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With both additive and multiplicative noise excitations, the effect on the chaotic behaviour of the dynamical

system is investigated in this paper. The random Melnikov theorem with the mean-square criterion that applies to a

type of dynamical systems is analysed in order to obtain the conditions for the possible occurrence of chaos. As an

example, for the Duffing system, we deduce its concrete expression for the threshold of multiplicative noise amplitude

for the rising of chaos, and by combining figures, we discuss the influences of the amplitude, intensity and frequency of

both bounded noises on the dynamical behaviour of the Duffing system separately. Finally, numerical simulations are

illustrated to verify the theoretical analysis according to the largest Lyapunov exponent and Poincaré map.
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1. Introduction

Chaotic phenomena in nonlinear dynamical sys-

tems have been studied in the last two decades due

to their great potential applications. It is known that

chaotic behaviour is complex and unpredictable and

one prominent feature is extremely sensitive to initial

conditions and variation of parameters. Now, there

exist a considerable number of articles about this topic

in the literature.[1−5] Jing and Huang[6] considered a

three-well Duffing system with two external periodic

forces, and gave the criteria of existence of chaos under

periodic and quasi-periodic perturbations by using the

Melnikov’s method, while Ref.[7] discussed the chaotic

behaviour of a nonlinear damped three-well Φ
6-Van

der Pol oscillator under external and parametric exci-

tations in detail by using the Melnikov analysis.

Noises exist inevitably in actual circumstances,

so some people switched to the discussion on the in-

fluence of noise on chaotic motion of the dynami-

cal system.[8−13] Gan[14] studied the additive noise-

induced chaos and discussed the effect of noise on ero-

sion of safe basin in the softening Duffing oscillator.

The random Melnikov approach was also adopted to

obtain the necessary conditions for the rising of chaos.

Simulations were given to verify the feasibility of the

theory. The effect of multiplicative bounded noise on

the chaotic behaviour of the Duffing oscillator was

studied by Liu et al,[15] where the mean-square cri-

terion of the random Melnikov process was employed

to detect the chaotic dynamics in the system. Under

additive bounded noise, the influence on the chaotic

motion of a prototypical bistable system was studied

analytically and numerically by Sun et al.[16]

But up to now, less effort has been devoted to

studying the influence on the system behaviour under

both additive and multiplicative noise excitations. So

in this paper, we investigate the effect on the chaotic

motion of the dynamical system subjected to both ad-

ditive and multiplicative noise excitations.

This paper is organized as follows. In Section 2,

the random Melnikov theorem with the mean-square

criterion is analysed under both additive and multi-

plicative noise excitations; meanwhile bounded noise

is introduced briefly. In Section 3, we apply the ran-

dom Melnikov theorem to the Duffing system to de-

duce the concrete expression that is the necessary con-

ditions of chaos occurring. While Section 4 gives nu-

merical simulations by means of the Lyapunov expo-

nents and Poincaré map. Section 5 presents some con-

clusions drawn from the present study.
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2. General description

The Melnikov method is an analytical tool to pro-

vide the criterion for the occurrence of chaos.[14−16]

The Melnikov technique is a perturbation method of

proving the existence of transverse homoclinic or het-

eroclinic orbits. It was first applied by Holmes[17] to

the study of the chaotic attractor of a periodically

driven Duffing oscillator with negative linear stiffness.

Wiggins[18,19] introduced a generalized version of the

Melnikov’s function for a system subjected to an ex-

citation with multiple frequencies. Frey and Simiu[20]

presented a generalized random Melnikov technique

to study the effect of noise on near-integrable second-

order dynamical system. Xie[21] studied the effect of

the chaotic behaviour of a buckled column under para-

metric excitation using a modified Melnikov method.

It was not until 1996 that the mean-square criterion

for the Melnikov process was used to study the peri-

odically forced Duffing system with additive random

perturbation by Lin and Yim.[22]

In this section, the stochastic Melnikov theorem

with the mean-square criterion that applies to a type

of dynamical systems is analysed to deduce the nec-

essary conditions of the occurrence of chaotic phe-

nomenon. We can see that the forms of Melnikov

theorem in Refs.[14–16] are all particular cases of this

method.

Consider a one-degree-of-freedom Hamiltonian

system with light damping under both additive and

multiplicative noise excitations. The equation of mo-

tion of the system is

Q̇ =
∂H

∂P
,

Ṗ = − ∂H

∂Q
− εc(P, Q)

∂H

∂P
+ εγ cosΩt

+ εf(P, Q)ξ1(t) + εξ2(t), (1)

where ε is the small positive parameter; c(P, Q) de-

notes the coefficient of quasi-linear damping; γ and

Ω are the amplitude and frequency of the external

harmonic force; f(Q, P ) represents the amplitude of

excitation; ξ1(t) and ξ2(t) are independent bounded

noises which are of stationary random process with

zero mean.

A harmonic function with constant amplitude and

random frequency and phase is called bounded noise.

So, ξ1(t) and ξ2(t) are expressed as

ξi(t) = µi sin(Ωit + Φi),

Φi = σiBi(t) + Γi, i = 1, 2, (2)

where µi,Ωi, σi are positive constants; B1(t) and B2(t)

are unit Wiener processes; Γ1 and Γ2 are random vari-

ables uniformly distributed in [0, 2π). Accordingly

their covariance function and spectral densities can

be obtained (see Ref.[16]).

It is assumed that Eq.(1) possesses a hyperbolic

fixed point connected to itself by homoclinic or hete-

roclinic orbits (q0(t), p0(t)). So, the Melnikov function

for Eq.(1) can be derived by using the formula given

by Wiggins[19]

M(t0) =

∫ ∞

−∞

∂H

∂P

[

− c(P, Q)
∂H

∂P
+ γ cosΩ(t + t0)

+ f(P, Q)ξ1(t + t0) + ξ2(t + t0)

]

dt, (3)

where Q(t) and P (t) in expression (3) are taken as

q0(t) and p0(t) of homoclinic (heteroclinic) orbit.

For positive damping, the expectation of M(t0) is

negative, that is,

E[M(t0)] = −
∫ ∞

−∞

c(P, Q)

(

∂H

∂P

)2

dt < 0,

which shows that system (1) cannot be chaotic in the

sense of average.

Therefore, the mean-square criterion for the

stochastic Melnikov process[20] is employed

Λ
2
1 = E

[(
∫ ∞

−∞

c(P, Q)

(

∂H

∂P

)2

dt

)2]

,

Λ
2
2 = E

[(
∫ ∞

−∞

∂H

∂P
γ cosΩ(t + t0)dt

)2]

,

Λ̃
2
1 = E

[{
∫ ∞

−∞

∂H

∂P
f(P, Q)ξ1(t + t0)dt

}2]

,

Λ̃
2
2 = E

[{
∫ ∞

−∞

∂H

∂P
ξ2(t + t0)dt

}2]

, (4)

where Λ̃2
k (k = 1, 2) can be obtained from the follow-

ing expression (their detailed explanation can be seen

in Ref.[16]):

Λ̃
2
k =

∫ ∞

−∞

|Hk(ω)|2Sξk
(ω)dω, k = 1, 2, (5)

where Sξk
(ω) (k = 1, 2) is the spectral density of ξk

(k = 1, 2) and Hk(ω) (k = 1, 2) is the frequency re-

sponse function of the system, which is the Fourier

transform of the impulse response function, i.e.

H1(ω) =

∫ ∞

−∞

∂H

∂P
f(P, Q)e−j ωtdt,

H2(ω) =

∫ ∞

−∞

∂H

∂P
e−j ωtdt, k = 1, 2. (6)
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The random Melnikov process has a simple zero

in mean-square sense when

Λ
2
1 = Λ

2
2 + Λ̃

2
1 + Λ̃

2
2. (7)

3. Analysis of Duffing system

The Duffing equation is a well-known vibration

equation, which can describe electrical circuits and

mechanical problems like buckled beams when only

one mode of vibration is considered. Consider the ef-

fect of noise, the Duffing equation can be rewritten as

follows:

Q̇ =P,

Ṗ =Q − αQ3 − εβP + εγ cosΩt

+ εQξ1(t) + εξ2(t). (8)

Equation (8) can be called the perturbed Duffing

equation with stochastic noise, which is much more

complex than its deterministic counterpart. The equa-

tion of the unperturbed Duffing system is expression

(8) with ε=0, and it has a hyperbolic saddle point

(0,0) and two homoclinic orbits that are

p0(t) = ±
√

2

α
sech t,

q0(t) = ∓
√

2

α
sech t tanh t. (9)

From formula (3), the random Melnikov function

of Eq.(8) is deduced as follows:

M(t0) =

∫ +∞

−∞

[−βp2
0(t) + γp0(t) cosΩ(t + t0)

+ p0(t)q0(t)ξ1(t + t0) + p0(t)ξ2(t + t0)]dt.

The mean-square criterion is adopted here in or-

der to obtain the simple zero of Melnikov function

M(t0). The expressions for Λ
2
1 and Λ

2
2 are

Λ
2
1 =E

[{

β

∫ +∞

−∞

p2
0(t)dt

}2]

=

〈

4β

3α

〉2

, (10)

Λ
2
2 =E

[{
∫ ∞

−∞

γp0(t) cosΩ(t + t0)dt

}2]

=

〈

±
√

2πΩγ sinΩt0csch
2 πΩ

2

〉2

, (11)

and the expressions of Λ̃
2
1 and Λ̃

2
2 can be obtained as

follows:

Λ̃
2
1 =

∫ ∞

−∞

|H1(ω)|2Sξ1
(ω)dω,

and

Λ̃
2
2 =

∫ ∞

−∞

|H2(ω)|2 Sξ2
(ω)dω.

From expressions (6) and (9), the frequency response

functions of the system are obtained to be

H1(ω) =

∫ ∞

−∞

p0(t)q0(t)e
−j ωtdt

=j

(

πω2

α

)

csch

(

πω

2

)

,

H2(ω) =

∫ ∞

−∞

p0(t)e
−j ωtdt

= ±
√

2

α
sech

(

πω

2

)

.

Therefore, by using the spectral density that is given

in Ref.[16], we can obtain

Λ̃
2
1 =

π2µ2
1σ

2
1

4πα2

∫ ∞

−∞

ω4csch 2

(

πω

2

)

× ω2 + Ω2
1 + σ4

1/4

(ω2 − Ω2
1 − σ4

1/4)2 + σ4
1ω

2
dω, (12)

Λ̃
2
2 =

2µ2
2π

2σ2
2

4πα

∫ ∞

−∞

sech 2

(

πω

2

)

× ω2 + Ω2
2 + σ4

2/4

(ω2 − Ω2
2 − σ4

2/4)2 + σ4
2ω

2
dω. (13)

The criterion for possible chaotic phenomenon based

on the mean-square method is

E[M2(t0)] = −Λ
2
1 + Λ

2
2 + Λ̃

2
1 + Λ̃

2
2 = 0.

Let

I1 =
π2σ2

1

4πα2

∫ ∞

−∞

ω4csch 2

(

πω

2

)

× ω2 + Ω2
1 + σ4

1/4

(ω2 − Ω2
1 − σ4

1/4)2 + σ4
1ω2

dω,

I2 =
2π2σ2

2

4πα

∫ ∞

−∞

sech 2

(

πω

2

)

× ω2 + Ω
2
2 + σ4

2/4

(ω2 − Ω2
2 − σ4

2/4)2 + σ4
2ω2

dω,

thus, for the homoclinic orbits (p0(t), q0(t)), the ran-

dom Melnikov function can be simplified into

〈

4β

3α

〉2

=

〈

±
√

2πΩγ sinΩt0csch
2 πΩ

2

〉2

+ µ2
1I1 + µ2

2I2.

Then the expression of the possible occurrence of

chaotic phenomena is

〈

4β

3α

〉2

≤ 2γ2

〈

πΩcsch 2 πΩ

2

〉2

+ µ2
1I1 + µ2

2I2. (14)
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With the help of inequality (14), for different pa-

rameters of bounded noise, we give the threshold of

multiplicative bounded noise amplitude µ1 versus its

intensity σ1 for the onset of chaos, which is shown in

Figs.1, 2 and 3.

From Fig.1, for µ2=0.1, σ2=1.0 and Ω2=1.0, it is

found that for small values of frequency Ω1 and small

values of intensity σ1 of the multiplicative bounded

noise, as Ω1 increases, the threshold of noise ampli-

tude µ1 for the onset of chaos decreases, which can

be seen in Fig.1(a); while for slightly larger values of

frequency Ω1 and smaller values of intensity σ1, the

threshold of noise amplitude µ1 for the occurrence of

chaos increases as frequency Ω1 increases which can

be seen in Fig.1(b).

Fig.1. The threshold of multiplicative bounded noise amplitude µ1 versus its intensity σ1 for

the onset of chaos with µ2=0.1, σ2=1.0 and Ω2=1.0 for the case where Ω1 and σ1 are both small

(a) and for the case where Ω1 is slightly larger and σ1 is smaller (b).

Now, the effect of the additive noise on the thresh-

old of noise amplitude µ1 for the onset of chaos can

be illustrated in Fig.2. It is seen from Fig.2(a) that

as the noise amplitude µ2 increases, the threshold of

noise amplitude µ1 for the occurrence of chaos falls

remarkably, that is to say, the phenomenon of chaos is

much easier to occur, while for larger values of noise

intensity σ2, from Fig. 2(b), we can see that as the in-

tensity σ2 increases, the threshold of noise amplitude

µ1 for the rising of chaos increases.

Fig.2. The threshold of multiplicative bounded noise amplitude µ1 versus its intensity σ1 for

the onset of chaos with σ2=0.1 and Ω1 = Ω2=1.0 at different values of µ2 (a) and with µ2=0.1

and Ω1 = Ω2=1.0 at different values of σ2 (b).
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Now, we discuss that the influence of the fre-

quency of the additive bounded noise on the threshold

of noise amplitude µ1 for the onset of chaos, which can

be seen in Fig.3. For µ2=0.1 and Ω1=1.0, it is known

from Fig.3(a) that, for smaller values of intensity σ2 of

the additive noise (such as σ2=0.5), as the frequency

Ω2 increases, the threshold of noise amplitude µ1 for

the occurrence of chaos increases, On the contrary,

when intensity σ2 of the additive noise is larger (such

as σ2=3.0), for different values of frequency Ω2, we

can obtain nearly the same threshold of noise ampli-

tude µ1 for the occurrence of chaos that can be seen

in Fig.3(b).

Fig.3. The threshold of multiplicative bounded noise amplitude µ1 versus its intensity σ1 for the

onset of chaos with Ω1=1.0, µ2=0.1 and σ2=0.5 at different values of Ω2 (a) and with Ω1=1.0,

µ2=0.1 and σ2=3.0 at different values of Ω2 (b).

4. Numerical simulations

In this section, numerical simulations are given to

support the theoretical results obtained in the previ-

ous sections. For the Duffing system with bounded

noise, the fourth-order Runge–Kutta scheme[23,24] is

adopted, while the simulations of bounded noise are

the same as those in Ref.[23], where Box-µuller

method[25] is employed, with parameter values fixed

at α=1.0, β=0.2, γ=0.10 and Ω=1.0.

4.1. The largest Lyapunov exponent

The Lyapunov exponent has been widely accepted

as a quantitative index to the stability and chaotic mo-

tion of the system. It is an average exponential rate

of growth or decay of solutions to differential equa-

tions. A dynamical system with a positive largest Lya-

punov exponent is usually a chaotic system. Thus, the

condition for the rising of chaos in dynamical system

can also be determined by numerically calculating the

largest Lyapunov exponent. Using the Wolf’s algo-

rithm, the largest Lyapunov exponent is computed for

different parameters of bounded noise, and the curves

for the largest Lyapunov exponent λ versus the thresh-

old of multiplicative bounded noise amplitude µ1 for

the onset of chaos are shown in Figs.4, 5, 6 and 7.

All figures indicate that for smaller values of noise

amplitude µ1, the largest Lyapunov exponent λ is neg-

ative. As µ1 increases, the largest Lyapunov exponent

changes from negative values to positive values, which

means the presence of chaotic phenomenon.

Firstly, the effect of the frequency Ω1 of the multi-

plicative bounded noise on the threshold of noise am-

plitude µ1 for the onset of chaos will be simulated, and

the results are shown in Fig.4. In this simulation, we

fix the parameters µ2=0.1, σ2=1.0 and Ω2=1.0, and

for the smaller intensity σ1, we choose it to be 0.5. It

is found from Figs.4(a), 4(b), 4(c) and 4(d) that, for

smaller values of frequency Ω1, as Ω1 increases, the

threshold of noise amplitude µ1 for the onset of chaos

decreases accordingly; while, from Figs.4(d), 4(e) and

4(f), we can see that, for slightly larger values of fre-

quency Ω1, the threshold of noise amplitude µ1 for

the occurrence of chaos increases as frequency Ω1 in-

creases. All these results are consistent with the anal-

yses of Figs.1(a) and 1(b).
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Fig.4. The largest Lyapunov exponent λ versus the threshold of multiplicative bounded noise

amplitude µ1 for the onset of chaos with parameters µ2 =0.1, σ2 =1.0 and Ω2=1.0 at the values

of Ω1 and σ1: 0.2 and 0.5 (a); 0.4 and 0.5 (b); 1.0 and 0.5 (c); 1.4 and 0.5 (d); 1.8 and 0.5 (e);

2.0 and 0.5 (f).

Secondly, we choose the parameters as σ1=1.0,

Ω1=1.0 and Ω2=1.0, and the results of numerical sim-

ulation are given in Fig.5. From Figs.5(a), 5(b), 5(c)

and 5(d), it follows that, for smaller or larger values of

intensity σ2 of additive noise, as the noise amplitude

µ2 increases, the threshold of noise amplitude µ1 for

the occurrence of chaos decreases. Now, we fix the

parameter µ2=0.145, we can see that for larger val-

ues of noise intensity σ2, as the intensity σ2 increases,

the threshold of noise amplitude µ1 for the onset of

chaos increases which can be found in Figs.5(d), 5(e)

and 5(f). All these results are also consistent with the

conclusions that are drawn from Figs.2(a) and (b).
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Fig.5. The largest Lyapunov exponent λ versus the threshold of multiplicative bounded noise

amplitude µ1 for the onset of chaos with parameters σ1=1.0, Ω1=1.0 and Ω2=1.0 at the values

of µ2 and σ2: 0.13 and 0.1 (a); 0.145 and 0.1 (b); 0.13 and 1.0 (c); 0.145 and 1.0 (d); 0.145 and

3.0 (e); 0.145 and 7.0 (f).

Thirdly, the influence of the frequency of the addi-

tive bounded noise on the threshold of noise amplitude

µ1 for the onset of chaos is simulated and the results

are as follows. It is adopted in simulation that the pa-

rameters σ1=4.0, Ω1=1.0 and µ2=0.1. For a smaller

intensity σ2=0.5, it is found in Figs.6(a), 6(b) and

6(c) that as the frequency Ω2 increases, the threshold

of noise amplitude µ1 for the occurrence of chaos in-

creases slightly. Though it is not apparent, compared

with Fig.3(a), the conclusion is still consistent with

the theoretic analysis. For a larger intensity σ2=3.0,

we can see from Figs.6(d), 6(e) and 6(f) that for dif-

ferent values of frequency Ω2, the thresholds of noise

amplitude µ1 for the occurrence of chaos are nearly

the same and these thresholds of noise amplitude µ1

for the occurrence of chaos is about 0.50, which is

identical to the analysis of the mean-square criterion

for stochastic Melnikov process.
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Fig.6. The largest Lyapunov exponent λ versus the threshold of multiplicative bounded noise

amplitude µ1 for the onset of chaos with parameters σ1=4.0, Ω1=1.0 and µ2 =1.0 at the values

of Ω2 and σ2: 0.8 and 0.5 (a); 1.5 and 0.5 (b); 2.0 and 0.5 (c); 0.8 and 3.0 (d); 1.5 and 3.0 (e);

2.0 and 3.0 (f).

Lastly, for different values of noise intensity σ1,

the threshold of noise amplitude µ1 for the onset of

chaos is investigated without additive noise. It is

seen from Figs.7(a) and 7(b) that for smaller values of

noise intensity, as σ1 increases, the threshold of noise

amplitude µ1 for the onset of chaos decreases; while

for larger values of noise intensity, from Figs.7(c) and

7(d), it follows that the threshold of noise amplitude

µ1 for the occurrence of chaos increases as noise in-

tensity σ1 increases, which implies that the diffusion

of frequency reduces the effect of bound noise on trig-

gering chaos in the system. These simulation results

are the same as the existing conclusions.[15]
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Fig.7. The largest Lyapunov exponent λ versus the threshold of multiplicative bounded noise

amplitude µ1 for the onset of chaos at the values of σ1: 0.2(a); 0.5(b); 1.0(c); 3.0(d).

4.2. Poincaré maps

Poincaré map [23,26,27] is another powerful tool

in analysing the behaviour of nonlinear system, for it

can provide a vivid qualitative description of the be-

haviour of the system.

For a perturbed Duffing system, the successive it-

eration of Poincaré map is defined as

P : Σ → Σ ,

Σ = {(Q, P )|t = 0, 2π/Ω , 4π/Ω , · · · } ∈ R2.

One hundred initial points are randomly chosen

in the phase plane. With each initial condition, the

differential equation is solved and the solution is plot-

ted for each T = 2π/Ω ; for each initial point, after

deleting the first 1000 transients, the succeeding 9000

iteration points are plotted.

By combining Fig.7, without the additive noise,

from Fig.8(a), we see that, for µ1=0.1, σ1=0.2 and

Ω1=1.0, the Poincaré map shows two smeared rings

which indicate the occurrence of the bounded noise

and cause system (8) to move nearby period orbit of

the original system without noise; and with the in-

crease of the multiplicative noise amplitude µ1, the

area of two smeared rings becomes larger as can be

seen in Fig.8(b). It is not until the occurrence of two

strange attractors that system (8) can be found to be

randomly chaotic (see Fig. 8(c)). While we fix the pa-

rameters µ1=0.35 and σ1=0.2, it is seen from Figs.8(c)

and 8(d) that when Ω1 changes from 1.0 to 0.2, system

(8) changes from randomly chaotic to nearly periodic.

At the same time it is found that a different noise in-

tensity σ1 has a different effect on the behaviour of

system (8), which can be seen in Figs.8(e) and 8(f).



566 Li Xiu-Chun et al Vol. 17

Fig.8. Poincaré maps with parameters µ1, σ1 and Ω1 at values of 0.1, 0.2 and 1.0(a); 0.2, 0.2

and 1.0(b); 0.35, 0.2 and 1.0(c); 0.35, 0.2 and 0.2(d); 0.75, 3.0 and 1.0(e); 0.75, 6.0 and 1.0(f).

According to Fig.5, with the parameters fixed at

µ1=0.18, σ1=1.0, Ω1=1.0 and Ω2=1.0, we can obtain

from Figs.9(a) and 9(b) that a different noise ampli-

tude µ2 has a different influence on the behaviour of

chaotic system (8); and it is chosen that the param-

eters µ1=0.20, σ1=1.0, Ω1=1.0, and Ω2=1.0, we can

see from Figs.9(c) and 9(d) that when the noise inten-

sity σ2 increases, the system changes from randomly

chaotic to nearly periodic, which means that for larger

values of noise intensity σ2, as the intensity σ2 in-

creases, the threshold of noise amplitude µ1 for the

onset of chaos increases accordingly. Figures 9(e) and

9(f) show the effect of the noise frequency Ω2 on the

chaotic behaviour of the dynamical system with the

parameters fixed at µ1=0.50,σ1=4.0 and Ω1=1.0.
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Fig.9. Poincaré maps with parameters µ1=0.18, σ1=1.0 and Ω1=1.0 at the values of µ2, σ2 and Ω2:

0.13, 0.1 and 1.0 (a); 0.15, 0.1 and 1.0 (b) and with parameters µ1=0.20, σ1=1.0 and Ω1=1.0 at the

values of µ2, σ2 and Ω2: 0.145, 1.0 and 1.0 (c); 0.145, 7.0 and 1.0 (d) and with parameters µ1=0.50,

σ1=4.0 and Ω1=1.0 at the values of µ2, σ2 and Ω2: 0.145, 0.5 and 0.4 (e); 0.145, 0.5 and 2.0 (f).

5. Conclusions

Owing to the randomicity and unpredictability of

the noise, argumentation on the perturbed dynami-

cal system has been a hot topic in recent years. So

in this paper, the effect on the chaotic behaviour of

dynamical system is investigated under both additive

and multiplicative noise excitations. Firstly, the ran-

dom Melnikov theorem with the mean-square crite-

rion is adopted in order to obtain the conditions for

the occurrence of chaos. Secondly, we apply this the-

ory to the Duffing system subjected to both additive

and multiplicative noise excitations and give the con-

crete expression of the threshold of noise amplitude

for the occurrence of chaos. Finally, numerical simu-

lations are illustrated for the Duffing system to verify

the theoretical analysis. According to Lyapunov ex-

ponent and Poincaré map, it is further shown that it is

reasonable that we use the random Melnikov theorem

with the mean-square criterion to obtain the condi-

tions for the possible occurrence of chaos phenomenon

for one type of dynamical systems that are discussed

in this paper.
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