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1
This paper considers a generalized spin star system which can be solved exactly, with the central spin—5 system

1
embedded in an outer ring of N spin—§ particles(denoted as spin bath). In this model, in addition to the central-outer

interaction, each pair of nearest neighbour of the bath interacts within themselves. The general expressions of the

eigenstates as well as the eigenvalues of the model are derived with the use of the symmetries of system. It analyses

the quantum state transfer and the dynamical behaviour of entanglement created during quantum communication. It

also analyses the efficiency of the configuration regarded as quantum phase covariant clone or decoherence model. Some

interesting results are discovered concerning the properties of quantum communication in this model.
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1. Introduction

Recently, the studies of the spin star systems,! 6!

where a central spin 1/2 particle couples to spin bath
of N spin 1/2 particles, have attracted a vast amount
attention in the quantum community. As the spin star
systems are appropriate models for solid-system, they
bear actual practice relevance , especially in the quan-
tum state transfer,m quantum cloning,[S] and quan-

1 The spin star configuration can

tum measurement.
also describe decoherence modell'?) where a spin sys-

tem surrounded by environment modelled as N spin-

1
3 particles or, alternatively, a spin ring perturbed by

environment modelled as a spin 1 particle. In spite
of the wide range of applications and its proven im-
portance in quantum decoherence, the star configura-
tion is rarely discussed systematically in the context of
consideration the effect of interactions within the spin
bath on the properties of the model. Motivated by this
consideration, in this paper, we study a generalized
spin star system which can be solved exactly. There
exist couplings not only between the central spin and
bath spins, but also between nearest neighbour spins
within the bath. The goal of this paper is to analyse

quantum state transfer, phase covariant clone, entanglement dynamics

the properties in the process of quantum communica-
tion. Quantum state transfer is an important task in
quantum communication. In the third part of this pa-
per we focus on the quantum state transfer in this con-
figuration and dynamical behaviour of entanglement
generated in the process of quantum state transfer.
The simple and universal expressions of instantaneous
fidelity, as well as the average value, were calculated.
The properties of the model were also analysed when
the system modelled as quantum cloning and deco-
herence model. We examine the dynamical creation
of entanglement as the system evolves under H. We
show that for A = 0 the transfer fidelity and the dy-
namical entanglement always reach optimal values as
can be seen below. This implies that X X couplings
prefer the fidelity of the quantum state transfer and

entanglement creation.

This paper is organized as follows. In Section 2
we give the detail description of the model and derive
the general expressions of the eigenstates and eigen-
values. Section 3 is devoted to the studies of quantum
state transfer and entanglement dynamics during the
quantum state transfer. We end the paper with a brief
conclusion.
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2. The exact solutions of the gen-

eralized spin star system

Consider a system of N + 1 spins with antiferro-
magnetic couplings arranged in a spin star configura-
tion (See Fig.1): spin 0 is the middle one while spins 1
to IV are the outer ones. A typical Hamiltonian which
generalizes the star configuration may be written in
the form

N
H=BS*+Y Ji(S§Sy+SYSY+AS;S7)+ Hg, (1)
i=1
where Hr = Zﬁl Jo S; - Si1+1, with periodic bound-
ary conditions Sy11 = S1. Here §% = S§ + 5§ de-
notes the Z-component of the total spin of the sys-
tem, and S§ = > ., S7 is the z-component of the
total spin Sg = Y., S; of the outer ring. A is the
anisotropy parameter. Both of the couplings J; be-
tween the central spin and bath spins and the cou-
plings J> within each pair of the nearest neighbours of
the bath are assumed to be positive. For the model,
two symmetries are essential for solving the system
exactly. One is translational symmetry, i.e., the in-
variance of the Hamiltonian with exchange of any two
bath spins. Another symmetry of this system is the
rotational symmetry which leads to the conservation
of the z-component of the total spin.

Fig.1. The figure depicts the general spin star configuration.

To calculate the energy eigenstates and the eigen-
values of the Hamiltonian, it is convenient to rewrite
the Hamiltonian in raising and lowering operators in
the following form

1
H=BS*+J 5(SJSF; + S5 Sit) + ASGSE

N
1 — — z z
+> {E(Sjsm + 878 +S:SsE, (2)
1=1

where SE = Zﬁl St

£ and SF = §7 +iSY, is the
usual raising(lowering) operator for the i’th outer spin
or the central spin with ¢ = 0. The standard basis for

an individual qubit is chosen to be

where |T); and ||); are the eigenvectors of the z-
component of spin of an individual particle.

The following commutation relations are impor-
tant to calculate the eigenstates and the eigenvalues
of the star model:

[H, Hr]=[H, S§]=[H, $*]=0,  (4)

[Hg, S3]=[Hg, S§] =[5, S31=0. (5
Besides commutation relations, the relation s = r £+

1
3 > 0 must be fulfilled, where s and r are the quan-

tum numbers for S% and S%. Then, the commutation
rules allows us to construct the energy eigenstates as
follows:

) = oLl oy 0r + BI0)l6Y, oy s)re (6)

where the second ket in each term |¢gﬁ,r,mi%>R

stands for the eigenvectors of Hg,S3 and S§ with

corresponding eigenvalues ER,r and m £+ -~ of the
outer ring. From the above eigenfunction and the re-
lations we can immediately write down the following

two functions:

J J1A 1
1577 alT (m - 5) +aJoER +aBm = Ea, (7)

Jian
2

1 1
where n = \/<r+m+§>(r—m+§). To obtain

the above expressions we have used the following re-

—6% (m—l— %) + BJ2EL + Bm = Ef, (8)

lations:

S 10Y0 = [1)o, Sy [1)o = [0)o,

S;{|¢g§7hm7%>}{ = n|¢g§,r,m+%>R’

— 1 N N
SR |¢E§,r,m+%>R = n|¢E§7T1m7%>R-

If neither o nor (3 is equal to zero then we can get the

energy eigenvalue

J AJ
E=SV/ip+ A% - 2L 4 LB+ B, (9)
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fors=r+-,r=1,2, 7%5”1(1
J AJ
E— _ém— T1+J2E§+Bm, (10)

1 N
- r=12,...,—.
2 2

for s =r — Note that, for both

1
cases, m # i(i + T).
Using Eqs.(9) and (10), we can calculate the ratio

)

2 2012
%:ivn +A*m® + Am m;«éj:(%—i-r). (11)
n

The above expressions for eigenstates and eigenvalues

IR

do not hold when either a or 3 equals to zero. There
exist two special cases, namely, when a =0 and § =1
ora=1and 3 =0.

In the case of & = 0, 8 = 1, then the energy eigen-
state becomes |l>0|¢E§7T,_T>R, and the corresponding
eigenvalue is

1 1 1
E = 5J1AT+J2E§—B<T+§>, m = §+T7 (12)

N
for r = 0,1,2,...,7. While in the case of 3 =0, =
1, the eigenstate is |T)0|¢E§,T7T)R, and the correspond-
ing eigenvalue is

1 1 1
5J1AT‘+J2E§+B(T+§), m=—<§+r>, (13)

N
forr =1,2,..., —. The conditions of such states ex-
isting in the subspace of K-excitation subspace are

given below. For [1)ol¢ry rr)r, When r = r, =

;K—D+<

the kind of state can exist. For | l)0|¢Eﬁ7m)R, when

1
—§>(N—K+1) >0, ie, N<2K—2,

1 1
r:—rm:—§K+(—§(N_K) ZO,i.e.,

N > 2K, the kind of state can exist. The more special
properties of the model are determined by the proper-
ties of the surrounding outer ring.''J When the solu-
tion for the Hamiltonian of the outer bath is known,
then the total system is solvable.

3. Properties of quantum state
transfer and entanglement dy-

namics

In this section, we turn to study the properties of
quantum state transfer and the dynamical behaviour

of entanglement created during quantum communi-
cation. The relevant quantity to quantify the quan-
tum state transfer is given by transfer fidelity F. We
can investigate the effect of the isotropic parameter
A, the external control parameters B, Ji, J2 and
the number of bath spins N on the fidelity function,
the central-bath entanglement (the entanglement be-
tween the central and individual spin of bath) and the
in-bath entanglement (the entanglement between any
two bath spins).

3.1. Quantum state transfer

In the context of the state transfer, only the dy-
namics of the first excitation sectors is relevant. So it
suffices to restrict our attention in the N-dimensional
single exciting subspace. The Hamiltonian matrix in
the single excitation subspace has the following simple
and symmetric form

S Nh NS S A
Fy 999 273
S, 2oy J2
2 2 2
Ji Jo Jo
Jy J (14)
Jl JQ
Jl JQ JQ
- Ji1AN JN B(N -1
Where p = ! 24 — (2 ),anduz
AJi (N —2) JQ(N—4)_B(N—1) In the sin.
5 .

gle exciting subspace, the energy eigenstates and the
corresponding eigen-energies can be calculated exactly
with the following feature: the two eigenstates with
the nonzero values of ~4:

_ +/(+A(1-N)
+ 2\/N )
where ¢ = 4N + (N —1)242.
The quantum state transfer protocol involves two

(15)

steps: initialization and evolution. Initially we assume
that the network in the state |[0)o|0)r. When it is time
to use the configuration to transfer quantum state, a
quantum state is sent, which is parameterized by the
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angles (0, ) on the Bloch sphere as follows:

Y . )
lo)o = cos §|0>0+6W’Sin §5|1>0, (16)

this state is encoded at the central spin, then the total
network is allowed to evolve under U(t) = e'fI* for a
fixed time interval t. The state of the whole system
at t = 0 is described as

Y o . U
lo(t =0)) = cos §|0>0|O>R + e'¥sin §|1>0|O>R. (17)

Rewrite the |1)|0)g as
1 1
———(1+1)ol0)r + [0)o JIR
OO+ 0 S i

7)r)- (18)

g 7
] =

I
=

1
—————(-11)0l0)r +[0)o
T+~ 7= J
Then the time evolution of [1)g|0)r, i.e. e 1H[1)o|0)g
can be calculated as follows,

e*islt N
————(v4|1)o|0)r + |0)o—=
(00} + I0) f;

e—iagt 1 N
————(=11)ol0O)r + [0)o—= J)wr)s (19
”y+—%( [1)0/0) |>\/Nj;|>) (19)
where
J1 AJ; NJ, 1—-N
=+— - B. 20
€1,2 NG 1 1 + 5 (20)
After the time evolution, the output state of the whole
system is
N
(1)) = X0l0)0|0)r + x1[1)00)r + —2=[0)0 Y [3),
\/— Jj=1
(21)
here
I .
X0 = COs §e_‘8°t,
. 19 —ie1t __ - —ieot
X1 = e'?sin — (e 7-e ),
2 T+ — -
. 19 —iElt _ —iEgt
X2 = e'¥sin — (e © ) (22)
2 -

The reduced density matrix of any bath spin j in
the outer ring after a time ¢, which is irrelevant to the
site chosen for translational symmetry in the form, is
given by

1
1- —|X2|2 —~X0X2
pi(t) = 1 1

\/NXQXO N|

(23)
|2

A measure of the overlap between the input state and
the output state is the fidelity. From the output state,
we can calculate the fidelity of quantum transfer

9\ 2 2 1
Fy(t) = <COS §> <1 - N|X2|2) + N|X2|2

9.0
+ 2Re |:COS 5 sin §e_‘“"X0 24)

L.
\/—NX2} (
Since the |0)o|0)g is invariant under the evolution ex-
cept for a global phase factor, it suffices to restrict
our attention on the evolution of |1)¢|0)g of the ini-
tial state. Consequently, it is convenient to consider
the transfer fidelity f when ¥ = =,

sm J1t
= —|X2|2 = . (25)

Immediately, we can see that the fidelity of quantum
transfer is an even function of the anisotropic param-
eter A and a periodic function of J; and the time of
evolution ¢t. When the anisotropic parameter is equal
to zero, the transfer fidelity reaches maximum

|sin (g,}lt>|
U= fA=0) = ——oet(20)

Apparently, there is no influence of the coupling Jo
and the magnetic field B on the transfer fidelity.

Now we turn to estimate the efficiency of the
model which is quantified by average value. The av-
erage fidelity F; of quantum state transfer averaged
over all input states in the Bloch sphere is

p 1,2 VT 2
Fj= +3< 4 3¢
X €OS Jl:l/zt cos 4B _4J1A)t. (27)

In order to maximize the value of average fidelity
as given in Eq.(27) we want to choose the param-

eters of magnetic field B and the coupling parame-
When 1t = 2FTHT/2

ter J1 appropriately.
4 V¢

2k 2 t 2k 2
. T+7/ A+37/2, 0 Jl _ ™+ 37/
R 4 V¢
Bt:MA+7T/2,k:O71,27---;OOathea‘v_

erage fidelity of the bath spin reaches maximum
1 2 2
- (28)

Figure 2 shows the plot of the average fidelity of the
bath spin as a function of the isotropic parameter A
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and the number N of the bath spins (from top to bot-
tom N = 2,3,...,20). From Fig.2 we see that the
average fidelity of the bath is even function of the
anisotropic parameter A and decreases with N and
the absolute value of A.

fidelity (bath)

96 (N=2,3, ---, 20)

Fig.2. The dependence of the average fidelity of the bath
spin on the isotropic parameter and the number of the

bath spins.

To find out the optimal fidelity of quantum trans-
fer, it is reasonable to focus here on the case of A = 0.
The optimal fidelity Fopt in the model for various value
of N are listed in Table 1.
Table 1. The optimal average fidelity Fopt as a func-
tion of N.

N 2 3 4 5 6 7 o)
F | 0.819 0.748 0.708 0.682 0.664 0.65 0.5

In limiting case of IV, Fopt =0.5.

The configuration can also be modelled as phase
covariant clonel'?l where the initial state is known to
lie on the equator of the Bloch sphere with ¢ = T
For arbitrary N we get the general expression of tﬁe

maximal fidelity of the phase covariant clone:

sin (i\/@lo sz[ (B - %H . (29)

,and Bt =

N~

Fclone =

8k + 27 (2km +7/2)A 3w
Sl Sl s S
Ve 2

the fidelity of the quantum phase covariant clone

When Jit =

reaches maximal value
1 1

max 4 . 30
cone ™2 T /AN + (1 — N)2A? (30)

In order to compare our results with those obtained
in Ref.[8], we consider two special cases of A = 0, 1.
It can immediately be seen that

1 1
maX (A=1)= -+ —— 31
clonc( ) 2+ 1+N7 ( )

1 1
(A =0) = 5+ —=.
(A =0)= 5+ =

These results coincide with the results in the Ref.[8]
which is a special case of our model. Figure 3 shows

(32)

the plot of the fidelity of the phase covariant clone as a
function of the isotropic parameter A and the number
N of the bath spins (from top to bottom N=2, 3, 4, 6,
8, 10, 20, 50, 100). From Fig.3 we see that the average
fidelity of the bath is even function of the anisotropic
parameter A and decreases with N and the absolute
value of A.

fidelity of the clone
0.9 (N=2, 3, 4, 6, 8, 10, 20, 50, 100)

Fig.3. The dependence of the fidelity of the clone on the
isotropic parameter and the number of the bath spins.

Similarly, we can calculate the reduced density
matrix of the central spin

1—[x1]* xox}
po(t) = § , | (33)
X1Xo |X1|

And the fidelity of the central spin is

9 2
Fo(t) = ((cos ) (1= 2P+ hu?

Y g _.
+ 2Re [cos 3 sin 56_“"XOXT] ; (34)

. \/N(C_NzN +2cos (\/TZJlt))-
V¢

Note that when we model the bath spins as decoher-

where

(35)

ence environment, the fidelity of the central spin is
just the decohered factor which characterizes the effi-
ciency of the central system under the influence of a

V<

decoherence environment. When —=Jit = 2km, |x1]
reaches its maximal value 1 irrelevant to A and N.
From this result we can conclude that the fidelity of
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the central spin is equal to unit when TNJlt = 2km
for arbitrary N.
Accordingly, we can calculate the average fidelity
Fy of the central spin averaged over all input states in
the Bloch sphere as follows:
_ 1 ¢—-(N-1)A
= 5 + NG
[J1(4B — (N + 1)A+ Q)]
2

LG DA
V<
[Ji(4B — (N + 1)A — VO)]

X cos 5 - (36)

o oy
When 228 = F=RIT a gy = BZKIT
4 V¢ Ve
V/C)+2k'm 47 /2, the average fidelity of the bath spin

X COs

(A+NA+

reaches its maximal value — which is a constant irrel-
evant to the total number of spins. This is a some-
what surprising result which contrasts with the usu-
ally naive expectation that even small couplings of
the surrounding environment will eventually result in
complete decoherence of the central system. We can
conclude that the fidelity of state transfer is only af-
fected by Jy, A and B, yet is irrelevant to Jo. That is
to say, the intra-bath couplings have no effect on the
dynamics of quantum state transfer behaviour.

3.2. Entanglement dynamics

In this section, we turn to study the properties
of dynamical creation of entanglement in this model.
One can expect that the coupling parameter J; can
control dynamical behaviour of entanglement, as the

9 2
9 4 Sing)

sin (

%Jlt) ‘\/C — 2N + 2N cos (%Jlt)

interaction is mediated by the centre one. Indeed, we
can see that not only the coupling between the central
spin and outer spins, but also the degree of rotation of
the initial state of the central spin will control the en-
tanglement distribution behaviour of the system. An
natural measure to determine the two-party entangle-
ment is the concurrence C. According to Ref.[13], the

1
concurrence of two spin — particles may be calculated

from their density matrix via the formula
O(p) = HlaX[O, /\1 — /\2 — /\3 — )\4], (37)

where \; are the eigenvalues in the decreasing order
of the hermitian matrix /\/pp/p, and p = (0¥ ®
a¥)p*(a¥ @ aY).

The exchange symmetry of the bath spins implies
that the entanglement between the central spin and
any bath spin j is same. By tracing out pous over
(N — 2) spins of the system except the two selected
spins, we can obtain the reduced density between the
central spin and bath spin j. In the standard basis
[0)]0), [0Y|1),]1)|0),|1)|1), the reduced density po; can

be expressed as

1 1,
1—|xal* = N|X2|2 XoX} Xo 7 0
1
X1X5 Ix1?  x1—=x3 0
) ) 1\/N . (38)
* * 2
— — - 0
\/NX2XO \/NX2X1 N|X2|

0 0 0 0

From the above formula we can compute the central-
bath entanglement. Direct calculation of the concur-
rence according to Eq.(37) yields the simple expression
of concurrence:

Coj = \/—N|X1X§| =

In the case of A =0,

c (39)

o\ 2
sin <—> |sin(V N Jit)]
A=0 _ 2

cL=" = = . (40)

In this case, Cp; reaches maximum when vV NJit = kr + g In the case of A = +1,

s (3) o [ 00] 0 23vos [ 520
Co~*' = .

(1+N)?

(41)
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maximum when

for 2 < N < 5 and

Co; reaches
N+1

2Vv2N
Jlt) =1 for N > 6.

In the case,
1+ N
sin ( _Z: Jlt) =

. (1+N
Sin

For illustration, we have displayed in Fig.4 the

dependence of concurrence between the central spin
and the bath spin on the ¢ when N=2, 4, 6, 8, 10,
20, 50 for anisotropic parameter A = 0, 1 respectively.
The central-bath entanglement goes down with the
increase of the number of bath spins and reaches its

maximal value when 9 = .

0.7 0.7
N=2 N=2
0.6 0.6
A=0 4 A=1 4
© 0.5 . 0.5
: :
& 6 ® 6
5 0.4 5 0.4
3
: 8 g :
3 S
0.3 0.3
10 10
20
0.2 0.2 20
50
0.1 100 0.1 50
100
i 0.25 0.50 0.75 1.00 | 0.25 0.50 0.75 1.00
6/m 0/m
Fig.4. The concurrence of the central spin versus ¢ when A = 0 and A = 1, respectively,

for various values of N(from top to bottom N = 2,4,6,8,10,20,50). In the left plot, VN Jit

1
is set to be kmw + g In the right plot, sin(

1+ N
sin(—tl Jlt):lwhonN26.

Similarly, we can consider the spins J and k in the
bath where the choice of the two spins is irrelevant be-
cause of the nature of permutation symmetry of the
Hamiltonian. Let pj, be the reduced density matrix.
Their density matrix pg; in computation basis has the
same form as follows:

2 1 1
1— — 2 Tk ——vE 0
N|X2| XO\/NXQ X0 \/NX2

1,1, ., 1
TR Ix2| N Ix2l" 0 (42)
1, 1, o, 1,
\/—NX2XO N|X2| N|X2| 0
0 0 0 0

According to Eq.(37), we can also calculate the in-
bath entanglement:

2
2 o[ ()]
Cru = N|x2|2 = 8(sin 5) R . (43)

The intra-bath entanglement Cj; reaches maximum

N N+1
+ Jlt) = —+ when 2 < N < 5 and
4 2v2N

2
Cpax = %|X2|2—8<sin g) % (44)
Figure 5 shows the dependence of the concurrence
of the bath spins J and k on the ¢ for anisotropic
parameter A = 0,1 respectively. The entanglement
between the bath spins goes down on average with
the increase of the total number of the particles and
reaches its maximal value when ¥ = 7. Furthermore,
it can be readily seen that the case of A = 0 prefers en-
tanglement creation. Increasing the absolute value of
A significantly depresses the dynamical entanglement.
A comparison between the two plots also illustrates
that the in-bath entanglement decreases with the in-
crease of N more rapidly in the case of A = 1. In
the thermodynamic limit N — oo, the entanglement
is created, when either the cental-bath entanglement
or the in-bath entanglement goes to zero.



Quantum communication in spin star configuration 709

No. 2
1.0
A=0
0.8 (N=2, 3, -+, 20)
8
=4
& 0.6
-
=
Q
g
3
@)
0.4
0.2

0/m

1.0

Concurrence

0.75 1.00

0.25 0.50
0/m

Fig.5. The concurrence of the bath spins J and k versus ¢ when A = 0 and A = 1, respectively,

N
for various values of N (from top to bottom N = 2,3,...,20). In the left plot, +

2k vVIN
WT—HF. In the right plot, TJlt =

4. conclusion

In conclusion, in this paper a general spin star
model were analysed and solved exactly. The promi-
nent feature is that, besides considering X X7 cou-
plings between the central spin and bath spins, here
we also introduce the couplings within the bath spins.
General expressions of the energy eigenstates and
eigenvalues of the spin star model is calculated with
the use of the symmetries of the system. We obtain
the simple functions of the fidelity and the average fi-
delity of quantum state transfer. Especially, we also
analyse the efficiency of the configuration regarded as
quantum phase covariant clone or decoherence model.
Some interesting results were discovered when we con-

2km + 7

1
Jit =

cern the properties of the quantum state transfer and
dynamical behaviour of entanglement. The transfer
fidelity, as well as the dynamical creation of entangle-
ment, are even functions of the isotropic parameter.
The maximum of average fidelity of the central spin

is constant § irrelevant to the anisotropic parame-
ter and the number of bath spins. Furthermore we
find out that the entanglement created in the quan-
tum state transfer decreases with the total number of
bath spins and the entanglement between bath spins
reaches 1 when the total number of bath spins N = 2.

Finally, we want to stress that the results ob-
tained in Refs.[1, 8], which are just special cases of
our model when Jy = 0 and A = 0,1, agree with the
results obtained here.
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