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The EI Nifio and Southern Oscillation (ENSO) is an interannual phenomenon involved in the tropical Pacific sea—air

interactions. In this paper, an asymptotic method of solving nonlinear equations for the ENSO model is proposed. And

based on a class of oscillator of the ENSO model and by employing the method of homotopic mapping, the approximate

solution of equations for the corresponding ENSO model is studied. It is proved from the results that homotopic method

can be used for analysing the sea surface temperature anomaly in the equatorial Pacific of the sea—air oscillator for the

ENSO model.
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1. Introduction

El Nifio and Southern Oscillation (ENSO) is the
abnormal events happening in the atmosphere and
tropical Pacific ocean. The phenomenon of the ENSO
is a very attractive object of research in the interna-
tional academic circles.l'=1 Mo et al have considered
a class of problems in atmospheric physics.['0=19 The
oscillatory nature of ENSO involves both positive and
negative sea—air feedbacks. And a positive sea surface
temperature (SST) anomaly in the equatorial eastern
Pacific has been considered. This anomaly reduces
the zonal SST gradient and the strength of the south-
ern oscillation circulation, resulting in weaker trade
winds around the equator. The weaker trade winds in
turn cause the ocean circulation to change and then
reinforce the SST anomaly.

Recently, many scholars have investigated the
nonlinear problem. Approximation methods have
been developed and improved. 2922 Using the asymp-
totic method, Mo et al considered a class of nonlinear
problems in atmospheric physics and so on.[3-25] In

this paper we study a class of ENSO model by using

a simple and special method in approximate theory.

2. The model of sea—air oscillator
of ENSO

In the ENSO oscillator model the variations of
both the eastern and western Pacific anomaly pat-
terns should be considered. Due to the complexity of
ENSO, we study only an oscillator model i.e. a sea—
air coupled oscillator model in this paper, By using
the homotopic mapping method,?6=28 approximate
solution of the equations for the model is obtained.

We now consider the following coupled equations,
which describe the coupled effect between the atmo-
sphere and ocean in the tropical Pacific:[®!
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where ©v®* and u® are the temperature functions of at-
mosphere and ocean respectively; ¢ is the gravita-
tional potential function of ocean; 7 is the mixed layer
thickness of ocean; C, and Cs are the gravitational
wave speeds of atmosphere and ocean respectively; (§
is the Rossby parameter; @) is the calefaction rate of
is the wind stress; D and d
are Rayleigh and Newton cooling coefficients of ocean

ocean for atmosphere; 7%

and atmosphere respectively. We take () = KT and
7 = Kgu®, where T is the sea surface temperature,
Kg and K are rates of the sea surface temperature
and the temperature functions of atmosphere respec-
tively. And let T' = k7, where & is a rate of the mixed
layer thickness of ocean. Thus we have Q = Kgn and
Ku = kK¢q. Through the dimensionless treatment:

t=(L,/Cy)t,
o = (Co/ (26))/2y/,

= (Cs/28)' %y,
u® :C’au ,  u® = Csu'®,

¢o=Cl¢', n=CH,

/
x = L,x’,

where L, = Cs/(20), the original coupled equations
can turn into the following coupled equations in the

dimensionless form (the prime is omitted):

ou? 100 =~

En + e +Du* =0
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ot ' ox

1 o 0n

Syu+ oy 0, (3)

where a = Cy/C,, D = D/(26C,), d= C2d/(23).

3. Homotopic mapping

Now we consider the coupled equations (1)—

(3). Introducing a set of homotopic mappings!26—28l

HW,UV,p): R®*xI — R, (i=1,2,...,6), we have

Hi(uav (bv 77,17) :Li(uaa ¢) - Li(ugv (bo)

+ p(Li(ug, do) — Ni(n)),

(i=1,2,3), (4)
Hi(usu nauaup) :Li(us777) - Ll(u87n0)

+ p(Li(ug, o) — Ni(u®)),

(i =4,5,6), (5)

where R = (—o0, +00); I = [0,1]; (ud, uf, ¢o,m0) is
an initial approximate solution of coupled equations;
the operators L; and N; (i =1,2,...,6) are

Li(u®, ¢) = ag: oﬂ% + Du?,
Ly(u®, ¢) = % +of186 " 4 D¢,
Lafu®,6) = o + 5.

La(u®,n) = aaf + % + du?,
Ls(u®,1) = % + %f +d
Le(u®,m) = %yus + 2—27

Obviously, it follows from Egs.(4) and (5) that
H;(u®, ¢,n,1) =0, (i =1,2,3) and H;(u®,n,u*,1) =0
(i = 4,5,6) are the same as coupled equations (1)—(3).
Then the solution of coupled equations (1)—(3) is the
same as the solution of H; = 0, (i = 1,2,...,06) as
p— 1.

4. Approximate solution of cou-

pled equations

In order to obtain the approximate solution of
coupled Egs.(1)—(3), we assume that the zeroth-order
approximate solution for the system L; = 0 (i =
1,2,...,6) in the homotopic mappings is ud, u3, o,
no- It is easy to see that from the first-order partial
differential equations L; = 0 (i = 1,2) and L; = 0
(i =4,5), we have

(uj O(uj D (uf

(uo(;; %) 1 (“081‘ do) | D(uy + ¢o) =0, (6)
O(uf — O(uj — D(uf

(ant bo) a~l (uoax %) + D(ug — ¢o) =0, (7)
O(uf +no) n O(ug +no) +d(u +m0) =0 (8)

ot ox
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A(ug — o) _ A(ug — M) n CZ(U% — 1) = 0. 9) Now we obtain a higher order approximate solu-
ot O tion of coupled equations (1)—(3) by using the homo-
The characteristic equations of Eq.(6) are topic mappings (4) and (5) as shown below:
dt _ do _ d(ug+ o) (10) o o
L o' D(ud + ¢o) ut =Y ulp, wt =) usp,
j=0 J=0

It is not difficult to obtain the first integrals of

Eq.(10), given as
z—at=c¢ and In(ud + ¢o) — Dt = ca,

Thus the
general solution for Eq.(6) is obtained as follows:

where ¢; and ¢y are arbitrary constants.

ud + ¢o = eXp(Dt + Po1(z — a1t Y)), (11)

where @y; is an arbitrary function.
Similarly, we can obtain the general solution for
Eqs.(7)—(9) as follows:

ug — ¢o = exp(Dt + P2z + a~'t,y)), (12)
u§ + 1o = exp(dt + Pos(z —t,y)), (13)
uh — 1o = exp(dt + Poa(z +1,y)), (14)

where @; (i = 2,3,4) are arbitrary functions. Con-
sidering Ls(u§, ¢po) = Le(ud,no) = 0, we have

Po1(x — cflt,y) = Yoy (x — cflt) — iyz,
Poa(x — a~ M, y) = ooz —a™ ) + iyz,
Dos(x — t,y) = Yos(v — t) — in’
Poa(x — t,y) = Poa(x — t) + iy2,

where Wy, (i = 1,2,3,4) are arbitrary functions too.
And from expressions (11)—(14), we obtain the follow-
ing zero-th order approximate travelling wave solu-

tion:
. 1 ~ 1 y2
uf =3 |exp Dt + Vo1 (z — « f)—z
~ y2
+ exp (Dt + Woo(x +a~ M) + z)] ,
1T ~ 2
ug =3 _exp(dt + Yos(z —t) — %)
~ y2
—l—exp( t+ Yoz +1t) + Z)],
1 r B 2
bo =3 exp(Dt—i— Ty (x — ™ 't) yZ)
i ) y2
— exp <Dt + ooz +a ') + Z)] ,
i i 2
o == exp< t+ Wos(x —t) — Z)
I ) 2
— exp< t+ y704(117 +t> + Z>:|

¢=> ¢/ and n="> n;p’. (15)
=0 =0

Substituting expression (15) into H;(u*,¢é,,p) = 0
(1 =1,2,3) and H;(u®,n,,p) =0 (i = 4,5,6), equat-
ing coefficients of terms with the same powers of p7,

we obtain
Li(u}, ;) = Ni(nj-1),
(i=1,2,3) and (j =1,2,...), (16)
Li(u,m;) = Ni(uj_q),
(i=4,5,6) and (j=1,2,...). (17)

From partial differential coupled equations
Li(u3,¢5) = Ni(nj—1) (i = 1,2) and Li(u$,n;) =
Ni(ui_y) (i = 4,5), of Egs.(16) and (17), we can ob-
tain

o(ul + ¢5) ol o(ul + ¢5)

ot ox +D(uj +5)
+ Kunj—1 =0, (]: 1,2,...), (18)
o —¢;)  _0ul—a;) ~
—a T+D(uj_¢3)
_KHnj—l :07 (j = 1727"')7 (19)
o(us +m;) O +mn;) -
—Ksul_; =0, (j=1,2...), (20)
o(us —mny)  ouj—mny) -

o ar A m)
—Ksud =0, (j=12...). (21)

The characteristic equations of Eq.(18) are

dt  de d(uj + ¢;) G=12.)
1 a—l D(uj‘i‘ﬂsj)‘i‘KHﬁJ,l, g Ly o).

Similarly, we can obtain characteristic equations of
Eqgs.(19)—(21) and solve first integrals. From

L3(uf}, ) = N3(n;—1) and
LG(UiaWj):NG(U?—l)a (]:1527)5
we can obtain travelling wave solutions of coupled

equations (16) and (17) u?, u}, ¢; and n;, (j =
1,2,...) successively.
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We can prove that the series in expression (15)
are uniformly convergent on p € [0,1].24726 From
the homotopic mappings (4) and (5), we obtain the
mth order approximate solution of the original cou-
pled equations as follows:

7=0 7=0

m m
6= "¢, n=_n;

3=0 3=0

5. Summary and discussion

In order to investigate the ENSO that is a
very complicated natural phenomenon in atmospheric
physics we need to develop a basic model for the sea—
air oscillator. And we solve the nonlinear equations for
the ENSO model by using the approximation method.
The homotopic mapping method is a simple and valid

method. Using the homotopic mapping method, the
accuracy of solution is determined by using initial ap-
proximate solution of original coupled equations (1)—
(3). In the homotopic mappings, we first assume the
zeroth-order approximate solution to be u§, ug, ¢o,
1o, which is a set of solution for the coupled equa-
tions L, = 0 (1 = 1,2,...,6).
way, we can more quickly obtain the solution of the

Naturally, in this
coupled equations (1)—(3). The homotopic mapping
method is an approximate analytic method, which dif-
fers from the general numerical method. The expan-
sion of solution using the homotopic mapping method
can be made by continuously performing analytic op-
erations. Thus, from approximate solutions, we can
further study qualitatively and quantitatively the be-
haviours of the temperature anomaly in the equato-
rial Pacific, the thermocline anomaly, the zonal wind
stress anomaly and so on, about which no discussion
is given in this paper.
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