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Hawking radiation from the Schwarzschild black hole
with a global monopole via gravitational anomaly*
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This paper derives the Hawking flux from the Schwarzschild black hole with a global monopole by using Robinson

and Wilczek’s method. Adopting a dimensional reduction technique, it can describe the effective quantum field in

the (3 + 1)-dimensional global monopole background by an infinite collection of the (1 4 1)-dimensional massless fields

if neglecting the ingoing modes near the horizon, where the gravitational anomaly can be cancelled by the (1 4 1)-

dimensional black body radiation at the Hawking temperature.
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Recently, Robinson and Wilczek[!!] (RW) pro-
posed an intriguing approach to derive Hawking ra-
diation from a Schwarzschild-type black hole through
gravitational anomaly. Their basic idea goes as fol-
lows. Consider a massless scalar field in the higher
dimensional space-time. Upon performing a dimen-
sional reduction technique together with a partial
wave decomposition, they found that the physics near
the horizon in the original black hole background can
be described by an infinite collection of the mass-
less fields in a (1 + 1)-dimensional effective field the-
ory. When omitting the classically irrelevant ingo-
ing modes in the region near the horizon, the effec-
tive theory becomes chiral and exhibits gravitational
anomaly in the near-horizon region, which just can
be cancelled by the (1 4 1)-dimensional black body
radiation at the Hawking temperature. As is shown
later, the RW method is universal, and soon has been

[2-5]

extended to other black hole cases which contain

gauge anomaly in addition to gravitational anomaly.

In this paper, we will use the RW method to
investigate Hawking radiation of a static spherically
symmetric Schwarzschild black hole with a global
monopole from the viewpoint of cancelling the grav-
itational anomaly. During the process of the Grand
Unified Theory (GUT) phase transition, we can imag-
ine that a Schwarzschild black hole swallows a global
monopole, forming a black-hole-global-monopole sys-
tem. An unusual and stirring property of this compos-
ite system![%7 is that it possesses a solid deficit angle,

which makes it quite different topologically from that
of a Schwarzschild black hole alone. Thermodynam-
ical properties of such a static spherically symmetric
system have been studied extensively in Ref.[7]. Be-
cause the background space-time considered here is
not asymptotically flat rather it contains a topological
defect due to the presence of a global monopole, the
RW method, however, cannot be directly applied to
derive the correct Hawking temperature of the black-
hole-global-monopole system. In the following, we
shall adopt a slightly different procedure and perform
various coordinate transformations before we can use
the RW method. Accordingly, we must generalize the
RW method to the most general static case that the
metric components satisfy g - grr # —1.

The metric of a Schwarzschild-type black hole
with the global O(3) monopole is described by!®]

ds? = —f(r)dt? + f(r)~ dr® +r2d 023,
fr) = 1= —2m/r, (1)

where m is the mass parameter of the black hole and
n is related to the symmetry breaking scale when
the global monopole is formed during the early uni-
verse. For a typical GUT symmetry breaking scale,
n? ~ 1076, so it is reasonable to assume 1 —n? ~ 1
throughout this paper.

Since the prime physical quantity obtained by
means of the RW method is the Hawking temperature
which enters into the first law of black hole thermo-
dynamics, we begin with by reviewing the thermody-
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namical properties of our black-hole-global-monopole
system.

For the space—time metric (1), the Hawking tem-
perature and the entropy are given by!”

T ko 8Tf|m - (1 - 772)3/2
_271'_47'(1/1—772_ 8mm ’
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where k and A are, respectively, the surface gravity
and the area at the horizon rg = 2m/(1 — n?).

The Arnowitt—Deser—Misner (ADM) mass M of
the system can be calculated via the Komar integral

y om
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1
where 5(*;) = (1 —=n?)"1/2(8;)* is the normalized time-

Obviously, the ADM mass M is
not equal to the mass parameter m because of the

like Killing vector.

presence of a global monopole. One can easily show
that the ADM mass M, the temperature T" and the en-
tropy S given above obey the differential and integral
forms of the first law of black hole thermodynamics as

follows
dM =TdS, M =2TS. (4)
Now introducing the following coordinate trans-
formation
= (=) = (A=) e (5)

and defining a new mass parameter

:(1_77 m, (6)

then we can rewrite the line element (1) as

2)—3/2

(ol
V)

N
I

—f(r)dt? + f(r) 7 dr® + (1 - n*)r?d s,

fr)y=1-=2m/r. (7)

This metric is, apart from the deficit solid angle 47n?,
very similar to the Schwarzschild solution. Remark-
ably, due to the presence of a global monopole, the
original space—time Eq.(1) is not asymptotically flat
but asymptotically bounded. After performing the
above coordinate transformation, which is essentially
a scale transformation, the metric is brought into an
asymptotic one although it contains a topological de-
fect. The advantage of this transformation is to make
the calculation of the ADM mass and the Hawking
temperature more feasible.

For the line element Eq.(7), the surface grav-

ity at the horizon rg = 2m can be determined as

1
K = 5& f ‘TH Analogously, one can compute the
ADM mass M = (1 — n?)m, the Hawking temper-
ature T = k/(2r) = 1/(8wm), and the entropy

= A/4 = 47(1 — n*)m?, and find that they are
essentially identical to those given by Egs.(2) and (3)
by virtue of the relation Eq.(6), thus satisfying the
same Bekenstein-Smarr relationship Eq.(4).

In the following, we will apply the RW method
to show that the flux of Hawking radiation from
a Schwarzschild-type black hole with the global
monopole can be determined by anomaly cancellation
conditions and regularity requirement at the horizon.
The RW method, however, cannot be immediately ap-
plied to obtain the correct formula of Hawking temper-
ature for the line element Eq.(1), rather it can be di-
rectly used to obtain that for the metric Eq.(7). Thus,
we shall first base our analysis below upon the metric
Eq.(7) but will soon turn to the space-time Eq.(1).

For simplicity, we consider the action for a mass-
less scalar field in the background space-time Eq.(7).
After performing the partial wave decomposition ¢ =
Y im Pim (7)Y, (0, ¢), and only keeping the domi-
nant terms, the action becomes

1
Sle] = —g/d‘*afx/—gg“”@w@yw

— % / dtdrdfde(1 — n*)r? sin&;al_?laf

1
S

1
B Z/dtdr(l — )% Oim
Im

X [_716,? + Oy (f(?r)] Pim (8)

1
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where Agp is the angular Laplace operator. Ap-
parently, a free scalar field in the original (3 + 1)-
dimensional background can be effectively described
by an infinite collection of massless fields in the (1+1)-
dimensional space—time with the effective metric

ds? =

—f(r)dt* + f(r)" dr?, 9)

together with the dilaton field ¥ = (1—72)r?. On the
other hand, if we start with the metric Eq.(1) and per-
form the dimension reduction, the same effective met-
ric yields but with a different dilaton factor ¥ = 72
whereas f(r) is now given by Eq.(1).
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Yet we can still go beyond further. For later us-
age, consider now the most general, static and spher-
ically symmetric black hole solutions with the line el-

ement
ds? = —f(r)dt? + h(r)"tdr? + P(r)?d023.  (10)

A similar dimension reduction technique leads to the

(1 4+ 1)-dimensional effective metric
ds? = —f(r)dt® 4+ h(r)"tdr? (11)

with the dilaton field ¥ = P(r)?
tribution to the anomaly. At the horizon r = ry, the

, which makes no con-
surface gravity is k = =/ f/'(ru) (ru), where a prime
denotes the derivative with respect to r.

Since we are considering a static background, the
contribution from the dilaton field can be neglected.
Thus we find that the physics near the horizon can be
described by an infinite collection of massless fields in
the (1 + 1)-dimensional effective theory on the back-
ground metric Eq.(11).

Next we turn to the gravitational anomaly. A
gravitational anomaly is an anomaly in the gen-
eral coordinate covariance, taking the form of non-
conservation of the energy—momentum tensor. The
consistent one arising in the (14 1)-dimensional chiral
theory reads

v T:U' .
v 9671’\/

on the other hand, the covariant anomaly for outgoing

a 500500 TS5, (12)

modes reads

\Y% T'L,Lj — Euua#Ra (13)

967 \/_
where e is an antisymmetric tensor with /" = 1.
We will localize the physics outside the horizon
since the effective theory is defined in the exterior
region [rg,+00]. Now we divide the region outside
the horizon into two parts: the near—horizon region
[ri, ra + €], where the effective quantum field theory
becomes chiral and exists a gravitational anomaly, and
the other region [ri + &, +00], where the theory is not
chiral and there is no anomaly. So let’s focus on the
anomaly in the region [ry, rg +¢]. Having omitted the
classically irrelevant ingoing modes near the horizon,
the energy—momentum tensor in this region exhibits
an anomaly, which can be rewritten as
1

For a metric of the form as Eq.(11), N*, = A, =

in the region [rg + &,400]. But in the near-horizon

region [ry,ru + €], the components of N*, are

Nf:NT:o
ro__ / "
Ni = 192 (fh+f h)
—1
t 2 g n
Ne = 1952 (h L h)' (15)

Taking into account the time independence of T#,,
we can integrate Eq.(14), up to a trace T¢(r), to get

T=- 7y Tl (r),

o K1Q B T

" f f 2f’

1) = —/h/fK + C(r) = —fhT}, (16)
where C(r \/me\/ x)/h(x)As(z)dx, B(r) =
[ A f( )z, I(r) = [} Tg(x)f'(z)dz, and K

and @ are two mtegratlon constants. For the line ele-
ment Eq.(11), B(r) should be zero because A, = 0 in
the near-horizon region. In the limit » — ry, we have
C(r) — 0, and I(r /f‘ — T%(ry).

Under the 1nﬁn1tesuna1 general coordinate trans-
formations, the effective action varies as

N4

= /de\/—_g)\VVHT’f,

- / atdrx” {0, |[NLH()| + [VITRTE),
—V/f/hT, (H)V+NH] Q(T)}

— [atar{x (o, [N ()] + N7
V(TG ~ Tny) |0 =)
ANV (T = Thy, ) 8(r _TH)}’ (17)

where O(r) = O(r — rg — €) is a scalar step function,
H(r) =1—- O(r) is a scalar top hat function, and we
have written the total energy-momentum tensor T}
outside the horizon as

TS =T},00r) + T

(o (1 (r) (18)

in which T(*(L))U is covariantly conserved and T(H) obeys
the anomalous Eq.(14). To derive the last expression
of Eq.(17), we have taken the £ — 0 limit.

In order to keep the diffeomorphism invariance,
the variation of the effective action should vanish. The
first term 9, [N/ H(r)] in Eq.(17) can be cancelled by
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the quantum effects of the ingoing modes. Setting

0 W = 0, we obtain the following constraints

[\/m(T(To)t — Tlay) + Nf} ’m =0,

(Tloyr = Tliaye) |, =01 (19)
ie.

Ko=Ku+®  Qo=Qu-—9, (20)
where

frrmh (ra) &>
1927 T A87

In order to fix the four constants, we impose an

& = NJ(ru) = (21)

additional regularity condition that requires the co-
variant energy—momentum tensor to vanish at the
horizon. In the background of space-time Eq.(11),
the covariant energy—momentum tensor is related to

the consistent one by!®l

T T h 1" N2
VIR = VT + gy [ £ =207 22)
The condition T} (rg) = 0 yields Ky = —2&, which
leads to f/hT(To)t‘TH = —K,= . So, ¢ is the flux

of Hawking radiation. A (1 + 1)-dimensional black
2

body radiation has a flux of the form ¢ = 1—7;T , ac-

curately giving the Hawking temperature T' = x/(27).

Applying the above analysis to the metric Eq.(7),
we can obtain the correct Hawking temperature T' =
1/(8wm); whereas to the line element Eq.(1), we will
get a different result 7 = (1 — n?)?/(8wm). So
it is unadvisable to apply directly the RW method
to the space—time Eq.(1). However, we can do the
same analysis in another different way. By re-scaling
t — /1 —n?2 t, we rewrite the metric Eq.(1) as

ds? = —f(r)dt* + h(r)"'dr® 4+ r2d 03,
_ 2m _ 9 2m
fir)y=1 A= h(r)y=1-n — (23)

and immediately derive the correct Hawking temper-
ature T = (1 —n?)3/2/(8mm).

In summary, we have applied the RW method
to derive the Hawking flux from a Schwarzschild-type
black hole with the global monopole by requiring the
cancellation of gravitational anomalies at the horizon.
The flux has a form precisely equivalent to black body
radiation with the Hawking temperature. To obtain
the consistent expression of the Hawking temperature,
it is not suitable to use the metric Eq.(1), otherwise
one must divide the flux @ by a factor 1—n2. Our anal-
ysis presented here can be directly applied to the case
of a Schwarzschild—anti—de Sitter black hole with a
global monopolel® where f(r) = 1—n%—2m/r+r2 /1%,
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