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The adaptive coupled synchronization method for non-autonomous systems is proposed. This method can avoid

estimating the value of coupling coefficient.

Under the uniform Lipschitz assumption, we derive the asymptotical

synchronization for a general coupling ring network with N identical non-autonomous systems, even when N is large

enough. Strict theoretical proofs are given. Numerical simulations illustrate the effectiveness of the present method.
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1. Introduction

Synchronization is a fundamental phenomenon
that enables the coherent behaviour to occur in a
coupled system. Since Pecora and Carroll! first in-
troduced two identical chaotic autonomous systems
under different initial conditions in 1990, chaos syn-
chronization has been widely investigated due to
its potential application in many areas such as se-
cure communication,!? information processing, bi-
ological systems, and chemical reaction.>* Up to
now, a wide variety of approaches have been used
to design a synchronization controller such as impul-
sive control method, adaptive control,>=9 and active
control,[10=12 etc.

In fact, non-autonomous systems for modelling
the behaviours of many engineering systems, such as
offshore platforms, building earthquakes and so on
have been widely explored.['3=15 Many complex phe-
nomena in this kind of nonlinear dynamic systems
have been demonstrated. Different chaotic motions
and their attractive zones in parameter space have
been studied by numerical calculation and experi-
ments, which have been described in a great num-
ber of papers on non-autonomous systems. However,
to our knowledge, compared with chaotic autonomous

systems, synchronization of chaotic non-autonomous

systems has seldom been considered so far.[16=21]

Recently, the adaptive-feedback control has been
applied to synchronize two identical chaotic non-
autonomous systems.[?? It has been shown!?3—25! that
synchronization of the nearest-neighbour coupling net-
works in a ring is hard to achieve if the number N
of nodes is too large. Lu et all*® tried to present
the coupled adaptive control and derive a sufficient
condition to synchronize a ring of NV special multi-
Lorenz systems.[?5] In this paper, we theoretically
derive an adaptive scheme to synchronize a general
unidirectional ring network of any identical N non-
autonomous systems globally under a certain assump-
tion. Strict theoretical proofs are given. Numerical
simulations in this paper show the effectiveness of the
proposed method, even when the number N of nodes
is very large.

The rest of the paper is organized as follows. In
Section 2, the chaotic non-autonomous system used
in this work is presented, and adaptive synchroniza-
tion between two coupled systems is considered. This
method is extended to a general unidirectional ring
network of IV non-autonomous systems and strict the-
oretical proofs are given to adaptive synchronization
in Section 3. In Section 4, two representative examples
are considered and numerical simulations are done to
validate the proposed approach. Finally, conclusions

are drawn in Section 5.
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2. Adaptive synchronization be-

tween two coupled non-

autonomous systems

Consider a class of chaotic non-autonomous sys-
tem described by

T = f(mvt)a (1)

where * = (71,2,...,2,)T € R" is state vector of

(f1,f2,- - fn)T

ear function of the system (1). For the vector function

the system and f = € R" is a nonlin-

f(x,t), we make the following assumption.2’]

I xn)T;

R™, there exists a positive

Assumption 1 For any * = (21, z2,...

Yy = (y15y27" '7yn)T S
constant [ such that

|fi($7t) -

< Imax {|z; —

fi(yvt”
yil, 7=1,2,...,n}. (2)

Here, it should be noted that a wide variety of
chaotic systems satisfy the above condition. In fact,
if f(x,t) degenerates into f(x), i.e. f(x,t) is inde-
pendent of time ¢, then the above condition is called
a uniform Lipschitz condition and [ refers to the uni-
form Lipschitz constant. Hence system (1) degener-
ates into an autonomous one that satisfies this condi-
tion and includes almost all well-known autonomous
chaotic systems, such as the Rossler system, Chua’s
system, Lorenz system, Chen system, etc. In this pa-
per, we consider the non-autonomous chaotic case, in
which the vector function f(z,t) explicitly depends on
time t. Also, almost all well-known non-autonomous
chaotic systems satisfy this condition, for example, the
excited chaotic pendulum system, Duffing equation,

ete.
We consider two coupled non-autonomous sys-
tems
y=f(yt)—d(y— =) (4)
Suppose
d = ke?, (5)
where x = (.’L’l,.’[]g, e 7$n)T7 Yy = (y17y27 .. '7yn)T7
k= (kl,kg,...7kn) € R", (kz > 0,1 = 1,2,...,n),
d = (di,da,...,d,)T, e = (e1,e2,...,e,)T. Then

we have an adaptive coupled system with two non-
autonomous systems, which contains systems (3), (4)
and also system (5).

Denote
e(t) = z(t) —y(t) (6)
as the synchronizing error. Thus the dynamics for the
error system is written as

e=f(z,t) - f(y,

If e;(t) - 0ast — oo for all i = 1,2,...,n,

t) — 2de. (7)

the coupled synchronization of systems (3) and (4) is
achieved. The problem of synchronization here can
be transformed into a problem of how to realize the
asymptotical stabilization of the error system (6). So
our aim is to design a coupled controller u for systems
(3) and (4),

u'L:dZ(I’L_yl)a i:172a"'7

n, (8)

where d; < 0 is a variable feedback strength. Instead
of the usual linear feedback, the feedback strength d;

will be adapted according to the following update law:
di = k€2, i=1,2,...,n, (9)

where k; > 0 is an arbitrary positive constant.
Then the error dynamical system (7) can be
rewritten as

€; = fl(l',t) -

Theorem 1

fi(yvt) -

If the function f(x,t) of non-
autonomous systems (3) and (4) satisfies Assumption

2d;e;, i=1,2,...,n. (10)

1, systems (3) and (4) will globally asymptotically syn-
chronize for any initial values of (0), y(0), d(0).

Proof Construct a Lyapunov function in the fol-
lowing form:

V:%Ze?‘FZ%(di_L)Qv (11)

1
where L is a sufficiently large constant, i.e. L > —nl.
Differentiating V' with respect to time ¢, we obtain

n

V:ZeZeZ—I—ZZ (d; — L)d
i=1

= Zez fz T, t fi(yvt) - 2diei)
=1
+22 (di = L

= Zez(fz(:r t) = fi(y,t))
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It is obvious that V = 0 if and only if ¢; = 0,
i=1,2,...,
punov function and the above inequality implies the
n). Ac-
cording to the well-known Lyapunov—Lasalle type the-

n. Note that the construction of the Lya-
boundedness of all the errors e;, (i = 1,2, ...,

orem for functional differential equations, the trajec-
tories of the error dynamical system, starting with an
arbitrary initial value, converges asymptotically to the
largest invariant set £ = {(e,d) € R*" : e = 0,d = d°}
contained in V = 0 as t — oo, thus implying that the
two systems (3) and (4) will globally asymptotically
synchronize. The proof is completed.

3. Adaptive synchronization of N
coupled non-autonomous sys-

tems

A general system with N > 3 coupled with non-
autonomous systems in a ring can be described by

x'l = f(Il,t) —
.’1.']2 = f(‘r27t) -

d(Il — .IQ),
d(,@g — 1'3),

in-1 = flan-1,t) —d(zn—1 — 2N),
TN = f(INvt) - d(IN - Il)a (13)
wherexj = (Ijl,xjg,.. .,Ijn)T S Rn,] =1,2,...,N.

We design

N N—-1
d=k Ze? - Z ejej+1 —ener| € R", (14)
j=1 i=1

1
+eniéni + F(di -

<
I

N
Il
-

|:81ié1i + egieo; + - - -

T

ejil fi(z;,t) —

I

i=1 | j=1
N N-1
2
+(d; — L) E €5 — E €ji€j+1i — ENi€li
J=1 J=1

¥

ejil fi(wj:t) —

I
M

N
Il
-

<
Il

N-1

N
2
el L geﬂ

j=1 j=1

IN

M=

i‘ .
i g

N
Il
-

L)d;

filzjrr,t) — dieji — eqirnyi)] + enilfilzn, 1) —

fi(zji1,t)] + enilfilon, t) —

Vol. 17
i.e.
. N N-1
d; =k Zeii - Z €ji€j+1i — €Ni€li | ,
=1 =1
ki >0, i=1,2,...,n, (15)
where
¢ =Tj = jr1,] = 1,2, N = 1;
eN = TN — T1. (16)
It is obvious that
EN = —€1 — €y — -+ —EN_1. (17)

The dynamics for the error system is

é1 = f(z1,t) — f(z2,t) — d(e1 — e2),
é2 = f(i[:g, t) — f(xg, t) — d(eg — 63),
én—1= flen_1,t) = f(zn,t) —d(en—1 —en),

en = f(xn,t) — f(x1,t) —d(eny — e1). (18)

We construct the Lyapunov function in the fol-
lowing form:

lsyesy la

=1 j=1 =1

(19)

l\DlP—‘
FI)—‘

Denote ej; the ith state variable of the jth dynamical
system, here L should be a sufficiently large constant.
Differentiating V' with respect to time ¢, we obtain

fi(z1,t) — di(eni — e1q)]

N N-1
2
— L g € —

Jj=1 Jj=1

f’L Il;

€4i€j+1i — ENi€1s

E €4i€j+1i — ENi€1s
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= = élPé., (20)
i=1
where
Evi = (e15,€2i,- - eni) (21)
L
L —nl -3 0 0
L
= L-nl -2 0
5 n
0 ——= L—nl
pP= (22)
0
L
2 L-—n -Z
B n
0 0 —— L-—nl

For any fixed n,l, N(N > 3), there always ex-
ists a constant L = 2N?2nl such that the matrix P
is positive definite. Similar to the proof of Theorem
1, V <0, then a ring networks coupled with N non-
autonomous systems can synchronize by adding the
following adaptive feedback gain equation (13). Thus
we have the following theorem.

If the function f(x,t) of non-
autonomous systems (13) satisfies Assumption 1, then

Theorem 2

the system (13) will globally asymptotically synchro-
nize for any initial values of z;(0), j = 1,2,..., N,
d(0) under the adaptive control (14).

Remark 1 Theorem 2 includes Theorem 1 as a
special case when N = 2. At the same time, it is worth
noting that the global asymptotic synchronization in
the ring network will occur under the Assumption 1
theoretically, even when the number N of nodes is
very large according to Theorem 2.

Remark 2 The convergence of the error sys-
tem (18) can be adjusted by modifying the parame-
ters k; > 0,4 =1,2,...,n in Eq.(15). It is sufficient
but not necessary for some particular models to use
all the variables of the system as feedback signals. For
example, if |e;| < |e;| (4,5 = 1,2,...,n), in view of the
procedure of the above proof, we can set k; = 0, which
implies that it does not need to add the feedback con-
trol to the respective variable x;.

Remark 3 Compared with the method proposed
in Ref.[20], the above scheme is more symmetrical and
general. It is also easy to design programme and to
gain high-quality, which will be illustrated through
several examples in the next section.

NXxN

4. Numerical simulation

In this section, global asymptotic synchronization
in a class of chaotic coupled non-autonomous systems
presented in this paper is demonstrated by two exam-
ples of different dimensions.

Example 1

Consider a ring network model with N dynam-
ical nodes, in which each node is a two-dimensional
Duffing system described by

T =y,

§=—03y+x — 2> + Acos(wt), (23)

where A = 0.4, w = 1.2. This system appears chaotic
behaviours in Fig.1 and satisfies Assumption 1 with
[ =16. We set the ring network model with N = 2

2
1
g 0
—1
_9 .
—2 -1 0 1 2
1
Fig.1. The chaotic behaviour of state variables

(x1(t), x2(t))T of a Duffing system.
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nodes, in which each node is a Duffing system to sat-
isfy the condition in Theorem 1 and choose the pa-
rameters k1 = ko = 0.01. We can conclude that
the two coupled non-autonomous systems are glob-
ally asymptotically synchronized for any initial values.
The numerical simulation results are shown in Fig.2.
In Fig.3. the two adaptive update laws d; — 1.007
and do — 2.2023 vary very quickly, as ¢ — oo, with
d1(0) =1 and d2(0) = 2.

If we set the number N = 50 nodes, k; = 0.01,
ke = 0, it was found that ko vanishes, indicating that
we do not need to add the feedback control to the re-
spective variable y. The systems with 50 nodes will
globally asymptotically synchronize for any initial val-
ues of z;(0), ( =1,2,...,50) and d(0). The simula-
tion results are illustrated in Fig.3.

5 — T p
= ok- Sa) —-
9 (%
-5 . ) .
0 2 4 6 8 10
1.02 T
- (b)
hS
1.00 [ L
0 2 4 6 8 10
2.05 T
N (©
S|
2.00 .
2 4 6 8 10
Time

Fig.2. (a) The synchronization of error variables of the two
coupled duffing system: e; = x1 — y1; e2 = z2 — y2. (b) and
(c) the variations of update laws di —¢ and d2 — ¢ respectively,
for N =2, k1 = k2 = 0.01, d1(0) =1, d2(0) = 2.

(a)
20 §

10
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—20 —50

~ 1000 : —_—
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o
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O = N W
G

0 2 4 6 8 10
6 .

3 4/ (©) |
= 2l |
0 1 L 1 1 L L I I I
0 2 4 6 8 10

Time

Fig.3. (a) The 1st global error states ex1 = 3’10:1 6?1? (b)
50 _2

the 2nd global error states esx2 = 4/ J=1 €505 (c) the update
law d1 — t; for N =50, k1 = 0.01, k2 =0, d1(0) = 1.

Example 2

Consider the ring network model, in which each
node is the 4D system,!'®) of 4 dimensions, described
by

%1 = a(ra — 1) + T2T324,
o = b(x1 + x2) — T12T324,
i‘3 = —[Cl + Co Sin(t)]x?, + T1T2X4,

$'4 = —dI4 + 1273, (24)

where z; (1 = 1,2,3,4) are the state variables of the
system, and a, b, c1, co and d are all positive real con-
stant parameters. The time history of the 4D system
for fixed parameters a = 30, b = 10, ¢; = 95, co = 10
and d = 10 is given in Fig.4. The chaotic behaviours
of the system are clearly seen; at the same time, the
system satisfies Assumption 1 with { = 800.

20

16}

121

T4

Fig.4. The phase portrait of the chaotic 4D system: (a) x1 — x2 — x3; (b) 2 — z4.
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Let N = 50. To globally asymptotically synchro-
nize the nodes systems more quickly, we set k1 = 1,
ko = 1, k3 = 1, k4, = 0 and choose any initial val-
ues of 2;(0), 5 =1,2,...,50, d(0). The corresponding

— 2000

= 1000
0

€ex

0

1000
500
0 N
- 5000
1000
500
0
- 5000

2000

1000
0

exa(t)

ex3(t)

ex4(t)

0 2 4 6 8 10
Time
Fig.5. The 4 global error states e; = ;?(;1 e?i (i =
1,2,3,4) for N=50, k1 =1, ko =1, ks =1, ks =0.

5. Conclusions

The synchronization of coupled chaotic systems
The method
of adaptive synchronization of coupled chaotic non-

is very important for application.

autonomous systems has been presented in this pa-
per, which can avoid the difficulty of estimating the
value of a coupling coefficient for the coupled sys-
tems. We have derived asymptotical synchronization

simulation results are illustrated in Fig.5. Figure 6
show the three adaptive update laws d; — 40.1515,
dy — 37.4635, do — 24.2344 vary quite quickly, as
t— o0, dl(O) = 1, dQ(O) = 2, dg(O) =3.

60
40 : : :
20 """ : : : : : ;
0 i i i i i i i i i

40

Time

Fig.6. The update laws (d1 —t, d2 —t, d3 —t) for N = 50,
ki=1,ka=1,ks =1, ka = 0.

of a general coupling ring network with N identical
non-autonomous systems under Assumption 1. Strict
theoretical proofs have been given. Numerical simu-
lations in this paper show the effectiveness of the pro-
posed method, even when N is quite large. In fact,
the result is that the networks will be synchronized by
adding only part of state variables of adaptive feed-
back gain equation. The method can also be applied
to non-autonomous or autonomous systems in other
types of networks.
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