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Remote quantum-state discrimination is a critical step for the implementation of quantum communication network

and distributed quantum computation. We present a protocol for remotely implementing the unambiguous discrimina-

tion between nonorthogonal states using quantum entanglements, local operations, and classical communications. This

protocol consists of a remote generalized measurement described by a positive operator valued measurement (POVM).

We explicitly construct the required remote POVM. The remote POVM can be realized by performing a nonlocal

controlled-rotation operation on two spatially separated qubits, one is an ancillary qubit and the other is the qubit

which is encoded by two nonorthogonal states to be distinguished, and a conventional local Von Neumann orthogonal

measurement on the ancilla. The particular pair of states that can be remotely and unambiguously distinguished is

specified by the state of the ancilla. The probability of successful discrimination is not optimal for all admissible pairs.

However, for some subset it can be very close to an optimal value in an ordinary local POVM.
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1. Introduction

Quantum entanglement has no classical ana-
logue and such a novel characteristic leads to
many applications in quantum information science,

(1,21 dense coding,®4

e.g. teleportation,
cryptography, %6

These studies exploit the relation between quantum

quantum
quantum computation,[7] and so on.

entanglement nonlocality and the structure of the
Hilbert space. Although quantum entanglement has
been a major research topic in the last decades, the
nature of the relation between entanglement non-
locality and the properties of physical interactions
is a fairly new subject. During the recent years
it has been realized that entanglement can be used
as a resource for implementing various types of re-
mote interactions.=12 Optimal ways of generating
entanglement by using a given interaction have been

searched.[13]

On the other hand, the rapidly increasing inter-
est in quantum information theory and its applica-
tions has resulted in a renewed interest in the theory

of quantum measurement. Quantum measurement is
an inevitable part of all quantum information process-
ing tasks. Specific sets of quantum measurements are
essential to optimal quantum-state estimation. Quan-
tum measurements also represent the final step of any
quantum computation. In many situations the choice
of an optimal measurement depends on the task to
be performed. For instance, in the case of quan-
tum teleportation or quantum cryptography a central
problem is the capability of discriminating among dif-
ferent outcomes. In general, these outcomes appear
as nonorthogonal quantum states (lying in a space
spanned by logical qubits), which can either stay close
together or be located at widely separated places of a
quantum network. Quantum mechanics forbids deter-
ministic discrimination among nonorthogonal states.
Nevertheless, the capability to distinguish nonorthog-
onal states unambiguously is an important primitive
in quantum information and quantum communica-
tion. There are, in fact, two different optimal strate-
gies developed to accomplish quantum-state discrimi-
nation (QSD) tasks. ‘Minimum-error discrimination’
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(MD) seeks a ‘best guess’ on every trial, minimizing
the rate of incorrect guess. Helstrom showed that!'4
for the MD between two states, the optimal strategy
could always be achieved by a (von Neumann) projec-
tive measurement. ‘Unambiguous quantum-state dis-
crimination’ (UD), on the other hand, seeks to deter-
mine with certainty which state the system is in. This
can be done only on some fraction of the trials. The
others are termed ‘inconclusive’, and the optimal UD
success rate cannot always be achieved with projec-
tive measurement. This issue has been first touched

[15] for the case of two equally probable

by Ivanovic
nonorthogonal states. Peres!'® solved the problem of
discrimination between two states in formulation with
generalized measurements (or positive operator valued
measurements (POVMs)). In Refs.[16, 17] the pro-
posals involve the coupling of the original qubit to an
ancillary particle. The ancilla evolves conditionally,
depending on the state of the original system. The
global system reaches a superposition of orthogonal
conclusive and inconclusive states, which can be split
up after a measurement on the ancilla. In the conclu-
sive case, recognition of the original state is achieved
by measuring o,. In Ref.[18] Jaeger and Shimony have
shown that the same result can be obtained by extend-
ing the dimension of the accessible space, where extra
dimensions play the role of the ancilla. In this case,
inconclusive measurements are associated with mea-
surements on the extra dimension component. Chefles
and Barnett'?) have generalized Peres’s solution to an
arbitrary number of equally probable states which are
related by a symmetry transformation. UD was al-
ready realized experimentally. The first experiment,
designed for the discrimination between two linearly
polarized states of light, was done by Huttner et al.l2%!
There have also been made some newer proposals
of optical implementation.?!] The MD was demon-
strated by Barnett and Riis.??

The actual state-distinguishing device for two
known states depends on the two states, [¢))1 and )2,
two states that are ‘hard wired’ to the machine. An-
other approach is to supply the information about the
states to be distinguished as quantum inputs. That
is, one encodes the information about the states one
wants to distinguish into a quantum state, which is
then a kind of quantum program that is sent into the
discriminator at the same time as the particle whose
state is to be identified. The first device of this kind
was proposed by Dusek and Buzek.?3] This device
distinguishes the two states cos(¢/2)|0) £ sin(¢/2)|1),

and the angle ¢ is encoded into a one-qubit state in a
somewhat complicated way. In a series of recent stud-
ies Fiurasek et al 4 investigated a closely related pro-
grammable device that could perform a von Neumann
projective measurement in any basis, the basis that is
specified by the program. Sasaki and Carlinil??! devel-
oped a relevant device, which they called a quantum

[26] proposed

matching machine. Bergou and Hillery
an approach to a programmable state discriminating
machine in which the program was related in a simple
way to the qubit states |1); and |¢)2 that one is try-
ing to distinguish. The original result in Ref.[26] was
about unambiguous discrimination and about qubit
date and program states. They have recently been ex-
tended to qudits by Hayashi et al both for optimum

(27]

unambiguous discrimination!*”! and for minimum er-

ror discrimination.[28]

However, all of the previous investigations are re-
stricted to local quantum-state discrimination.

Physical implementation of quantum computa-
tion requires the coherent manipulation of a large
number of qubits. To scale up the number of qubits
in real physical systems, a particularly interesting ap-
proach is to connect individual physical setups to-
gether through some quantum communication chan-
nels and perform distributed quantum computation
over all the nodes.??) Such a quantum network ap-
proach has provided practical scaling methods for sev-
eral promising candidate systems to implement quan-
tum computation. For instance, in a trapped ion or
cavity quantum electrodynamical (QED) system, the
number of qubits inside an individual trap or cavity
can be limited from some practical considerations, but
the limitation can be overcome by wiring to those indi-
vidual systems through photon connection. To re-
alize the distributed quantum computation, not only
quantum state but also quantum operation has to
be transferred between the nodes of the network ef-
ficiently. Implementation of remote QSD, which is a
particular case of remote interaction, is a critical step
for the implementation of quantum network and dis-
tributed quantum computation. Remote implemen-
tation of quantum measurements is more challenging
than teleportation of quantum states.

In this paper we extend the protocol introduced in
Ref.[23] to remote UD. We propose a protocol to im-
plement the remote UD on a spatially separated quan-
tum system using entanglements in addition to local
operations and classical communications (LOCCs).
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2. Unambiguous quantum-state

discrimination and positive op-

erator valued measurement

Unambiguous  quantum-state  discrimination
among N states has N+1 outcomes: N possible con-
clusive results, and one inconclusive result. Since no
projective measurement in an N-dimensional Hilbert
space can have more than N outcomes, generalized
measurements are required. POVM provides the most
general physically realizable measurement in quantum
mechanics.!] A setup in which all possible POVMs of
a single photon polarization state can be implemented
easily by using linear optical elements has been pre-
sented by Ahnert and Payne.’2 A POVM is given
by a set of positive definite Hermitian operators {F;},
which in turn can be expressed in terms of a set of the
so-call Kraus operators {M;}, such that F; = M;FMZ-

and for a POVM with n operators,

anMfMi = znj Fi=1, (1)
=1 =1

where I is the unit matrix. Suppose that a POVM de-
scribed by measurement operators {M;} is performed
on a quantum system in state [¢)). Then the proba-
bility of outcome i is given by P(i) = (1| M;" M;|1).
The Stinespring-Kraus theorem[®! relates any
quantum operation realized on system B, which cor-
responds to a unitary transformation performed on a
larger system B + A. In a similar way, a POVM per-
formed on a quantum system B can be realized by
entangling system B with ancillary system A via uni-
tary evolution U. Postselection (projective measure-
ment) of the ancilla induces an effective nonunitary
transformation e of original system |¢) 5, i.e.

ellg)s] = TralUld)s @ [¢) aU ], (2)

where |¢) 4 is an appropriately chosen state of ancil-
lary system A and Trs denotes a partial trace over
ancilla A. By the appropriate design of the entan-
gling unitary, this effective nonunitary transformation
can turn an initially nonorthogonal set of states into a
set of orthogonal states with a finite probability of suc-
cess. The optimum strategy is the one that maximizes
the average probability of success for this procedure.
The assignment ¢ — (U, |¢)4) is one to many,
because the dilation of the Hilbert space of system B
can be performed in many different ways. However, if

we fix transformation U, state |¢p)4 of ancillary sys-
tem A controls and determines quantum operations
that are going to be performed on system B. In this
way one obtains a concept of a ‘programmable quan-

tum processor’[33]

that takes as an input a data reg-
ister (system B) and a program register (system A).
Here the state of program register |¢)4 encodes the
operation |p)p — |¢)5 = ¢[|¢) 5] that is going to be
performed on the data register. This pure quantum
control can be realized without any intermediate in-

tervention of an observer.

3. Nonlocal unambiguous quantum-

state discrimination

Suppose that we want to discriminate remotely
and unambiguously between two known nonorthogo-
nal states.

Consider that Alice and Bob, who are localized
in different space domains, are involved in the pro-
cess. Alice possesses a device that is able to perform
QSD locally, whereas Bob has a qubit that is encoded
by two nonorthogonal states one want to distinguish.
We can always choose such a basis that the following
relationships hold:

6+) B = cos(¢/2)[0) 5 + sin(¢/2)|1) 5,
[0-)B = cos(¢/2)|0)p —sin(p/2)[1)B,  (3)

where the values of all ¢ are taken from the interval
(0, 7) ( suppose [sin(p/2)] < |cos(y/2)|); that is, we
consider that all pairs of states in a real plane are
located symmetrically around the state |0) 5. Surely,
any remote QSD can be implemented given enough
shared entanglements and classical communications.
Consider the case of single qubit, the remote QSD
on Bob’s qubit |¢+)p can be accomplished by Bob
teleporting his qubit |¢4)p to Alice, Alice performing
QSD locally on |¢1)p and finally Alice teleporting
Bob’s qubit back to Bob. The resources needed for
the two teleportation actions are two ebits (entangle-
ment bits) and four cbits (classical bits). The ‘dou-
ble teleportation’ procedure shown above is sufficient
to implement any quantum evolution. The question
is, however, whether so many resources are actually
needed. A better way to achieve the remote UD is
through the direct teleportation of quantum opera-
tion. We now see how Alice can assist Bob remotely
to distinguish between the nonorthogonal states un-
ambiguously by using one ebit and three cbits. In the
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usual local procedure the ancilla is in the hands of
Bob, here we will have the ancilla be with Alice. Fur-
ther, we suppose that the ancillary qubit is allowed to
be in an arbitrary pure state

|#)a = al0)a +b[1) 4. (4)

In order to complete the above task, an ancillary ebit
|E)as = 1/v/2(|00) + [11))ap has to be prepared and
shared by Alice with a and Bob with b. Thus the
total input state reads

[V) BAab = |0+) B|D) Al E) ab- (5)

The realization of the remote POVM requires interac-
tion Uy p between ancilla A and system B. Our first
goal is to find how to construct this nonlocal trans-
formation by using entanglements and LOCCs, when
the ancilla is located far from Alice. Alice and Bob’s
strategies can be divided into the following steps.

(1) Alice performs a controlled-rotation gate

Uaa = 10)a(0la ® [Uy(0)]a + [1)a(lla ® L2 (6)
on qubits a and A, where

cos(0/2)

— sin(0/2)
sin(6/2) ) ®

Uy(0) = exp(—ibo,/2) = ( cos(62)

is the rotation operator about the y-axis through an

arbitrary angle 6 € (0,7]. Then she performs a o,

measurement on qubit a and sends the result to Bob.
Here one cbit has to be sent from Alice to Bob.

(2) Bob applies I, or (o) to qubit b according to
Alice’s measurement result. The following state can
be obtained:

[¥)Boa = (1/2)|9+)B{10),[Uy (0)]4 + [1)s}[d) 4, (8)

where we have discard qubit a.

(3) Bob performs a controlled-phase gate
Upp = [0)B(0lB ® (02)p + [1)B(lB® L,  (9)

on qubits B and b. After this operation, the state
|) Bpa becomes

(1/2) cos(¢/2)10) B{10)s + [1)s[Uy (0)] al}|¢) 4
£(1/2)sin(/2)[1) {[0)s[Uy(0)]a + [1)s}[d) 4. (10)

Then a oz measurement on qubit b is made by Bob
and the measurement result is communicated to Alice.
Here one cbit has to be sent from Bob to Alice.

(4) As soon as Alice is informed of Bob’s re-
sult, she can perform an appropriate unitary trans-
formation (according to two possible results |1); and
|0}, the corresponding transformations are I4 and
[U,(0)]4) on qubit A to obtain the state

+ [asin(0/2) + beos(0/2)][1) a} £ (1/2) sin(p/2)[1) B(a|0) 4 + b]1) 4)

If coefficients a and b in the state of ancilla are
chosen such that

[¥)Ba =(1/2){cos(¢/2)[0) B[Uy(0)]a + sin(p/2)[1) B}$) A
—=(1/2) cos(5/2)[0) p{[a cos(8/2) — bsin(6/2)][0)
=(1/2){lacos(p/2) cos(0/2) — bcos(¢/2) sin(6/2)]|00) g a
+ [acos(¢/2) sin(6/2) + beos(p/2) cos(0/2)]|01) pa
+ asin(¢/2)[10)pa £ bsin(p/2)[11)pa}
=(1/2)Upal¢+)B|d)a,
|
where
Upa =10)5(0|p @ [Uy(0)]a + [1)p({llp @4 (12)

is a non-local controlled-rotation gate.

Thus the implementation of nonlocal unitary op-
eration Uap is completed. The implementation con-
sumes one ebit represented by the state | E),p and one
cbit in each direction to communicate the measure-

ment outcomes.

[acos(p/2) cos(0/2) — beos(p/2) sin(6/2)]
=sin(p/2)a = p/V2, (13)
then expression (11) is simplified into the from

(1/2)Upald+) B|)a
= (1/2)[p(1/v2)(10)5 = [1))|0)4
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+(C1]0)p £+ C2|1) 5)[1) Al
= (1/2)(|0)a(Mo)Blo+) B
+1)a(M1)Blox)B), (14)

where

C, = \/cos2(<p/2) — aZsin’(p/2)
and
Cy = bsin(p/2);

the measurement operators

toma(11)

" - (VI )

0 b

The first term in Eq.(14) corresponds to the success-
ful discrimination, while the last term correspond to
inconclusive result.

(5) To complete the nonlocal UD, Alice and Bob
measure their systems and Alice sends one cbit to Bob
according to her results. After a o, measurement is
performed on ancilla A, we find either My or M7 has
been generated remotely. My acts to rotate remotely
the nonorthogonal states |¢+)p to (|0)p + |1)p) or
(|0 — |1)B), in which case we can distinguish with
certainty (for any given ¢ € (0,7]) between |¢1)p
by measuring o, of system B. If the ancilla is ob-
served to be in the state |1)4, M; maps both states
into inconclusive results, and the encoded information
is completely lost.

Synthesizing all conditions, we obtain the proba-
bility of successful discrimination among different val-
ues of ¢ (i.e. among different settings of the ancilla
and different pairs of the input states) as following;:

PO, ) =(¢+| M Mo|p+) s

29 cos?(¢/2) sin®(0/2)
2 1 —singpcos(6/2)

=2sin*(p/2)f (0, ¢). (15)

=2sin

This expression is obtained from condition (13)
together with normalization relation |a|? + [b? = 1.
When f(6,p) = 1, then P = 2sin?(¢/2), which is

identical to that in an ordinary local POVM. Ratio
f(6, ) of the actual probability of successful discrim-
ination to the optimal value of this probability is a
function of controlled-rotation angle # and angle ¢
between two considered state vectors (see Fig.1).

Fig.1. Ratio f(6, ) of the actual probability of success-
ful discrimination to the optimal value of this probability
as a function of controlled-rotation angle 6 and angle ¢
between two considered state vectors.

We make a remark upon our result. If the value
of parameter 0 is somewhere between /6 and m, the
probability of success (as a function of ¢) is very close
to an optimal value in the relatively large range of .
For example, the average value of f (6, ¢) over the in-
terval of ¢ from 0 to m/2 is 0.916 when 6y = 0.7rad
(see Fig.2). We also plot some contours of (6, ) in
Fig.3. However, for ¢ = 7/2 (orthogonal states) the
probability of successful discrimination is lower than

unity.
E 0.6
S o4}
0.2¢
0

0.25 0.50 0.75 1.00 1.25 1.50
©p

Fig.2. f(6o,¢) vs ¢ for o = 0.7 rad. The dashed line
shows that the average value of f(6o, ) over the interval
of ¢ from 0 to m/2 corresponds to 8p = 0.7 rad and equals
0.916.
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500095 050 ing entanglements and LOCCs. Different from other
0.95 local protocols, this protocol makes it possible for us
2.5 to remotely and unambiguously discriminate between
2.0 any two states that are symmetrically located around
some fixed state [in the sense of Eq.(3)]. Bob’s par-
= 15 ticular pair of states that can be remotely and unam-
0.50 . c . . . .
1.0 biguously distinguished is specified by the state of an
ancillary qubit that is held by Alice. The protocol con-
05 sists of a remote POVM. Based on the theory of ma-
0 jorization, we explicitly construct the required remote
0 05 1.0 15 20 25 3.0

@

Fig.3. The contours of f(0, ) with the values of f(0, )
being 0.95, 0.90, 0.85, 0.80, 0.75, 0.70, .0.65, 0.60, 0.55
and 0.50 in sequence from inner to outer.

From the above it follows that it is possi-
ble to remotely discriminate probabilistically but
unambiguously between two nonorthogonal states
|p+)B = cos(¢/2)|0) g £ sin(p/2)|1) g for a large class
of nonorthogonal pairs. The angle ¢ is encoded into a
one-qubit ancillary state in a somewhat complicated
way. The selection of the pair of states that should be
unambiguously and nonlocally distinguished is made
by the choice of the quantum state of ancillary qubit.
This ancillary qubit state selects the measurement to
be performed on the system, i. e. Alice has full control
over the remote POVM and obtains the measurement
result. This protocol has a good performance. It dose
not achieve a maximum possible success probability
for all input states, but for some subsets it can reach

a value very close to an optimal value.

4. Conclusion

We have given a method to implement remotely
the unambiguous quantum-state discrimination by us-

POVM, which can be realized by performing a nonlo-
cal controlled-rotation operation on Alice’s ancilla A
and Bob’s qubit B, and the conventional local orthog-
onal measurement on ancilla. The implementation of
the remote POVM in the protocol demands a small-
scale quantum communication network, namely quan-
tum circuit composed of universal quantum gates and
quantum communication channels, to implement the
corresponding nonlocal unitary operation. We have
constructed the quantum network. Alice and Bob
can use the constructed quantum network together
with orthogonal measurement to implement the re-
mote UD. The probability of successful discrimination
is optimal only for one admissible pair. However, the
protocol can be designed in such a way that the prob-
ability of successful discrimination is very close to an
optimal value for a relatively large set of admissible
pairs. In this approach Alice has full control over the
remote POVM and obtains the measurement result.
Recently, the nonlocal controlled-Not (CNOT) gate
has been implemented experimentally in a linear op-
tical setup and an experiment along this line, where
a nonlocal rotation was implemented by using linear
optics, has been reported in Ref.[34], so our protocol
may be feasible in practice.
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