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This paper deals with the exponential stability of impulsive Takagi–Sugeno fuzzy systems with delay. Impulsive

control and delayed fuzzy control are applied to the system, and the criterion on exponential stability expressed in terms

of linear matrix inequalities (LMIs) is presented.

Keywords: exponential stability, Takagi–Sugeno fuzzy model, impulsive delay systems, linear ma-

trix inequality

PACC: 0545

1. Introduction

In modern science and technology, there exist nat-

ural phenomena which are characterized by the fact

that their states can be changed instantaneously at

a certain moment of time, such as a nanoscale elec-

tronic circuit consisting of single-electron tunnelling

junctions (SETJs) and the electron tunnelling effects

which can cause impulsive changes of charge in SETJ

capacitors. Other three typical instances including

the population impulsive control system, a mechanical

system with impulsive impacts and a financial impul-

sive control system are addressed in Ref.[1]. At the

same time, time delay[2,3] happens frequently in var-

ious engineering systems, biological and economical

systems where the state change rate depends not only

on the current state of the system but also its state

at some time in the past. An adequate mathemat-

ical model of such phenomena may be described by

impulsive delay differential equations and impulsive

delay functional differential equations.

Impulsive control is a control paradigm based

on impulsive differential equations. Recently, impul-

sive systems and impulsive control have been stud-

ied by many researchers (see Refs.[4–10]). Bainov and

Simeonov[4] and Lakshmikantham et al
[5] have consid-

ered the stability of impulsive systems by using Lya-

punov functions which are required to be nonincreas-

ing along the whole sequence of switchings. Yang[6]

and Li et al
[7] have presented the concept and princi-

ples of impulsive control and obtained some sufficient

conditions for a kind of nonlinear systems by using

the results in Ref.[5]. However, these proposed sta-

bility criteria do not consider the fuzzy system with

impulsive delay effects or consider less, which has be-

come a major issue of control systems.

In this paper, we first consider the exponential

stability of Takagi–Sugeno (T–S) fuzzy systems with

small delays and impulsive effects. It is well known

that the T–S fuzzy model provides an effective rep-

resentation of complex nonlinear systems in terms of

fuzzy sets and fuzzy reasoning applied to a set of lin-

ear input/output submodels, hence becoming a use-

ful approach to the study of nonlinear systems (see

Refs.[11–14]). So we study the nonlinear systems by

constructing the T–S fuzzy model and then introduce

small delays and an impulsive control law and finally

obtain the impulsive delay differential equations based

on the T–S fuzzy model. By using the Lyapunov func-

tion, we first derive some conditions for the exponen-

tial stability of fuzzy delay systems with impulses at

fixed times and the results are used to obtain impul-

sive control laws and design delayed fuzzy controllers

for a kind of nonlinear systems.

The rest of this paper is organized as follows.

In Section 2, we formulate the impulsive differential

equations with small delays and introduce some pre-

liminary definitions which will be used throughout the
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paper. In Section 3, new exponential stability theo-

rem of the impulsive delay T–S fuzzy systems and suf-

ficient conditions are given. Finally in Section 4, we

give some conclusions drawn from the present study.

2. Problem formulation

In this section, on the one hand, we utilize the

fuzzy system design technique to construct the T–S

fuzzy model for a nonlinear system with a control in-

put in order to use the linear matrix inequality (LMI);

on the other hand, we introduce delayed state fuzzy

control and impulsive control to formulate impulsive

delay differential equations based on the T–S fuzzy

model.

Consider the following nonlinear system with a

control input vector:

ẋ(t) = f(x(t)) + u(t), (1)

where x(t) ∈ Rn is the state variable, f ∈ C[Rn, Rn],

u(t) ∈ Rn is control vector of the system. Utilizing

the technique introduced in Ref.[8], we can construct

a fuzzy model for Eq.(1) as follows:

Rule i IF z1(t) is Mi1, · · · , and zp(t) is Mip,

THEN ẋ(t) = Aix(t) + u(t),

in which z1(t), · · · , zp(t) are the premise variables,

each Mij(j = 1, 2, · · · , p) is a fuzzy set, and Ai ∈

Rn×n is a constant matrix.

Utilizing centre-average defuzzifier, the overall

fuzzy system is represented as

ẋ(t) =

r∑

i=1

hi(t)Aix(t) + u(t), (2)

where r is the number of fuzzy implications, hi(t) =
wi(t)

∑r

i=1 wi(t)
, wi(t) =

∏p

l=1 Mil(zl(t)), and Mil(zl(t))

is the grade of membership of zl(t) in Mil. Of course,

hi(t) ≥ 0 and
∑r

i=1 hi(t) = 1.

Remark System (2) can exactly represent Eq.(1)

in a certain region W ⊂ Rn which contains the origin.

Using the parallel distributed compensation (PDC)

design technique, we consider the following delayed

state fuzzy control rules:

Control rule i IF z1(t) is Mi1, · · · , and zp(t) is

Mip, THEN u(t) = Fix(t − τ(t)),

where τ(t) is small delays satisfying

‖x(t − τ(t))‖ ≤ β‖x(t)‖, β > 0;

Fi ∈ Rm×n is a constant gain matrix; the controller

u(t) is presented as

u(t) =

r∑

i=1

hi(t)Fix(t − τ(t)). (3)

Applying expression (3) to system (2), the result-

ing closed-loop fuzzy system can be represented as

ẋ(t) =

r∑

i=1

hi(t) {Aix(t) + Fix(t − τ(t))} . (4)

An impulsive control law of system (4) is given

by a sequence {tk, Uk(x(tk))}, where a set of control

instants {tk} , 0 < t1 < t2 < · · · < tk < · · · , tk → ∞

as k → ∞, and control law Uk ∈ C[Rn, Rn] denotes

the incremental change of the state at time tk. Thus

the impulsive differential equation with small delays

is given by

ẋ(t) =

r∑

i=1

hi(t) {Aix(t) + Fix(t − τ(t))} ,

∀t ≥ 0, t 6= tk,

∆x(t)|t=tk
= Uk(x(t)) = Bx(t), t = tk, k ∈ N,

x(t+0 ) = x0, t0 ≥ 0, (5)

where B is an n × n constant matrix, ∆x(t)|t=tk
=

x(t+k ) − x(t−k ), x(t+k ) = lim
t→t

+

k

x(t), x(t−k ) =

lim
t→t

−

k

x(t), k ∈ N .

Remarks

1) The controller (3) is delayed state control in

the framework of T–S fuzzy system. At the same time,

the control law Uk(x(t)) is something related to the

concept of ‘input’ in other control methods.

2) Given a constant matrix Fi, the problem of im-

pulsive T–S fuzzy systems with small delays is to find

an impulsive control law such that system (5) is sta-

ble. This situation belongs to the impulsive control of

fuzzy system.

3) If the impulsive control law Uk(x(t)) is given,

the problem of impulsive T–S fuzzy systems with small

delays is to design delayed fuzzy controllers. This sit-

uation belongs to the delayed state fuzzy control of

impulsive system.

4) If there exist the impulsive control law

Uk(x(t)) and constant matrix Fi to be determined

later, such that system (5) is stable, that is the hybrid

control including impulsive control and delayed fuzzy

control which are applied to the nonlinear system.

In this paper, we consider the exponential sta-

bility of T–S fuzzy system with impulsive effects and

small delays, i.e. we find both the constant matrix



844 Yu Yong-Bin et al Vol. 17

Fi to design the delayed fuzzy controller and an im-

pulsive control matrix B to design the impulsive con-

troller, such that system (5) is stable. In a word, this

is a hybrid impulsive and switched controller.

We also need the following definitions, which play

an important role in analysing the exponential stabil-

ity of impulsive delay differential systems based on the

fuzzy T–S model.

Definition 1 Let V : R+ → R+. The right

upper derivative of V (x(t)) is defined as

D+V (x(t)) = lim sup
s→0+

1

s
[V (x(t + s)) − V (x(t))].

Definition 2 Let x(t, t0, x0) be any solution to

system (5), and x(t0) = x0 ∈ W . System (5) is said

to be globally exponentially stable if for any scalar

δ > 0, there exist scalars γ > 0 and k(δ) > 0, when

‖x0‖ < δ, such that

‖x(t, t0, x0)‖ ≤ k(δ)exp(−γ(t − t0)), ∀t ≥ t0 ≥ 0.

Definition 3 If there exists a constant gain ma-

trix Fi such that system (4) is asymptotically stable,

system (5) is said to be asymptotically stabilized by

delayed state fuzzy controller (3).

Definition 4[15] If there exists an impulsive con-

trol law {tk, Uk(x(tk))} such that system (5) is stable,

system (4) is said to be impulsively stabilizable.

Definition 5 If there exist an impulsive control

law {tk, Uk(x(tk))} and a constant gain matrix Fi,

such that system (5) is stable, system (1) is said to be

stabilized by an impulsive control law and a delayed

fuzzy controller.

3. Main results

In this section, we discuss exponential stability

criteria for T–S fuzzy systems with impulsive effects

and small delays.

Theorem 1 Let n × n matrix P be symmetric

and positive definite, and λmin(P ) > 0 and λmax(P ) >

0 that are, respectively, the smallest and the largest

eigenvalues of P . Let Mi = PFi. λ is the largest

eigenvalue of the matrix

P−1(I + B)TP (I + B),

where I is the identity matrix, (I + B)T is the trans-

pose of (I + B), and λ satisfies

λk ≤ exp(−ρ(t−t0)), t ≥ t0 ≥ 0, k = max{i|ti < t},

then system (5) will be globally exponentially stable

if there exist matrices Fi, B, and scalars α, ρ, and for

any t ≥ 0 the following two conditions hold:

θ =
α + β2

λmin(P )
< ρ, (6)




αI − PAi − AT

i P Mi

MT
i −I



 < 0, i = 1, · · · , r. (7)

Proof Construct the Lyapunov function

V (x(t)) = xT(t)Px(t). It yields

λmin(P )‖x(t)‖2 ≤ V (x(t)) ≤ λmax(P )‖x(t)‖2. (8)

When t 6= tk and k ∈ N , the right-hand upper deriva-

tive of V (x(t)) is

D+V (x(t)) =ẋT(t)Px(t) + xT(t)Pẋ(t)

=
∑r

i=1
hi(t)

{
xT(t)(PAi + AT

i P )x(t) + 2xT(t − τ(t))F T
i Px(t)

}

≤
∑r

i=1
hi(t)

{
xT(t)(PAi + AT

i P )x(t) + xT(t − τ(t))x(t − τ(t)) + xT(t)PFiF
T
i Px(t)

}

=
∑r

i=1
hi(t)

{
xT(t)(PAi + AT

i P + PFiF
T
i P )x(t) + xT(t − τ(t))x(t − τ(t))

}
.

Since matrix (7), by the Schur complement, is equivalent to

PAi + AT
i P + MiM

T
i − αI < 0 ⇔ PAi + AT

i P + PFiF
T
i P < αI, i = 1, · · · , r,

and ‖x(t − τ(t))‖ ≤ β‖x(t)‖, it follows from inequalities (6) and (8) that

D+V (x(t)) < (α + β2)xT(t)x(t) = (α + β2)‖x(t)‖2 ≤ θV (x(t)), t ∈ (tk−1, tk), k ∈ N. (9)

When t = tk, we have
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V
(
x(t+k )

)
= [x(tk) + B(x(tk))]

T
P [x(tk) + B(x(tk))]

=xT(tk) [I + B]
T

P [I + B] x(tk)

=xT(tk)PP−1 [I + B]
T

P [I + B] x(tk)

≤λxT(tk)Px(tk)

=λV (x(tk)). (10)

According to expressions (9) and (10), we shall show

that

V (x(t)) ≤ V (x0)λ
kexp(θ(t − t0)),

k = max{i|ti < t}, t ≥ t0 ≥ 0. (11)

To do this, we shall consider all regions of t in detail.

The following situations are considered.

If t0 < t ≤ t1, we have

V (x(t)) ≤V (x(t+0 ))exp(θ(t − t+0 ))

=V (x0)exp(θ(t − t0)),

V (x(t1)) ≤V (x0)exp(θ(t1 − t0));

when t1 < t ≤ t2, we obtain

V (x(t)) ≤V (x(t+1 ))exp(θ(t − t+1 ))

≤V (x0)λexp(θ(t − t0)),

V (x(t2)) ≤V (x0)λexp(θ(t2 − t0));

when t2 < t ≤ t3, we obtain

V (x(t)) ≤V (x(t+2 ))exp(θ(t − t+2 ))

≤V (x0)λλexp(θ(t − t0))

=V (x0)λ
2exp(θ(t − t0)),

V (x(t3)) ≤V (x0)λ
2exp(θ(t3 − t0));

generally, when tk−1 < t ≤ tk, for k ∈ N , we have

V (x(t)) ≤V (x(t+k−1))exp(θ(t − t+k−1))

≤V (x0)λ · · ·λ
︸ ︷︷ ︸

k−1

exp(θ(t − t0))

=V (x0)λ
k−1exp(θ(t − t0));

when tk < t ≤ tk+1, for k ∈ N , we have

V (x(t)) ≤V (x(t+k ))exp(θ(t − t+k ))

≤V (x0)λ · · ·λ
︸ ︷︷ ︸

k

exp(θ(t − t0))

=V (x0)λ
kexp(θ(t − t0)).

Therefore, inequality (11) holds. QED.

Applying λk ≤ exp(−ρ(t− t0)) to inequality (11),

and letting υ =
ρ − θ

2
> 0, we can obtain

V (x(t)) ≤V (x0)λ
kexp(θ(t − t0))

≤V (x0)exp(−ρ(t − t0))exp(θ(t − t0))

=V (x0)exp(−2υ(t − t0)), t ≥ t0 ≥ 0.

Arbitrarily choose a scalar δ > 0 and a vector x0 ∈ W

such that ‖x0‖ < δ, according to inequality (8), we

can obtain

λmin(P )‖x(t)‖2 ≤V (x(t))

≤λmax(P )‖x0‖
2exp(−2υ(t − t0))

≤λmax(P )δ2exp(−2υ(t − t0)),

t ≥ t0 ≥ 0.

Let k(δ) =

√

λmax(P )

λmin(P )
δ, such that k(δ) > 0, then

‖x(t)‖ ≤

√

λmax(P )

λmin(P )
δexp (−υ(t − t0))

=k(δ)exp (−υ(t − t0)) , t ≥ t0 ≥ 0.

According to definition 2, system (5) is globally expo-

nentially stable. QED.

Remark: If system (5) is globally exponentially

stable, system (4) is globally exponentially stabilized

by the impulsive control matrix B and constant gain

matrix Fi, that is, system (1) is said to be stabilized

with an exponential decay rate by the hybrid impul-

sive and switched controller.

4. Conclusions

We have proposed exponential stabilization crite-

ria for T–S fuzzy systems with impulsive effects and

small delays. To our knowledge, this is the first study

of the stability and stabilization of T–S fuzzy systems

with impulsive effects and delayed state feedback. In

the future work we shall focus on similar topics among

the fuzzy systems, impulsive control systems and some

delay differential equations.
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