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Gradient control and synchronization of Julia sets∗
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This paper firstly introduces the control methods to fractals and give the definition of synchronization of Julia

sets between two different systems. Especially, the gradient control method is taken on the classic Julia sets of complex

quadratic polynomial zn+1 = z2
n

+c, which realizes its Julia sets control and synchronization. The simulations illustrate

the effectiveness of the method.
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1. Introduction

Since the emergence of fractals, it provides bet-

ter explanations for lots of complicated phenomena

because of its particular properties.[1,2] In 1918, the

French mathematician Gaston Julia obtained an im-

portant notion in fractals theory, the Julia set, when

he investigated the iteration of a complex function.[3]

It has been extensively applied in physics, biology,

engineering et al and it is an important question

for study in nonlinear fields.[4−8] For example, based

on the particle dynamics characteristics, the physical

meaning of the generalized M -J set is discussed.[9]

As a result, the fractal structure characteristics of the

generalized M -J set could visually reflect the change

rule of the particle’s velocity. It is also pointed out

that for arbitrary c of the system

zn+1 = zq
n + c,

where c is a complex and q > 1, the generalized Julia

set gives the closure of all the possible unstable orbit

of the particle within the velocity space. When c → 0,

the absolute velocity of the particle is v = 1. It rotates

unstably at the top of the potential barrier, as given

in Fig.1.

It is noted that, in nonlinear fields, the nonlinear

system described by the Julia set has very important

nonlinear characteristics. According to the real world

requirement, we usually should constrain the size of

the nonlinear attractive region and the system should

present different behaviour and performance. Thus,

the effective control over the Julia set of nonlinear

systems becomes very important. However, until now

the study on the Julia set is only limited to its prop-

erties and the drawing of its graphics,[10,11] while the

control over the Julia set is an entirely new area.

Fig.1. Unstable rotation of particles when c → 0, v = 1.

In this paper, we take gradient control over the

Julia set of the classic quadratic polynomial and also

firstly give the definition of synchronization of Julia

sets between two different parameters systems. The

simulations illustrate the effectiveness of the method.

2. Basic theory

The Julia set J(f), created by the iteration of

a complex variable function f , is defined to be the

closure of the repelling periodic points of f . By
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the Montel theorem, we have the following equiv-

alent definition about the Julia set of the com-

plex polynomial f : J(f) = J0(f) = {z ∈ C :

the function family {fk}k≥0 is nonnormal at z}. For

the complex polynomial f , its Julia set has the fol-

lowing properties.

(i) J(f) is nonempty and bounded;

(ii) J(f) is fully invariant, that is J(f) =

f(J(f)) = f−1(J(f));

(iii) J(f) = J(fp) for any positive integer p;

(iv) If w is an attractive fixed point of f , then

∂A(w) = J(f), where A(w) is the attractive domain

of the attractive fixed point w. That is A(w) = {z ∈
C : fk(z) → w, (k → ∞)}. It is also the same as

w = ∞.

From the definition of Julia set and its properties,

we know that the iterative trajectory of the complex

function is very important in the structure of its Ju-

lia set. Therefore, we can realize the Julia set con-

trol by the iterative trajectory control. Especially, we

can consider the stability of the fixed point. That is

we make the fixed point stable under control. Thus,

we can control the trajectory of iterative points and

achieve the objective of controlling Julia set.

In order to analyse the applications of the control

method, we take the classic quadratic polynomial in

the complex domain C

zn+1 = z2
n + c, (1)

where c is a complex number and let fc(z) = z2 + c.

In fact, if h(z) = αz + β (α 6= 0), then

h−1(fc(h(z))) = (α2z2 + 2αβz + β2 + c − β)/α. By

choosing the proper value of α, β, c, we can make the

expression be any desired quadratic function f . So

h−1◦fc◦h = f , then h−1◦fm
c ◦h = fm for any m. This

predicates that the iterative sequence {fm(z)} of f at

z is the image of the iterative sequence {fm
c (h(z))} of

fc at h(z) under h−1. Therefore the map h turns the

dynamics f to the dynamics of fc. Especially, z is a

periodic point of f with period p if and only if h(z) is a

periodic point of fc with period p. Thus, the Julia set

of f is the image of the Julia set of fc under h−1. The

transformation of h is called the conjugate between f

and fc. Every quadratic function is conjugative to fc

with some c. Therefore, we can effectively study the

Julia sets of all quadratic polynomial by studying the

Julia set of fc with c ∈ C. Since h is a similitude

transformation, the Julia set of any quadratic polyno-

mial is similar in geometry to the Julia set of fc with

some c ∈ C.

3. Gradient control of Julia sets

From previous discussion, we will consider the sta-

bility of the fixed point z∗ =
1 ±

√
1 − 4c

2
of system

(1). For example, we will find a control item un such

that the fixed point z∗ of the controlled system

zn+1 = z2
n + c + un (2)

is stable and zn+1 → z∗, n → ∞. Thus we realize the

trajectory control of the map and then we can realize

the Julia set control.

We will use the gradient control method to

achieve the control purpose

z2
n + c + un → z∗.

The control item un is designed by using the

speed-gradient (SG) methodology reviewed in section

IV.[12] This is a general technique for controlling non-

linear systems through an appropriate selection and

dynamic minimization of a scalar goal function. Let

F (z, u) = z2 + c + u and the goal of control be ex-

pressed as the limit relation Q(z) → 0. In order to

achieve the control goal we apply the SG algorithm in

the finite form

u = −ϕ(∇uQ̇(z, u)),

where Q̇ =
∂Q

∂z
F (z, u) is the speed of changing Q(z),

ϕ(z) forms a sharp angle with z, i.e. ϕ(z)z > 0 when

z 6= 0. The first step of the gradient procedure is to

calculate the speed Q̇. The second step is to evaluate

the gradient ∇uQ̇(z, u) with respect to controlling in-

put u. Finally ϕ(z) should be chosen to meet sharp an-

gle condition. E.g. the choice ϕ(z) = kz, k > 0 yields

the proportional (with respect to gradient) feedback

u = −k(∇uQ̇(z, u)).

In our case, the control objective is the fixed point

z∗ and we choose the objective function (to be mini-

mized) as

Q(z) =
1

2
(z − z∗)2
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and write the general form of the gradient control al-

gorithm as

un = −k∇uQ(zn+1), n > 0,

where ∇u denote the gradient operated with respect

to u, k is the control parameter. After some simple

calculations, we obtain

un = − k

1 + k
[fc(zn) − z∗],

where fc(z) = z2+c. Therefore, the controlled system

(2) becomes

zn+1 =
1

1 + k
fc(zn) +

k

1 + k
z∗. (3)

From the controlled system (3), it is seen that at each

step the control actually decreases at a rate of 1 + k

times the uncontrolled value of the next step, and si-

multaneously adds a term which is independent of n

but close to z∗. Obviously, z∗ is also a fixed point for

the controlled system (3). Denote

g(z) =
fc(z)

1 + k
+

k

1 + k
z∗

=
z2 + c

1 + k
+

k

1 + k
z∗. (4)

It is needed that |g′(z∗)| < 1 in order to make the

fixed point x∗ attractive. That is

∣

∣

∣

∣

2z∗

1 + k

∣

∣

∣

∣

< 1. Then

k > |2z∗| − 1 = |1 ±
√

1 − 4c| − 1.

We will discuss the structure of Julia set of the con-

trolled system (3).

Consider the equation

∣

∣

∣

∣

1

1 + k

∣

∣

∣

∣

z2 − z −
∣

∣

∣

∣

c + kz∗

1 + k

∣

∣

∣

∣

= 0. (5)

Obviously, Eq.(5) has a positive root

T =
|1 + k| +

√

|1 + k|2 + 4|c + kz∗|
2

.

When |z| > T ,

|g(z)| ≥ 1

|1 + k| ||z
2| − |c + kz∗||

=
1

|1 + k|

∣

∣

∣

∣

|z2|T 2

T 2
− |c + kz∗|

∣

∣

∣

∣

=

( |z|
T

)2

T +
1

|1 + k|

(

( |z|
T

)2

− 1

)

|c + kz∗|

>

( |z|
T

)2

T.

Then |gn(z)| >

( |z|
T

)2n

T → ∞ (n → ∞). Therefore

the Julia set of the controlled system (3) is located in

the set {z : |z| ≤ T }.
Using the property (iv) J(f) = ∂A(z∗) = ∂A(∞),

we discuss the structure of Julia set of Eq.(3). Let C0

to be a curve |z| = T . Obviously, it surrounds the

attractive fixed point z∗ of g. We know (g−1(z))2 =

(1 + k)z − c − kz∗, then |g−1(C0)|2 = {|(1 + k)Teiθ −
c − kz∗| : 0 ≤ θ ≤ 2π}. In view of

|(1 + k)T eiθ − c − kz∗|
≤ |(1 + k)T eiθ| + |c + kz∗|
= |T eiθ|2, 0 ≤ θ ≤ 2π,

we have g−1(C0) is contained in the region surrounded

by C0. Let C1 = g−1(C0). For every θ, let ϕ1(θ) be the

end point on C1 of the trajectory from C0 (the curve

beginning from C0 and ending at C1 perpendicularly

is the trajectory). Let A1 be the ring between C0 and

C1, then g−1(A1) is the ring A2 that has inner loop

C2 = g−1(C1) and outer loop C1. The inverse image

of the trajectory between C0 and C1 gives a bundle

of trajectories connecting C1 and C2. Let ϕ2(θ) be

the end point of the trajectory beginning from C1 and

ended at C2. Using the similar approach, we obtain

a sequence Ck satisfying that Ck+1 is contained in

the region surrounded by Ck, k = 0, 1, 2, · · ·, and for

each k the trajectory bundle links ϕk(θ) on Ck and

ϕk+1(θ) on Ck+1. When k → ∞, the curve Ck ap-

proaches to the border of the attractive region of z∗.

This boundary is the Julia set J(g). Since {ϕk(θ)}∞k=1

is contained in C0 and so is bounded, there exists a

subsequence satisfying lim
j→∞

ϕm
kj

= ϕm(θ), and ϕm(θ)

becomes the Julia set of the controlled system (3).

In addition, since

|g−1(z)|2 = |(g−1(z))2|
= |(1 + k)z − c − kz∗|
= |(1 + k)(z − z∗) + z∗ − c|
≥ |1 + k||z − z∗| − |z∗ − c|,

we know that the value of |g−1| increases with the in-

crease of the value of |1 + k|, which indicates that its

inverse extends outwards in comparison with the orig-

inal point. Therefore, its Julia set extends outwards

in comparison with the original point from previous

discussion. The following simulations illustrate our

analysis and the effectiveness of this method. (The
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boundary of the shaded region is the Julia set. The

abscissa axis and ordinate axis of the coordinate sys-

tem are the real part and imaginary part of the com-

plex number respectively.)

In the above simulations, we take c = −0.2 +

0.75i in system (1). Then the fixed point of (1) is

z∗ = 0.6277 + 0.9216i and we can get k > 0.1151.

Fig.2 is the original Julia set of system (1) when

c = −0.2+0.75i and Fig.3 is the Julia set control with

different values of k. From Fig.3, we know that the

Julia set of the controlled system (3) is enlarging with

the increase of k. This illustrates the effectiveness of

this method.

Fig.2. Original Julia set of system (1) when c =

−0.2 + 0.75i.

Fig.3. Julia set control with parameter k when c = −0.2 + 0.75i. (a) k = 0.15; (b) k = 0.2; (c) k = 0.25;

(d) k = 0.3.

4. Gradient synchronization of

Julia sets

Chaos synchronization has been studied ex-

tensively. People have done abundant work

and found various methods to realize chaos

synchronization.[13−18] In general, consider two dy-

namical system
dX

dt
= F (X ; Y ),

dY

dt
= G(X ; Y ),

where t is the time, F, G could be different func-

tions and X ∈ Rm, Y ∈ Rm. Let X(t; t0, X0) and

Y (t; t0, Y0) be the solutions of the two systems re-

spectively. Synchronization between
dX

dt
= F (X ; Y )

and
dY

dt
= G(X ; Y ) was taken to occur if there are

a subset D(t0) ⊂ Rm and X0, Y0 ∈ D(t0) such

that ||X(t; t0, X0) − Y (t; t0, Y0)|| → 0 as t → ∞.

If D(t0) = Rm, we call it the global synchroniza-

tion; if D(t0) is a subset of Rm, we call it the

local synchronization. We call D(t0) the synchro-

nization domain. The global and local synchro-

nization both belong to the conventional synchro-

nization, that is X(t; t0, X0) = Y (t; t0, Y0). When
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X(t; t0, X0) = ϕ(Y (t; t0, Y0)) (where ϕ is some func-

tion), we call it the generalized chaos synchronization.

Obviously, the conventional synchronization is a spe-

cial case of the generalized synchronization.

However, synchronization of Julia sets which are

closely related to chaos has never been studied before.

In this section, we firstly give the definition of Julia

sets synchronization and then we take the gradient

method to achieve the Julia sets synchronization be-

tween two different systems. From the definition of

Julia set, we know that the Julia set is determinate

and unvaried once the parameters of the system are

given. Therefore, the Julia sets synchronization cer-

tainly will be different from the chaos synchronization.

Consider two systems in the complex domain C

xn+1 = f(xn), (6)

yn+1 = g(yn). (7)

Their Julia sets are determinate when the parame-

ters of the systems are given and denote them by J∗

and J respectively. In order to make the Julia sets of

Eqs.(6) and (7) associated, we couple systems (6) and

(7). Add a coupling item in system (7)

yn+1 = g(yn) + p(xn, yn; k), (8)

where p is the coupling item about xn, yn, k is the

coupling strength. It is obvious for every k, there ex-

ists a Julia set corresponded to it and denoted by Jk.

Julia sets synchronization of Eqs.(6) and (7) was taken

to occur if

lim
k→k0

(Jk ∪ J∗ − Jk ∩ J∗) = 0 (9)

for some k0 (k0 may be ∞).

It is easy to see that we take the limitation of

the coupling strength k to achieve Julia sets synchro-

nization. It is because Julia set J(f) is close with

the trajectory of f . In addition, we can not depict

Julia sets synchronization as chaos synchronization in

simulation since the Julia set is determined when pa-

rameters are given. But we can depict the progress

of synchronization by taking different corresponding

values of k, which can be seen in the following exam-

ple. In this section, we realize Julia sets synchroniza-

tion through the synchronization of trajectories. In

the synchronization of trajectories, k illustrates the

status of trajectories synchronization. It is just the

synchronization status of the corresponding Julia sets

Jk, where we take the same iterative original values in

systems (6) and (7).

We now will discuss Julia set synchronization with

the gradient method. From the discussion of the pre-

vious section, we take the coupled item p(xn, yn; k) =

− k

1 + k
(g(yn)−f(xn)). Then the coupling system (8)

becomes

yn+1 = g(yn) − k

1 + k
(g(yn) − f(xn)). (10)

From systems (6) and (10), we have

xn+1 − yn+1 =
1

1 + k
(f(xn) − g(yn)). (11)

By property (i) of the Julia set, we can obtain

a Julia set by calculating the iteration of points in a

bounded region D. Thus we only need to consider the

iteration of points in D. In order to get the Julia set,

we only consider the points whose trajectories are also

in D since z /∈ J if there is an n0 such that fn0(z) /∈ D

from the property (ii). Since D is a bounded region,

there is M > 0 such that |z| < M for all z ∈ D.

We will discuss the synchronization of Julia sets

created from the complex variable polynomial zn+1 =

z2
n + c when c takes different values. For example, we

take f(xn) = x2
n + c1, g(yn) = y2

n + c2 in systems (6)

and (7), where c1 6= c2. From Eq.(11), we have

xn+1 − yn+1 = 1
1+k

[(xn − yn)(xn + yn) + c1 − c2].

Therefore,

|xn+1 − yn+1| ≤
1

|1 + k| (2M |xn − yn| + |c1 − c2|) =
2M

|1 + k| |xn − yn| +
|c1 − c2|
|1 + k|

≤ 2M

|1 + k|

(

2M

|1 + k| |xn−1 − yn−1| +
|c1 − c2|
|1 + k|

)

+
|c1 − c2|
|1 + k|

=

(

2M

|1 + k|

)2

|xn−1 − yn−1| +
(

1 +
2M

|1 + k|

) |c1 − c2|
|1 + k|

≤ · · ·

≤
(

2M

|1 + k|

)n

|x1 − y1| +
(

1 + · · · +
(

2M

|1 + k|

)n−1
)

|c1 − c2|
|1 + k|
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=

[

1 + · · · +
(

2M

|1 + k|

)n
)]

|c1 − c2|
|1 + k| =

1 −
(

2M

|1 + k|

)n+1

1 − 2M

|1 + k|

|c1 − c2|
|1 + k| . (12)

When
2M

|1 + k| < 1, the right side of Eq.(12) goes to

|c1 − c2|
|1 + k| − 2M

as n → ∞. Obviously, if |1 + k| → ∞
in this case, that is k → ∞, we have

|xn+1 − yn+1| → 0.

So the synchronization of trajectories of systems (6)

and (8) is achieved. From previous discussion, we

know that the equation (9) is satisfied, that is Julia

sets synchronization of systems (6) and (8) is achieved.

We can see the coupling degree of the coupling

systems from the process k → ∞. It is the degree of

the trajectory synchronization and of course it is also

the synchronization degree of Julia sets of the coupling

systems. The synchronization status can be seen from

the following simulations.

Figure 4 is the original Julia sets of systems (6)

and (7). From the above simulation Fig.5, it is easy

Fig.4. Original Julia sets of systems (6) and (7): (a) c = −0.2 + 0.75i; (b) c = −1.

Fig.5. Status of Julia sets synchronization with parameters k. (a) k = 0.05; (b) k = 0.1; (c) k = 0.3; (d)

k = 0.8.
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to see that Julia sets synchronization has not been

achieved when k is small. However, Julia set synchro-

nization can be achieved when k is big enough, corre-

sponding to the previous discussion. From the above

simulation, it is easy to see that Julia set synchroniza-

tion has not been achieved when k is small. However,

Julia set synchronization can be achieved when k is

big enough, corresponding to the previous discussion.

5. Conclusion

The Julia set, created by the iteration of a com-

plex function, is the closure of the repelling periodic

points. It is an important notion in fractals theory

and has extensive applications in nonlinear fields. In

this paper, we first introduce the control method over

the Julia set and give the definition of Julia sets syn-

chronization. Specially, we take the gradient con-

trol method over the classic Julia sets of the complex

quadratic polynomial zn+1 = z2
n + c and achieve the

control and synchronization of Julia sets. The simula-

tions illustrate the effectiveness of this method. This

not only enriches the content of fractals theory but

also helps us to understand the applications of Ju-

lia sets in various fields better and explain the corre-

sponding complicated phenomena better.
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