
Vol 17 No 3, March 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(03)/0747-07 Chinese Physics B and IOP Publishing Ltd

Kac–Moody–Virasoro symmetry algebra of a

(2+1)-dimensional bilinear system∗

Li Jin-Hua(o7s)a)† and Lou Sen-Yue(¢Ü�)a)b)

a)Department of Physics, Ningbo University, Ningbo 315211, China

b)Department of Physics, Shanghai Jiaotong University, Shanghai 200030, China

(Received 27 June 2007; revised manuscript received 20 July 2007)

Based on some known facts of integrable models, this paper proposes a new (2+1)-dimensional bilinear model

equation. By virtue of the formal series symmetry approach, the new model is proved to be integrable because of the

existence of the higher order symmetries. The Lie point symmetries of the model constitute an infinite dimensional Kac–

Moody–Virasoro symmetry algebra. Making use of the infinite Lie point symmetries, the possible symmetry reductions

of the model are also studied.
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1. Introduction

To begin with the paper, firstly let us review

two well-known integrable bilinear (2+1)-dimensional

sine–Gordon model equations.

The first one has the form

DyDxDtF · G = 0, DxDtF · G = 0, (1)

which is the bilinear form of the well known isotropic

integrable sine-Gordon system[1−4]

(

φx

sin θ

)

x

−

(

φy

sin θ

)

y

+
φyθx − φxθy

sin2 θ
= 0, (2)

(

φ′
x

sin θ

)

x

−

(

φ′
y

sin θ

)

y

+
φ′

yθx − φ′
xθy

sin2 θ
= 0. (3)

Equations (2) and (3) are the special cases of the

Loewner–Konopelchenko–Rogers (LKR) system de-

rived from the extension of a gas dynamics context,[5]

where Hirota’s bilinear operators Dx, Dy, Dt are de-

fined as

Dm
x Dn

y Dk
t F · G

= ∂m
ǫ1

∂n
ǫ2

∂k
ǫ3

F (x + ǫ1, y + ǫ2, t + ǫ3)

·G(x − ǫ1, y − ǫ2, t − ǫ3)|ǫ1=0,ǫ2=0,ǫ3=0,

in which F and G are arbitrary functions of x, y and

t.

The second one

(Dt + D2
x)F · G = 0, Dy(Dt + D2

x)F · G = 0, (4)

is a subcase of the bilinear form discussed in Refs.[11,

12] of the non-isotropic integrable sine–Gordon (or

sinh–Gordon) system[13]

[αφyt + e−2φ(e2φφxt)x]y = −(sxe2φ)xx, (5)
[

e2φ

(

φxt −
1

2
C1e

2φ +
1

2
C2e

−2φ

)]

x

+αe2φφyt + αe2φ
(

e2φs
)

x
= 0, (6)

where C1, C2 and α are arbitrary constants.

From the above two special examples, an inter-

esting idea related to higher dimensional integrable

models jumps into our minds: Is the model

(Dt + Dn
x )F · G = 0 Dy(Dt + Dn

x)F · G = 0 (7)

integrable for some suitable n in addition to n = 2 ?

The main purpose of this paper is to prove the

integrability of the model (7) for n = 3, i.e.,

(Dt + D3
x)F · G = 0 Dy(Dt + D3

x)F · G = 0 (8)

via the symmetry analysis. This paper is organized

as follows. In Section 2, by means of the well es-

tablished formal series symmetry approach,[6−10] we

study the infinitely many symmetries and the related

Kac–Moody–Virasoro type symmetry algebra of the

new model Eq.(8). Then, whereby the general sym-

metries obtained in Section 2, symmetry reductions

are researched in Section 3. Finally, Section 4 is de-

voted to a short summary and some discussions.
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2. General symmetries and the

Kac–Moody–Virasoro Lie sy-

mmetry algebra

A symmetry, σ, of an arbitrary equation

H(u) = 0

is defined as a solution of

d

dǫ
H(u + ǫσ) |ǫ=0= 0 (9)

in Refs.[17, 18]. According to symmetry definition

Eq.(9), the symmetries of the new model Eq.(8) fol-

low

(Dy + D3
x)F · σG − (Dy + D3

x)G · σF = 0, (10)

Dt(Dy + D3
x)F · σG + Dt(Dy + D3

x)G · σF = 0,(11)

where σF ≡ σF (x, y, t) and σG ≡ σG(x, y, t), the sym-

metry of the new (2+1)-dimensional model Eq.(8).

Next, do the formal series expansion of symmetries

σF and σG in terms of variable y:

σF =

∞
∑

k=0

f (n−k)σ1n[k], (12)

σG =
∞
∑

k=0

f (n−k)σ2n[k], (13)

where f is an arbitrary function of the spatial variable

y, f (n−k) denotes the (n−k)-th order derivatives of f ,

and that σ1n[k] and σ2n[k] are arbitrary functions of

x, t, F , G and arbitrary order derivatives of F and G,

but do not explicitly depend on the spatial variable y.

Note: both the mastersymmetry approach[14] and

the recursion operator method[15] for obtaining higher

order symmetries of an integrable model are difficult

to apply in high dimensions. So, the formal series

symmetry approach, a method well established by one

author (Lou) of this paper, is taken to explore general-

ized symmetries of the new (2+1)-dimensional model.

The direct substitution of Eqs.(16) and (17) into

the symmetry definition equations (10) and (11) yields

∞
∑

k=1

f (n+1−k)(Dy + D3
x)(F · σ2n[k − 1] − G · σ1n[k − 1]) +

∞
∑

k=0

f (n+1−k)(−F · σ2n[k] + G · σ1n[k]) = 0, (14)

∞
∑

k=1

f (n+1−k)[Dt(Dy + D3
x)(F · σ2n[k − 1] + G · σ1n[k − 1])] −

∞
∑

k=0

f (n+1−k)Dt(F · σ2n[k] + G · σ1n[k]) = 0.

(15)

Because of the independence of arbitrary function f on F and G, all the coefficients of f (n+1−k) in Eqs.(14)

and (15) have to be zeros for arbitrary k:

−F · σ2n[0] + G · σ1n[0] = 0, −DtF · σ2n[0] − DtG · σ1n[0] = 0, (k = 0) (16)

(Dy + D3
x)(F · σ2n[k − 1] − G · σ1n[k − 1]) − F · σ2n[k] + G · σ1n[k] = 0,

Dt(Dy + D3
x)(F · σ2n[k − 1] + G · σ1n[k − 1]) − Dt(F · σ2n[k] + G · σ1n[k]) = 0, (17)

where

k ≥ 1.

Directly solving equations (16) and (17) with com-

puter algebra Maple yields the following solutions

σ1n[0] = gn0(x, y)F, σ2n[0] = gn0(x, y)G, (18)

σ1n[k] = −
a

G
+ F

∫ (

Gta

FG2
+

b − at

2FG

)

dt,

σ2n[k] = −G

∫ (

Gta

FG2
+

b − at

2FG

)

dt, (19)

where

a = (Dy + D3
x)F · σ2n[k − 1]

−(Dy + D3
x)G · σ1n[k − 1], (20)

b = Dt(Dy + D3
x)F · σ2n[k − 1]

+Dt(Dy + D3
x)G · σ1n[k − 1]. (21)

To see symmetries Eq.(19) more clearly, we write

σ1n[k], σ2n[k] in another equivalent form
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



σ1n[k]

σ2n[k]



 =











−
1

G
+ F∂−1

t

(

Gt

FG2
−

∂t

2FG

)

−F∂−1
t

1

2FG

−G∂−1
t

(

Gt

FG2
−

∂t

2FG

)

−G∂−1
t

1

2FG











k




a

b



 , (22)

where





a

b



 =





(Dy + D3
x)F −(Dy + D3

x)G

Dt(Dy + D3
x)F Dt(Dy + D3

x)G





k 



gn0(x, y)G

gn0(x, y)F



 , (23)

where we have replaced σ1n[0] and σ2n[0] with Eq.(18).

For example,

σ1n[1] = −6Fxgn0(x, y)xx + Fgn1(x, y), (24)

σ2n[1] = −6Gxgn0(x, y)xx + Ggn1(x, y), (25)

σ1n[2] = −6Fxgn1(x, y)xx + 6Fxgn0(x, y)xxxxx + 18Fxxgn0(x, y)xxxx + 6Fxgn0(x, y)xxy

−18Fygn0(x, y)xxx + Fgn2(x, y), (26)

σ2n[2] = −6Gxgn1(x, y)xx + 6Gxgn0(x, y)xxxxx + 18Gxxgn0(x, y)xxxx + 6Gxgn0(x, y)xxy

−18Gygn0(x, y)xxx + Ggn2(x, y), (27)

σ1n[3] = −
σ1n[2]

G
+ F

∫ (

Gtσ1n[2]

FG2
+

σ2n[2] − σ1nt[2]

2FG

)

dt, (28)

σ2n[k] = −G

∫ (

Gtσ1n[2]

FG2
+

σ2n[2] − σ1nt[2]

2FG

)

dt, (29)

where gn1(x, y) and gn2(x, y) are arbitrary integral functions.

Thus, by virtue of Eqs.(22) and (23), we now obtain the formal series symmetry as follows according to

Eqs.(12) and (13):





σF

σG



 =

∞
∑

k=0

f (n−k) ·











−
1

G
+ F∂−1

t

(

Gt

FG2
−

∂t

2FG

)

−F∂−1
t

1

2FG

−G∂−1
t

(

Gt

FG2
−

∂t

2FG

)

−G∂−1
t

1

2FG











k

·





(Dy + D3
x)F −(Dy + D3

x)G

Dt(Dy + D3
x)F Dt(Dy + D3

x)G





k

·





gn0(x, y)G

gn0(x, y)F



 . (30)

What interests us here is the truncated symme-

tries of the formal series symmetry Eq.(30) at a proper

truncation point n. Now we pay attention to looking

for the truncated symmetries. If there exists a set of

σ1n[Mn] and σ2n[Mn], which satisfies

(Dy + D3
x)Fσ2n[Mn]

−(Dy + D3
x)Gσ1n[Mn] = 0, (31)

Dt(Dy + D3
x)Fσ2n[Mn]

+Dt(Dy + D3
x)Gσ1n[Mn] = 0, (32)

we say symmetries σ1n(f) and σ2n(f) are truncated

ones, which become

σ1n(f) =

Mn
∑

k=0

f (n−k)σ1n[k],

σ2n(f) =

Mn
∑

k=0

f (n−k)σ2n[k], (33)

because of

σ1n[k] = 0, σ2n[k] = 0

for any

k > Mn,



750 Li Jin-Hua et al Vol. 17

according to recursion relation Eq.(22). Complicated

but careful calculations show us that Eqs.(31) and (32)

are true for the integral functions being taken as

gn0(x, y) =
xn

n!
, (n = 0, 1, 2, 3, . . .) (34)

and

M0 = 0, Mn = n − 1, (n = 1, 2, 3, . . .). (35)

For a clear understanding of truncated symmetries

σ1n(f) and σ2n(f), we present the first four terms in

the following with the help of Eq.(33) and Eqs.(24)–

(29):

σ0(f) =





fF

fG



 , (36)

σ1(f) =





fxF

fxG



 , (37)

σ2(f) =







1

2
fyx2F − 6fFx

1

2
fyx

2G − 6fGx






, (38)

σ3(f) =







1

6
x3fyyF − 6fyxFx − 18fFy

1

6
x3fyyG − 6fyxGx − 18fGy






. (39)

One can prove the correctness of the truncated sym-

metries Eqs.(36)–(39) by directly substituting them

into symmetry equations (10) and (11).

Remarks

(a) Actually, combining the recursion relation

Eq.(22) with Eq.(23) and the truncation conditions

Eq.(34) with Eq.(35), we can obtain infinitely many

truncated symmetries according to Eq.(33) in princi-

ple. However, the formidable difficulty in determining

the integral functions makes it unpractical to obtain

the higher-order truncated symmetries.

(b) Careful calculations also demonstrate us that

truncated symmetries σ0(f)−σ3(f) constitute a closed

Kac–Moody–Virasoro Lie Algebra which reads

[σ0(f), σ1(f)] = [σ0(f), σ2(f)] = [σ0(f), σ0(f)]

= [σ1(f), σ1(f)] = [σ2(f), σ2(f)]

= [σ3(f), σ3(f)]

= 0, (40)

[σ0(f), σ3(f)] =





18ffyF

18ffyG



 = σ0(18ffy), (41)

[σ1(f), σ2(f)] =





6f2F

6f2G



 = σ0(6f2), (42)

[σ1(f), σ3(f)] =





24xffyF

24xffyG



 = σ1(24ffy), (43)

[σ2, σ3] =





6(fyfyyy + f2
yy)x

2F − 72fyfyyFx

6(fyfyyy + f2
yy)x2G − 72fyfyyGx





= σ2(12ffy), (44)

where communicator is defined as

[A(u), B(v)] =
∂

∂ǫ
[A(u + ǫB(v))

−B(v + ǫA(u))]|ǫ=0. (45)

It is also known in Ref.[16] that if A(u) and B(v) are

symmetries, so is [A(u), B(v)] for the same model; this

has been clearly reflected in the above Kac–Moody–

Virasoro Lie algebra, namely Eqs.(40)–(44) literally.

If we want to obtain infinitely dimensional Lie algebra

in this way, a next higher order truncated symmetry

as discussed about the KPE, IDLWE, NNVE models

in Refs.[2–5] is needed. Fortunately, we can prove that

σ4(f) =





σ14(f)

σ24(f)



 =
k=3
∑

k=0

f (4−k)











−
1

G
+ F∂−1

t

(

Gt

FG2
−

∂t

2FG

)

−F∂−1
t

1

2FG

−G∂−1
t

(

Gt

FG2
−

∂t

2FG

)

−G∂−1
t

1

2FG











·





(Dy + D3
x)F · −(Dy + D3

x)G·

Dt(Dy + D3
x)F · Dt(Dy + D3

x)G·









σ13[k]

σ23[k]



 (46)

is just the necessary higher order truncated symmetry that we need, which can be proved by substituting

calculated result of Eq.(46) into the symmetry equations (10) and (11).



No. 3 Kac–Moody–Virasoro symmetry algebra of a (2+1)-dimensional bilinear . . . 751

Thus now, a series of infinitely many truncated

symmetries are obtained in the following recursive way

σn+1(f2) = Cn[σ4(f1), σn(1)], (n ≥ 0) (47)

where Cn is an n related constant, f2 = f1y and f1 is

an arbitrary function of y. However, to get the con-

crete expressions of σn+1(f2) from Eq.(47) for large

n is not an easy work because of the same difficulty

in fixing the integrating functions from the symme-

try definition equations (10) and (11). Actually, as in

the cases of Refs.[2–5], we know that the higher order

symmetries defined by Eq.(45) coincide with Eq.(33)

up to some trivial constants Cn.

The existence of the infinitely many higher order

generalized symmetries means that the model Eq.(8)

is really integrable.

The function f in the formal series symmetry ex-

pansions Eqs.(12) and (13) may also be a function of

t and/or x. However, the detailed calculations show

us that the only truncated closed symmetries in these

cases are

σ01(h) = hF, σ02(h) = hG, (48)

σ11(h) = hFt, σ12 = hGt, (49)

where h is an arbitrary function of t. One can check

the correctness of Eqs.(48) and (49) by direct substi-

tuting them into symmetry definition equations (10)

and (11).

3. Symmetry reductions

When a symmetry, σ, is known, one can find the

corresponding group invariant solutions of the model

by solving the symmetry constraint condition

σ = 0 (50)

and the original model at the same time. However,

there is still no simple way to solve the symmetry

constraint condition Eq.(50) for general higher order

symmetries. Thus, here we just use the Lie point sym-

metries to get the related reductions[19] as usual.

Using the results of the last section, we find that

the general Lie point symmetries of the new model

Eq.(8) have the form

σ1
F (x, y, t) = (f + gx + jyx2 + a(t) + kyyx3)F

−(12j + 36kyx)Fx − 108kFy

+Ftv(t), (51)

σ1
G(x, y, t) = (f + gx + jyx2 + a(t) + kyyx3)G

−(12j + 36kyx)Gx − 108kGy

+Gtv(t), (52)

where f , g, j and k are all arbitrary functions of y,

and a(t) and v(t) are arbitrary functions of t.

Next, some different cases have to be divided to

discuss further.

Case 1 k 6= 0, v(t) 6= 0.

In this case, the new model system Eq.(8) is reduced

to

(D3
ξ − Dη)F1 · G1 = 0,

Dη(Dη − D3
ξ)F1 · G1 = 0, (53)

in which F1 and G1 are related to the original field F

and G by

F = F1(ξ, η)ep1(x,y,t),

G = G1(ξ, η)ep1(x,y,t),

in which

p1(x, y, t) = −
x

k
1

3

(

−9

∫

g

k
2

3

dy + 2

∫

j2

k
5

3

dy + 18p0

)

+
jx2 + kyx3

108k
−

q1(y) + q2(t)

54
,

and

ξ =
x

k
1

3

−
1

9

∫

j

k
4

3

dy,

η = −

∫

1

k
dy − 108

∫

1

v(t)
dt,

where q1(y) and q2(t) are two new arbitrary functions

of the indicated variables.

Case 2 k = 0, v(t) 6= 0

In this case, the general symmetry Eqs.{(51), (52)} is

changed into

σF =
(

f + gx + jyx2 + a(t)
)

F

−12jFx + v(t)Ft, (54)

σG =
(

f + gx + jyx2 + a(t)
)

G

−12jGx + v(t)Gt. (55)

The corresponding reduction results of the model

equation (8) are

(Dy + Dη)F2 · G2 = 0, (56)

(−12jyη − 6g)D2
ηF2 · G2

+12jDη(D
3
η + Dy)F2 · G2

+12jy(F2 · G2y + F2y · G2)

×(−2ηgy − 2η2jyy − 2fy)F2 · G2

= 0, (57)
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where F2 and G2 are related to F and G by

F = F2(y, η)ep2(x,y,t), G = G2(y, η)ep2(x,y,t)

in which

p2(x, y, t) = −48jyj
2

(∫

1

v(t)
dt

)3

−6j(g + 2jyx)

(∫

1

v(t)
dt

)2

−(gx + jyx2 + f)

∫

1

v(t)
dt

−

∫

a(t)

v(t)
dt,

and

η = x + 12j

∫

1

v(t)
dt.

Case 3 k 6= 0, v(t) = 0.

In this special case, the general symmetries Eqs.(51)

and (52) follow

σF =
(

f + a(t) + gx + jyx2 + kyyx3
)

F

−36xkyFx − 12jFx − 108kFy, (58)

σG =
(

f + a(t) + gx + jyx2 + kyyx3
)

G

−36xkyGx − 12jGx − 108kGy (59)

and the corresponding reduction results are

D3
ξF3 · G3 = 0,

54DtD
3
ξF3 · G3 +

da(t)

dt
F3 · G3 = 0, (60)

where F3 and G3 are related to the original F and G

by

F = F3(ξ, t)e
p3(x,y,t), G = G3(ξ, t)e

p3(x,y,t)

in which

p3(x, y, t) = 81a(t)

∫

1

k
dy +

(

−9

∫

j

k
4

3

dy +
81x

k
1

3

)

×

∫

g

k
2

3

dy + 81

∫

f

k
dy

+

(

2

∫

j

k
4

3

dy −
18x

k
1

3

) ∫

j2

k
5

3

dy

−2

∫

j2

k
5

3

∫

j

k
4

3

dydy

+9

∫

g

k
2

3

∫

j

k
4

3

dydy

+
81x2 (kyx + j)

k

and

ξ =
x

k
1

3

−
1

9

∫

j

k
4

3

dy, η = t.

Case 4 k = 0, v(t) = 0

In the last case, symmetries Eqs.(51) and (52) become

σF =
(

f + gx + jyx2 + a(t)
)

F − 12jFx,

σG =
(

f + gx + jyx2 + a(t)
)

G − 12jGx

and the corresponding symmetry reduction reads

DyF4 · G4 = 0,

12j2DtDyF4 · G4 +
da(t)

dt
gF4 · G4 = 0, (61)

where F4 and G4 are determined by

F = F4(y, t)ep4(x,y,t), G = G4(y, t)ep4(x,y,t)

in which

p4(x, y, t) =
x

(

3gx + 2jyx2 + 6f + 6a(t)
)

72j
.

4. Summary and discussion

In conclusion, in our paper, three main items of

work have been done. Firstly, by the formal series

symmetry approach, we have found generalized sym-

metries of the new model Eq.(8), viz. Eq.(33) with

Eqs.(51) and (52), which demonstrates us that the

new model Eq.(8) is integrable under the meaning that

the model possesses infinitely many generalized sym-

metries. Secondly, the Kac–Moody–Virasoro type Lie

point symmetry algebra of the new model Eq.(8) has

been identified. Further, by means of the Lie point

symmetries Eq.(33) investigated in Section 2, the sym-

metry reduction of the new model Eq.(8) is also ex-

plicitly obtained.

Thus far, we have proved that there are at least

two integrable models in Eq.(7) for n = 2 and n = 3.

Because of complicity of calculation, we have not yet

found other integrable systems from Eq.(7).

Furthermore, reviewing the three integrable mod-

els, which are Eqs.(1), (4) and (8), namely

DxDtF · G = 0, DyDxDtF · G = 0,

(Dt + D2
x)F · G = 0, Dy(Dt + D2

x)F · G = 0,

(Dt + D3
x)F · G = 0, Dy(Dt + D3

x)F · G = 0,

we may have the following more general ansatz:

Ansatz: If

P (Dt, Dx)F · G = 0,

Q(Dx)P (Dt, Dx)F · G = 0 (62)
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is integrable, then

P (Dt, Dx)F · G = 0,

Q(S)P (Dt, Dx)F · G = 0, (63)

where S is a bilinear operator related to an additional

freedom which may be continuous, discrete and even

supersymmetric, while Q(S) and Q(Dx) are bilinear

polynomials of arbitrary operator S and bilinear op-

erator Dx respectively, and P (Dt, Dx) denotes a bi-

linear polynomial constituted by bilinear operator Dt

and Dx.

Even if the ansatz is not correct, we believe that

we can still obtain many new integrable models from

the ansatz!
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