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We present a scheme for quantum state sharing of an arbitrary qudit state by using nonmaximally entangled

generalized Greenberger-Horne-Zeilinger (GHZ) states as the quantum channel and generalized Bell-basis states as the

joint measurement basis. We show that the probability of successful sharing an unknown qudit state depends on the

joint measurements chosen by Alice. We also give an expression for the maximally probability of this scheme.
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1. Introduction

The basic idea of secret sharing is that a se-
cret key transmitted by a sender is shared between
two or more recipients in such a way that the key
can be reconstructed only if all recipients collabo-
rate with each other. Quantum secret sharing (QSS)
is the generalization of classical secret sharing into
quantum scenario, i.e., QSS is used to complete
the task of classical secret sharing with the princi-
ples of quantum mechanics. Since Hillery et all]
presented the first QSS scheme by using a three-
qubit or a four-qubit Greenberger—Horne—Zeilinger
(GHZ) state for securely sharing an arbitrary un-
known single-qubit state in 1999, QSS has been in-

tensively investigated.?—22

Different from classical secret sharing, QSS has
two main goals: one deals with the QSS of classi-
cal messages;[?~718=21] another deals with the QSS

[1,8—17,22]

of quantum information, where the secret is

an arbitrary unknown quantum state. The former
is usually referred as quantum secret sharing (QSS);
the latter as quantum state sharing (QSTS), which
was first clearly termed by Lance et al in 2004.[10]
Recently, Li et al '3 proposed an efficient symmet-
ric multiparty QSTS scheme of an arbitrary m-qubit
state with m GHZ states, and Zhang et al ['* pro-
posed a three-party QSTS scheme for an unknown

single-qutrit state.
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quantum state sharing, qudit state, partially entangled channels

In the above protocols, the quantum channels
used to teleport the qubits are noiseless maximally
entangled state. But in a realistic scenario noisy ef-
fects and decoherence decrease the entanglement of
the channel. In this scenario, the quantum channels
may be a non-maximally entangled state. So it is sig-
nificative to investigate the QSS scheme of an arbi-
trary qudit state by using non-maximally entangled
state as quantum channel. Very recently, Gordon and
Rigolin!*?l proposed two new QSTS protocols where
the quantum channels are not maximally entangled
states, Man et al *? presented a quantum state shar-
ing of an arbitrary multiqubit state using nonmax-
imally GHZ entangled states. Pati and Agrawal(??!
presented a probability teleportation of a qudit. In
this paper, we will propose a QSTS protocol for shar-
ing an arbitrary unknown qudit state using nonmax-
imally entangled state as a quantum channel. More-
over, in essence, this QSTS scheme can also be used for
symmetric controlled teleportation by means of some

agents acting as the controllers in the latter.

This paper is organized as follows. In Section 2,
a three-party QSTS scheme for sharing an arbitrary
single-qudit state by using nonmaximally entangled
GHZ state is presented and the scheme security is also
analysed. In Section 3, the three-party QSTS scheme
is generalized to a multiparty case for an arbitrary
qudit state. Finally, summaries are given in Section
4.
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2. Three-party quantum state a set of generalized entangled Bell state as follows:
sharing of an arbitrary single- vy = pev ZZ ! 2R ) & k@), (4)
qudit state

where x, y € {0,1,---,d — 1}, D* =
We first consider the three-party QSTS scheme for 7 /, /E dzy|2 which is the normalization constant,
sharing an arbitrary single-qudit state in this section  4nd kyy means the sum of k and y modulo d. The co-

for clarity. Suppose that Alice wants to transmit an  officients {d;?} should satisfy the following orthonor-
arbitrary single-qudit state |¢) to two remote agents  al condition

Bob and Charlie in such a way that only one of them i1
can faithfully reconstruct the original state with the D*w p*¥2y Zk—o Ay gy rika =) — gmrz - (5)
help of the other agent, where |¢) has the form

it with the indices x1, 22, y € {0,1,---,d — 1}. Thus

|¢>l = Zi:o Q; |i>1, (1) the state of the system can be rewritten as
ngil the2 unknown 'complex c.oefﬁment ; an.d |7), =), @ | ¥) Apc
> ico il = 1. Let Alice share with Bob and Charlie
a nonmaximally entangled generalized GHZ (GGHZ) =D Zwy |67Y) 4 DY Z d Yday ok
state in advance as a quantum channel, % 6727rik9c/d kS y)g kS y)e. (6)
V) apc =D Z d 737) aBc> (2) Now Alice performs the generalized Bell-basis
where d; is complex coefficient and D = {|$*¥)} measurement on her qudit pair {1, A}, and

- then sh i ither Bob or Charlie t -
1/ Z‘fl_é |d;|? is the normalization constant. Subse- en She can assigh erther .O or hare to rec?n
A ) struct the unknown state. Without loss of generality,
quently, the initial state of the system can be written ) . i
suppose Bob is the assigned. The agent Charlie would

as
collaborate with Bob by first performing a transfor-
V), =¢); ®| W)ABC mation on his particle C and then measuring it in the
d—1 eneralized computational basis {|0), |1),---,|d—1)}.
DY ol g p {10), 1) [d=1)}

The transformation performed by Charlie is defined
®Z d 1777} aBc: 3) @

F(d |,] 27r1l;/d |l> (7)
where 1 and A label Alice’s two qudits, B labels Bob’s \/_ Zl 0
qudit and C labels Charlie’s qudit. Let us introduce = Then the state of qudits B and C becomes
|

1 N d—1 d-1 TR
|¥)po = 750D "D <Z R A Ml Ik@y>3> )¢ (8)
for an outcome | $*¥)1 . Charlie measures his particle C in the generalized computational basis {|0), |1), - ,|d—

1)}. If his result is |I)c, then the state of Bob becomes

1 d—1 e
¥)p = Z5DD™ ), TG dgy o [k © y)s (9)

When Bob knows the results of the sender Alice and  Then the state of his qudit becomes

the agent Charlie, he can reconstruct the original state B

by performing a proper local transformation on his qu- U |)p = ﬁDDmy Zk:o dy dygyar k)g. (11)
dit. If the results are |9*¥),, and l., the correspond-

ing local transformation U*¥! is From Eq.(11), we find that the measuring basis pa-

rameters {d;”} can be freely manipulated by Alice.
i1 By proper adjusting it, Alice can achieve a unity
vl — Zk:o o2mi(ke—(k@y)l)/d |k) (k@yl. (10)  fidelity protocol with a certain probability. Obvi-
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ously, the protocol will be successful with a probabil-

1
ity | DD®¥|? for an outcome |$*Y) if {d;¥} = { _ };
By

otherwise, the protocol will be failed. However, those
parameters must also satisfy the orthonormality con-
dition in Eq.(5).
obtain

Combining the two conditions, we

6271'”{}(12—11) — §TiT2

S 1
k=0 |drgy|? «d—1 1
(s

|dp®y|2

(12)
This equation shows that the two conditions can be
satisfied simultaneously only when 1 = 5. That is
to say, the measurement results, which can lead to
successful protocol, are at most d out of the total d?
possible results of Alice. So we can calculate explic-
itly the maximal probability of success in sharing an
unknown single-qudit state

Prax =d|DD™|?
d

Tt d—1 Iy
> j—o d;I? k_O<W>

In other words, the successful probability is dependent

(13)

on the Bell-basis measurement chosen by Alice. By
adjusting the parameters {d;”}, she can control the
successful probability to gain one value of {0, | DD*¥|?,
2|DD™|? ..., d|DD%Y|?}. Tt is worth mentioning that
the channel information is not necessary for both Bob
and Charlie, and the protocol will correspond to the
qubit (qutrit) case when d=2 (3).

The security checking of this protocol is very sim-
ilar to the methods described in Refs.[1,10,14,15]. Let
us consider two kinds of eavesdroppers or cheaters sep-
arately in the following.

1) Outsider eavesdropper or cheater: Suppose
there is an eavesdropper who wants to gain the quan-
tum information transmitted by Alice by entangling
an ancilla with the quantum channel during the par-
ticles distribution process. In order to check whether
there is an eavesdropper or not, Alice chooses a ran-
domly single-qudit measurement basis to measure her

| W>sub 1z <¢w1y1| Timag, <¢J37nym| |¢>12m | !p>zl,b11,~-- ,b1

d—1

GGHZ qudit, and Bob and Charlie use the same mea-
surement as Alice to measure their respective qudits.
Their measurement results should be strongly corre-
lated. But if there exists an eavesdropper who wants
to gain information about Alice’s state, he (she) must
invariably introduce errors. Thus, when the three par-
ties publicly compare their results, the outside eaves-
dropper can be detected.

2) Inside eavesdropper or cheater: Suppose one of
the two agents, Bob or Charlie, is dishonest, and he
wants to solely recover Alice’s quantum state or sup-
ply wrong information so that the other agent cannot
obtain the right state. Only when Alice assigns him
to reconstruct the state, he can avoid the security de-
tection, otherwise, he can be disclosed.

3. Multi-party quantum state

sharing of an arbitrary multi-

qudit state

In this section, we will further generalize the
above method to present the multi-party QSTS
scheme for sharing an arbitrary m-qudit state. We
omit the normalized factors in the following for sim-
plicity. Suppose that the m-qudit state Alice wants to
send is

d—1 d—1 d-1
RIETED SN DD S

X Qiy i, im |i1,i2,"' ,im>. (14)

Alice prepares m generalized GHZ states as the quan-
tum channel

d—1
| lp>xi7bi17"' Din =D; ZjZ':O dji |.7i7]i7 T 7]i>

with ¢=1,2,--- ,m. (15)

After Alice performing m generalized Bell-basis mea-
surements on her particle pairs {(¢, #;)} in the basis
{|®*¥)}, the state of the subsystem becomes (for the
outcomes {|p); Y })

imi

o e bt b

m .
_ TtYt —27ikixwy /d JxTe Yt
= I It -1 DtDt E kp:Oe e dkt dkt®ytak1-,k2-,----,km

X |kt @ ye) ke ©ye) - 1k © ye)

b1, yben

(16)

Suppose Alice assigns the p-th agent to reconstruct the original state. All the other agents perform the F(®
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transformations on their qudits respectively and then the state becomes
| lp> _ m DtD;Etyt Hn Zd71 Zd71 e?ﬂi((kt@yt)lt—ktwt)/d
sub =1 t j=1 4—~1,;=0 k=0
*
x dkftytdktGBytakl,kz,m km |kt S yt> |ltj> >) ) (17)

where I; = ly1 ® lio ® - -+ D lyp, Which represents the
results of the j-th agent’s particles. After each of the
other agents performed the F(?) transformations and
generalized computational measurements on his (her)
qudits separately, the state of Bob becomes

™ p,DEe Zdil 2mi (ke ®yo)li—heze) /d
t=1 t ki =0

X d;;ftytdkteaytakl,kg,---,km|kt@yt>>a (18)
which is similar to the state in Eq.(9). So the local op-
erations performed on qudit particles by1, bp2 - - bpm
by the receiver are similar to that in the three-party
case. The local operations performed on the t-th par-
ticle of the receiver is U%#¥+!t and

d—1

zeyele _ 2mi(kexe— (ke ®ye)le)/d
U Zkt:oe |ke) (ke @ el
(19)
where ¢t = 1,2,---,m. And similar to the

three-party case, Alice can freely adjust the mea-
surement basis parameters {dizyt} to control the
probability of the protocol, and the probabil-
ity has the maximal value H:l d™| DDV )? =

m dm
()
|, |2

when {d;'"'} =
=1 §md=1 g 2 gl !
Ejt:0| jt| Ekt:o

{7
dzt Dyt

The security of the multi-party qudit state shar-
ing scheme is the same as the security of the three-
party case. An eavesdropper can be detected by pub-
licly comparing a subset of the quantum state.

4. Conclusions

We have presented a scheme for quantum state
sharing of an arbitrary qudit state by using nonmaxi-
mally entangled generalized GHZ states as the quan-
tum channel and the generalized Bell-basis as the joint
measurement basis. For sharing an arbitrary qudit
state, Alice should perform m generalized Bell-basis
measurements on her particle pairs and assign any one
of the agents to reconstruct the unknown quantum
state. In order to help the receiver, the other agents
should first perform F(# transformations and then the
generalized computational measurements on their par-
ticles separately. We have shown that the probability
of successful sharing an unknown qudit state is depen-
dent on the joint measurements which are adjusted by
Alice, and also we have given an explicit expression for
the maximal probability of this scheme.
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