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This paper studies the Lie symmetries and Noether conserved quantities of discrete mechanical systems with

variable mass.

The discrete Euler—Lagrange equation and energy evolution equation are derived by using a total

variational principle. The invariance of discrete equations under infinitesimal transformation groups is defined to be Lie

symmetry. The condition of obtaining the Noether conserved quantities from the Lie symmetries is also presented. An

example is discussed for applications of the results.
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1. Introduction

Symmetries not only have an essential mathemat-
ical significance, but also they can provide profound
insights into the behaviour of physical systems and
play an important role in identifying invariant quanti-
ties in mechanical systems. Recently, the symmetries
and conserved quantities have been thoroughly stud-
ied in constrained mechanical systems. ! ~2]

It is well known that the variational principle
plays an essential role in obtaining the equations of
motion in mechanics. A number of authors have since
proposed variational treatments of discrete mechan-
ical systems: Leel?1:22l used time as a discrete dy-
namical variable, Guo et all?3=26 presented a dis-
crete difference variational principle and introduced
the concept of Euler-Lagrange cohomology, Marsden
et al 2729 developed a discrete integration algorithm
that preserves the structure of a system when using
the variational method, and Zhang et al [®°=33] and
Fu et all®¥ studied the discrete variational principles
of several constrained mechanical systems.

There exist two symmetries in seeking conserved
quantities: Noether symmetry is an invariance of the
Hamilton action functional under infinitesimal trans-
formation groups; Lie symmetry is an invariance of the

differential equations of motion under the infinitesimal

transformation groups.[35’36]

These two symmetries re-
cently have been extended to the discrete mechanical
systems: Dorodnitsyn/3”) have adapted the Noether
symmetry theory to discrete Lagrange system, Levi et
al!38=40] have generalized the Lie symmetry method
to the research on invariance of discrete difference and
differential-difference equations of motion.

The purpose of this paper is to apply the symme-
try method in the discrete variable mass mechanical
system and find the corresponding conserved quanti-
ties. We deduce the discrete equations of motion by
using the total variational technique and define the in-
variance of discrete equations to be the Lie symmetry.
We also derive the criterion when Noether conserved
quantities may be obtained from the Lie symmetry.

2. The discrete equations of mo-

tion of variable mass system

We consider a one-dimensional mechanical sys-
tem denoted by its Lagrangian L(¢,q,q¢). The non-
potential generalized force, generalized reverse-thrust
force and variable mass of the system are indicated
as Q(t,q,q), P(t,q,q) and m(t,q, ¢) respectively. The
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Hamilton action functional is defined by

S:/WL@%@&. (1)

ty

The point transformation groups of time and general-
ized coordinates are

t"=t+ At=t+e7(t,q), (2)

" =q+Aq=q+e€(t,q), (3)

where ¢ is a group parameter, At and Aq are the vari-
ational of time and generalized coordinates, then 7
and £ are generators of the infinitesimal transforma-
tion groups. If Egs.(2) and (3) are generalized quasi-
symmetrical transformations, then they should satisfy
the condition!!l:

ta
AS=5"—§= —/ (Q+ P)dgdt.  (4)

ty

where A indicates the total variational of S. Using
the total variational relationship

Aq = dq+ §At, (5)

we find that the equation (4) becomes

q2

AS+/t2 (Q+P)Ath—/ (Q+ P)Atdg = 0. (6)

t1 q1
In discrete mechanics, the discrete versions of L, @, P,
m are respectively Ld(tk, trk+1, qk, Qk+1)7 Qd(tk, tht1,
Qs qk+1)s Pa(te, tey1s gk, qrev1) and ma(te, tey1, gr,
QkJrl) (k:(),l’... ,N—
of equation (6) becomes

1). The corresponding version

N-1
ASa+ > (Qa+ Pa)(trir — tr)Ags
k=0

=

—1

(Qa + Pa)(qr+1 — qu) Aty = 0, (7)
0

~
Il

where Sy is discrete action sum and denoted as
N-1
Sa =Y Lalt, trs1, aks grp1) (e —te). - (8)
k=0

Adopting the fixed boundary Aty = Aty = 0 and
Aqo = Agy = 0, we find that the prolongation of

equation (7) is

N-1

AN La(dn) (s — t)

k=0

N—-1

+ > [Qa(dr) + Pa(@r)] (it — tr)Agy
k=0
N—-1

[Qa(¢r) + Pa(dr)|(qr+1 — qr) Aty

2
o
o

= {DSLd(¢k)(tk+l —tg) + DaLa(dpp—1)(tr — tr—1)

B
—

+ [Qa(¢r) + Pa(on)|(thr1 — tr) }Ags
N—

+ > ADiLa(¢)(thsr — tr)

k=1
+ DoLa(¢r—1)(tk — tk—1) + La(pr—1) — La(dx)
— [Qa(ér) + Pa(or)](qre1 — qr) } Ay, (9)

where D; is the partial derivative of the discrete

—

function with respect to the argument j and ¢, =
(tk, thtr1, Qs Qi+1), the terms Aty and Agy represent
the variational in ¢ and gy respectively. With the re-
quirement of total variational principle AS = 0, we
obtain the discrete Euler-Lagrange equation

D3La(¢p)(tksr — te) + DaLa(dr—1)(tk — th—1)
+[Qa(ér) + Pa(éw)](ter1 —tr) =0 (10)

from the variational Agy, and the discrete energy evo-
lution equation

D1 La(¢x)(tk41 — te) + DaLa(dr—1)(tk — tp—1)
+ La(ér—1) — La(dr)
—[Qa(or) + Pa(or))(qr+1 —aqr) =0 (11)

from the variational Aty for discrete variable mass sys-
tem.

3. The Lie symmetries of discrete

variable mass system

Suppose that the infinitesimal point transforma-
tion groups of discrete time and generalized coordi-

nates are
ty =t + Aty = tg + ek (tr, qr), (12)
G = qk + Agr = qi + 8k (tk, qr), (13)
where 7, & are the discrete generators. The vector
field of generators is
8 8
x\9 = 14
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and its two- and three-point prolongation schemes are

respectively
0 0
xM=x{ 15
d a1 Te+ Tt + k1 Barey’ (15)
thz) = Xél) 4+ Trk—1 —‘1-5]@,1 0 . (16)
Oty—1 Oqr—1

The discrete Euler-Lagrange equation (10) and the
discrete energy evolution equation (11) can be rewrit-
ten as

E((Pk) =0, (17)
F(er) =0, (18)

where ¢ = (ti—1, trs trsi, Qh—1, Qo> Tht1), (B =

1,--+,N — 1). Applying prolongation Eq.(16) to
Eqs.(17)—(18), we obtain

xYE =0 19

4 [Eler)] =0, (19)

x@p -0 20

4 F(er)] =0. (20)

Definition If the infinitesimal generators 7, and
&, satisty Egs.(19) and (20), then invariance of the dis-
crete equations of motion Eqs.(10) and (11) is the Lie
symmetry of the discrete variable mass system. Equa-
tions (19) and (20) are thus the determining equations
of Lie symmetry.

By solving these equations, we can obtain gener-
ators for the infinitesimal Lie symmetry transforma-
tions.

4. The Noether conserved quan-
tities of discrete variable mass

system

We introduce the recursive and derivative oper-
ators of discrete systems for any discrete variable or

function
Ry f(zk) = f(2kx1), (21)
BN TR R

Using Egs.(21) and (22), Eqgs.(10) and (11) can be
represented as

D3La(¢r) + CeDy[R_La(dr)]

+ Qa(éx) + Pa(or) =0, (23)
D1La(¢r) + CeD2[R-La(¢x)] — Da[R-La(¢)]

— [Qa(¢x) + Pa(ér)]Da(qr) = 0, (24)

where Cy = (t, — tk—l)/(tk-i—l — tk).
Proposition If there exists a discrete gauge
function G (tx, qr) satisfy the identity

LaDa(mi) + XV (La) + (Qa + Pa)
X [k — Da(qr)7k] + Da(G) = 0, (25)

and, in addition, the Eqs.(23), (24) holds, then the
discrete system with variable mass has the discrete
Noether conserved quantities

TkR—Ld((bk) + Tk(tk; — tk_l)Dg [R—Ld(¢k)]
+&k(tk — tk—1)Da[R—La(¢r)] + Gk = const  (26)

and Eq.(25) is called the discrete Noether identity.
Proof Using Egs.(15), (21) and (22), we find
that the extension of Noether identity (25) gives

LaDa(ri) + X5 (La) + (Qa + Pa)
X &k — Da(ar) k] + Da(Gr)
=7i{D1La(¢x) + CtD2[R-_La(¢x)] — Da[R-La(¢x)]
—[Qa(¢x) + Pa(px)]Dalqr)}
+ & {D3sLa(¢r) + CtD4[R_La(¢r)]
+ Qa(or) + Pa(ow)}
+ Da{mxR_La(ér) + Tk (tr, — tr—1)Do[R_La(¢r)]
+ &k (te — th1)Da[R_La(¢r)] + Gr} = 0. (27)

Considering Eqs.(23), (24), we have

Dd{TkR—Ld(¢k) + Tk(tk; — tk_l)Dg[R_Ld((bk)]
+&k(t — tk—1)Da[R_La(¢r)] + Gr} = 0. (28)

We therefore obtain the discrete Noether con-
served quantities (26). It is now straightforward to
acquire the criterion for obtaining the Noether con-
served quantities from the Lie symmetries based on
the discussion above.

Criterion If the Lie symmetry generators 75 and
&y satisfy the discrete Noether identity Eq.(25), then
the Lie symmetries of the discrete variable mass sys-
tem lead to the discrete Noether conserved quantities
Eq.(26).

5. An example

Let us take an example to illustrate this proce-
dure. The discrete Lagrangian of the system and its
recursive operator are

La(n) = gma(o(E2Z2) (2

te+1 — tk
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and
R_[La(¢x)] = La(dr-1)
- 1rnd<¢k1>(ﬂﬁiiﬂ5—l) . (30)

2 tp —tp—1

The non-potential generalized force, generalized
reverse-thrust force and variable mass of the discrete

system are respectively

Qd(¢k> _ 6Qk+1 - qk7 (31)
tk+1 — Tk

Pd(¢k) _ )\Qk-i-l - Qk, (32)
tk+1 — Tk

md(gbk) = my <1 — %Oxtk — %O&tk+1>. (33)

Substituting Eqs.(29)—(33) into Egs.(10) and (11) we
obtain the discrete Euler-Lagrange equation and en-

ergy evolution equation

qk+1 — gk qk — qk—1
E = —ma(¢p) =3 4 g () 2L
te+1 — Uk T — th—1

+ (B4 N (qr+1 — qr), (34)

1 Ghi1 — qr )"
Fz—md(@c)(i)

2 try1 — tk

1 gk — qk—1 2
- Lo 2222)

te —tp—1
(qr — %1)2]
te —tp—1

2

1 [(QkJrl —qr)?
— —Qamy

4 try1 — tk

N o (35)
k+1 k

Substituting Eqs.(34) and (35) into Egs.(19) and (20)
we obtain the determining equations of Lie symmetry
Th—1D1E(pk) + Tk D2 E(pk) + Tht1 D3 E (k)

+&—1D1E(pr) + & Ds E(pr)
+ &ut1De E(pr) =0, (36)

Ti—1D1F (1) + T D2 F(pk) + 71 D3 F' (1)

+ &k—1DaF(pr) + & Ds F ()

+ &e+1 D6 F' (1) = 0. (37)
The representations of D;E () and D; F(px) in (36)
and (37) can be calculated from Eqs.(34) and (35).
Solving determining equations (36) and (37), we will

obtain three groups of the generators of Lie symmetry
transformation groups:

Tk — 0, fk = 0, (38)

Tk = 07 gk = 17 (39)

7 =0, &k = Q- (40)

Substituting Eqgs.(38) and (39) into the discrete
Noether identity Eq.(25), we obtain the gauge func-

tion

Gr(te,qx) =0 (41)

corresponding to the Lie symmetry generators

Eq.(38), so the system has a conserved quantity
In =0, (42)
then the gauge function
Gr(tr, qr) = =(B+ Nax (43)

corresponding to the generators Eq.(39), this time the
system has a conserved quantity

1 1 — Qh—
In =mo(1 — Zatg—1 — —oafk)M —(B+ Nax
2 2 tr — th_1

=const (44)

according to the discrete Noether conserved quan-
tities Eq.(26), the representations of Ds[R_ Lq4(¢k)],
Dy[R_Lq4(¢r)] in Eq.(26) can be calculated from
Eq.(30). As for the generators Eq.(40), there exists no
gauge function satisfying the discrete Noether identity
Eq.(25).

6. Conclusions

There are four main results in this paper: (i)
the discrete total variational representation Eq.(7)
with non-conservative terms; (ii) the discrete Euler—
Lagrange equation (10) and the discrete energy evo-
lution equation (11) of discrete variable mass sys-
tem; (iii) the determining equations (19) and (20) of
discrete system with variable mass; (iv) the discrete
Noether identity Eq.(25) and Noether conserved quan-
tities Eq.(26). Using the results in the paper, we can
investigate other discrete mechanical systems such as
the non-holonomic mechanical system, for not only
the Lie symmetries but also the Noether conserved
quantities.
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