Duffing system.
Next, we will discuss the stochastic PD bifurcation
and its random feature in the stochastic Duffing sys-

tem.

Fig.3. Diagrams of bifurcation against ¢ in (a) SRM; (b) EMR for a« = 0.3, £=1.0, w = 1.0, F =8.85, 8 =

0.075, 2 = 3.0, § = 0.01.

3.2. Phase effect on the stochastic PD
bifurcation in a stochastic Duffing
system

When the system parameter ¢ is increased from
1.6 to 2.4, it is well known that there is a series of
PD bifurcation period in the deterministic Duffing sys-
tem (14) as shown in Fig.2, which shows the change
of periodic motion from 17 to 27, 2T to 4T. For
a stochastic Duffing system if it has the parameters
0 = 0.01 and ¢ = 1.7, the responses of SRM and EMR,

in stochastic Duffing system are in a stable state with
period 1T. Figures 4(a) and 4(b) are Poincaré section
diagram and phase portrait of responses respectively.
If the phase ¢ is increased to 2.1, we can find that
there are two ‘.” and two ‘4’ in Fig.4(c), and two sta-
ble state trajectories with period 27T in Fig.4(d). As
¢ is increased to 2.3, the signs representing responses
of SRM and EMR in the stochastic Duffing system
are changed from two to four in Fig.4(e). There are
two stable state periodic trajectories with period 4T

in Fig.4(f).
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dx/dt

+ SRM
-1 + EMR

dz/dt

-1 + SRM
+ EMR

2.0 2.4 2.8 3.2 3.6 4.0

dz/dt

+ SRM
+ EMR

2.0 2.4 2.8 3.2 3.6 4.0

dz/dt
S
>

da/dt

da/dt

Fig.4. The Poincaré section diagrams (a), (c), (e) and phase portraits (b),(d),(f) for a = 0.3, £€=1.0, w =
1.0, F =8.85, f=0.075, 2 =3.0, § =0.0L (a, b)¢ = L.7; (c, d)p = 2.1; (e, )¢ = 2.3.

From Fig.4 we can see that similar to the deter-
ministic Duffing system, the PD bifurcation exists in
the stochastic Duffing system only for lower periodic
state, and the higher periodic state is changed into
irregular motion due to the effect of the random pa-
rameter.

3.3. Features of stochastic PD bifurca-
tion in a stochastic Duffing system

After adding a weak harmonic perturbation to a
deterministic forced Duffing system, the phase effect
on the dynamical behaviour is prominent. Now the
weak harmonic perturbation is added to the forced
Duffing system with a random parameter, the phase

effect on the stochastic PD bifurcation is more compli-
cated. We will study the effect of random intensity on
the stochastic PD bifurcation in the stochastic Duffing
system subjected to two harmonic excitations.

Let ¢ = 1.75 in this subsection. When the ran-
dom intensity ¢ is equal to 0.01, there are only one
‘> and one ‘4’ in the Poincaré section, Fig.5(a); and
there are two stable-state periodic trajectories with
period 1T as shown in Fig.5(b). As the random in-
tensity 0 = 0.1, the signs that represent responses
of SRM and EMR in the stochastic Duffing system
change from two to four in Fig.5(c). There are two
stable-state periodic trajectories with period 27T, as

shown in Fig.5(d).



No. 3

Stochastic period-doubling bifurcation in biharmonic driven Duffing system with random parameter 863

dx/dt
—

+ SRM
-1t + EMR 1

2.0 2.4 2.8 3.2 3.6 4.0

dx/dt
=

0
+ SRM

-1 + EMR

—9 . . . . . . A
2.0 2.4 2.8 3.2 3.6 4.0

x

dz/dt
o
>

dz/dt

Fig.5. The Poincaré section diagrams (a), (¢) and phase portraits (b), (d) for « = 0.3, € = 1.0, w =
1.0, F =8.85, f=0.075, 2=3.0, ¢=175. (a, b) § = 0.01; (c, d) 6 = 0.1.

From Fig.5 we can draw a conclusion that the
random intensity can be taken to be a PD bifurcation
parameter, which can change the periodic state of the
stochastic response from period 17T to period 27T.

4. Conclusions

In this paper we have applied an orthogonal poly-
nomial approximation to discuss the stochastic PD bi-
furcation in biharmonic driven Duffing system with
random parameter. The stochastic Duffing system is
firstly reduced into its equivalent deterministic one,

and then the responses of stochastic system can be
obtained by available effective numerical methods. Fi-
nally numerical simulations show that the phase of
the additional weak harmonic perturbation plays an
important role in leading to PD bifurcation. In this
stochastic system we also find that the random inten-
sity can also produce PD bifurcation and is taken to
be the bifurcation parameter. So we can apply the
proposed method to explore the phase effect on other
dynamical behaviours of the stochastic Duffing system
subjected to two harmonic excitations, such as chaos,
chaos control and synchronization.

References

[6] Venkatesan A, Lakshmanan M, Prasad A and Ra-
maswamy R 2000 Phys. Rev. E 61 3641

[1]

Guckenheimer J and Holmes P J 1983 Nonlinear Oscilla-
tors, Dynamical System and Bifurcation of Vector Fields
(New York: Springer)

Parlitz U and Lauterborn W 1985 Phys. Lett. A 107 351
Fang T and Dowell E H 1987 Int. J. Non-Linear Mech.
22 401

Wiggins S 1987 Phys. Lett. A 124 138

Nayfeh A H and Nestor E S 1989 Int. J. Non-Linear Mech.
24 483

[7]

(10]
(11]
(12]

Qu Z L, Hu G, Yang G J and Qin G G 1995 Phys. Rev.
Lett. 74 1736

Yang J Z, Qu Z L and Hu G 1996 Phys. Rev. E 53 4402
Lashman M and Mertzios K 1996 Chaos in Nonlinear
Oscillators-Controlling and Synchronization (Singapore:
World Scientific)

Yagasaki K and Uozumi T 1998 Phys. Lett. A 247 129
Chacén R 1999 Phys. Lett. A 257 293

Wang R Q, Deng J and Jing Z J 2006 Chaos, Solitons and
Fractals 27 249



864

Xu Wei et al

Vol. 17

Venkatesan A, Parthasarathy S and Lakshmanan M 2003
Chaos, Solitons and Fractals 18 891

Jing Z J and Wang R Q 2005 Chaos, Solitons and Fractals
23 399

Jing Z J, Huang J C and Deng J 2007 Chaos, Solitons
and Fractals 33 795

Shinozuka M 1972 J. Eng. Mech. Dive. ASCE 98 1433
Kleiber M and Hien T D 1992 The Stochastic Finite El-
ement Method: Basic Perturbation Technique and Com-
puter Implementation (New York: Wiley)

Ghamem R and Spans P 1991 Stochastic Finite Element:
a Spectral Approach (Berlin: Springer)

Pettit C L and Beran P S 2006 J. Sound Vib. 294 752
Le Maitre O P, Najm H N, Ghanem R G and Knio O M
2004 J. Comput. Phys. 197 502

Xiu D B and Karniadakis G E 2002 Comput. Methods
Appl. Mech. Engng. 191 4927

[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]

(30]

Wan X L and Karniadakis G E 2005 J. Comput. Phys.
209 617

Ma S J, Xu W, Li W and Jin Y F 2005 Acta Phys. Sin.
54 3508 (in Chinese)

Leng X L, Wu C L, Ma X P and Fang T 2005 Nonlinear
Dynamics 42 185

Ma S J, Xu W, Li W and Fang T 2006 Chin. Phys. 15
1231

Ma S J, Xu W and Li W 2006 Acta Phys. Sin. 55 4013
(in Chinese)

Wu C L, Lei Y M and Fang T 2006 Chaos, Solitons and
Fractals 27 459

Wu C L, Fang T and Rong H W 2007 Chaos, Solitons and
Fractals 32 1201

Borwein P and Erdélyi T 1995 Polynomials and Polyno-
mial Inequality (New York: Springer)

Kamerich E 1999 A Guide to Maple (New York: Springer)



