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In this paper, we focus on the robust adaptive synchronization between two coupled chaotic neural networks with all

the parameters unknown and time-varying delay. In order to increase the robustness of the two coupled neural networks,

the key idea is that a sliding-mode-type controller is employed. Moreover, without the estimate values of the network

unknown parameters taken as an updating object, a new updating object is introduced in the constructing of controller.

Using the proposed controller, without any requirements for the boundedness, monotonicity and differentiability of

activation functions, and symmetry of connections, the two coupled chaotic neural networks can achieve global robust

synchronization no matter what their initial states are. Finally, the numerical simulation validates the effectiveness and

feasibility of the proposed technique.
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1. Introduction

In the past few years, there has been increasing
the interest in potential applications of the dynamics
of artificial neural networks in many areas.[! =17 Most
of the publications are devoted mainly to the analyses
of stability and periodic oscillations of neural networks
of different kinds. It is well known that delays often
occur in the interaction between the neurons, and the
introduction of delays into neural networks may make
their dynamical behaviours much more complicated
even in the presence of only one strange attractor if
the network parameters and time delays are appropri-

ately chosen.['8:19]

A chaotic system has complex dynamical be-
haviours, i.e. extremely sensitive to any tiny vari-
ation of initial conditions, trajectories bounded in
phase space, and so on.!?% Since a drive-response con-
ception was used in the pioneering work by Pecora
and Carrol,l?!] the increasing interest has been de-
voted to the study of chaos synchronization. Re-
search on the synchronization of chaotic activity has

increased considerably in the last few years. Besides

robust adaptive synchronization, slide technique, chaotic neural networks, time-varying

the original master-slave mechanism for chaos syn-
chronization, a wide variety of approaches have been
proposed to the synchronization of chaotic systems,
which include the PC method,*8! OGY (Ott, Gre-
bogi, and Yorke) method,[?2! scalar driving method,
coupling control,[?® manifold-based method,?¥ fuzzy
control,?) impulsive control method,?¢ active con-

(27301 time-delay feedback

trol, adaptive control,
approach,3) etc. In most of the previous studies the
proposed schemes are often only applicable to very
specific scenarios; in addition, the added controller
may sometimes be too big to be implemented phys-
ically. One practical method is linear feedback, but it
is difficult to find the suitable feedback constant, and
thus numerical calculation has to be used to calculate,

for example, the conditional Lyapunov exponents.

Artificial neural network models can exhibit
chaotic behaviours,['8:27:32-37 g5 the synchronization
of chaotic neural networks has also become an impor-
tant subject of study. Very recently, some investiga-
tors have paid attention to the synchronization of neu-
ral networks.['819:38=44] Synchronization of coupled
delayed neural networks and applications to chaotic
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cellular neural networks in Ref. [38] have led to a the-
oretical condition for synchronization under the as-
sumption that the coupling matrix is irreducible. In
Ref. [41], the problem of global exponential synchro-
nization between two identical chaotic neural networks
was considered via output or state coupling. Cao and
Lu ! proposed a simple adaptive feedback scheme
for the synchronization of coupled uncertain neural
networks with or without time-varying delay based on
the invariant principles of functional differential equa-
tions. However, there exists a restriction on network
unknown parameters, i.e. they must be constant in
When the network un-

known parameters are time-varying, how do we deal

most of the above studies.

with the problem about the synchronization of non-
linear chaotic systems? Solving this problem is more
meaningful, for in practical circumstances, the param-
eters of some systems cannot be exactly known in ad-
vance, while these uncertainties can destroy, or even

break, the synchronization.[20,27:45]

In this paper, we deal with the synchroniza-
tion in a similar broad class of chaotic neural net-
works with time-varying delay and unknown param-
eters. As we can see, the synchronization dynamics
of recurrently delayed neural networks with only the
slave system parameters unknown has been studied in
Refs.[40,43]. However, some novel approaches to ro-
bust adaptive synchronization and parameters identi-
fication for chaotic neural networks are proposed in
this paper, when both the master system parameters
and the slave system parameters are unknown. In or-
der to increase the robustness of the two coupled neu-
ral networks, an adaptive sliding-mode-type controller
and an updating law are adopted. Moreover, without
the estimate values of the network unknown param-
eters taken as an updating object, a new updating
object is introduced in the constructing of controllers.
Some numerical simulations are also given to validate
the effectiveness and feasibility of the proposed tech-

nique.

The rest of this paper is organized as follows. In
Section 2, the preparatory knowledge and model de-
scription are given. In Section 3, some criteria for the
robust adaptive synchronization of two chaotic neural
networks are presented based on the Lyapunov stabil-
ity theory and the slide technique. In Section 4, a nu-
merical example is given to validate the effectiveness
of our results. Finally, conclusions are drawn from the
present study in Section 5.
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2. Preparatory knowledge and

problem formulation
Let R denote the set of real numbers. Con-

sider two chaotic neural networks with different time-
varying unknown parameters and initial conditions,
in which the master (drive) system (1) and the slave
(response) system (3) are described respectively as fol-

lows:
i(t) = — ci(t)ai(t) + Z: ag; () f;(x;(t))
+ zj; bij(8) fi(wi(t = 7(0) + Ji (1)
(i=1,2,---,n) ;zvith initial conditions

x;(t) = ¢i(t) e C([-7",0, R),i=1,2,---,n, (2)

and
Zit) = — (DT (1) + Zn; ag; (8) f3(5(1))
o
- z: () f5(Ti(t —T(1) + i Fui (3)
(i=1,2,---,n) with initial conditions

z;(t) = ¢i(t) e C([-7",0],R),i=1,2,--- ,n, (4)

where C([—7%,0], R) denotes the set of all continuous
functions from [—7*,0] to R with 7* = mtaX{T(t)};
x;(t) and z;(t) (i = 1,2,---,n) represent the state
variables; decay functions ¢;(¢) > 0 and ¢[*(t) > 0;
aij(t) and af}(t) are the feedback weight functions;
bi;(t) and b7} (t) are the delayed feedback weight func-
tions; J; (i = 1,2,---,n) are external inputs; f;(-)
(i = 1,2,---,n) are activation functions. The sys-
tems reduce to the neural networks without delay if
7(t) = 0 or all the b;;(t) = 0 and b]}(t) = 0. Obviously,
the well-known Hopfield neural network and cellular
neural network belong to this category.

Here, it should be noted that ¢;(t),a;;(t), bi;(t)
and ¢ (t), af?(t), b7} (t) are time-varying unknown pa-
rameters which vary in bound intervals and their
bounds of the intervals are unknown. wu(t) =
g, upT
different forms. Therefore, the goal of control is to

is the driving signal which can be in

design and implement an appropriate controller w(t)
for the slave system such that controlled slave system
(3) could be synchronous with master system (1).
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Let

(1)
ag; (1)
by (1)

ci(t) + dei(t),
a;;(t) + 0a;;(t),
bij(t) + 0bi;(t). (5)

It is obvious that d¢;(¢), da;; (t) and b;;(¢) are also
time-varying unknown parameters.

Then, error dynamical system between Egs.(1)
and (3) can be expressed as

el(t) = —C; (t)ei (t) — 561' (t)’fl (t)
+ ) aij(t)g;(e;(t))
j=1

+ ) baii (1) £5(F;(1))

j=1

+ ) bij()gs(e;(t — 7(1))

-,m) where

€ (f) zi(t) — xi(t),
= f;(@; (1)) — f(2;(t)),
(e]( (1)) = fi(@;(t = 7(1))) — fil@;(t = 7(2)))-
Throughout the paper, we have made the following
assumptions:

Assumption 1
(Al)o<7(t)<7*and 7 <o < 1.

(A2) There exist constants k; > 0 (j =
1,2,---,n) for any two different variables z,y € R
such that

OSMS@JZLQ,...,H_ (7)
r—y

(A2*) There exist constants k; > 0 (j =
1,2,---,n) for any two different variables z,y € R
such that

\fi@) = fi] < kjlz =yl (G=1,2,---,n).  (8)

Obviously, condition (A2*) is less conservative
than condition (A2),
functions in conventional neural networks, such as

and some general activation

the standard sigmoidal functions and piecewise-linear
function, satisfy condition (A2) or (A2*).

According to the properties of condition (A2),
gi(+) possess the following properties:

lgi(ei(t)] < kilei(t)], 0 < ei(t)gi(eit)) < kieF(t), (9)

(i=1,2,---,n).

Now, our goal of control is to find a controller
u(t) such that the states of response system (3) and
the states of drive system (1) are globally robustly
asymptotically synchronized, that is,

Tim [le(t)] = 0 (10)
holds, where e(t) = [e1(t), ea(t), -+, en(t)]T.

Since the time-derivatives of time-varying un-
known parameters in Eqgs.(1) and (3) are not always
equal to zero, their estimate values cannot directly be
taken as an updating object when constructing a con-
troller for the goal as described by expression (10). In
order to achieve this goal, we must find a new updating
object. Therefore, we make the following assumption
about Egs.(1) and (3):

Assumption 2 Let

ci(t), c*(t) € [¢;, @l

aij(t),a (t) € la;;,aij),

iy (1), 071 (1) € [by;, B3], (11)
where ¢;, ¢;, A5, @ij, Qij and Bij are unknown con-
stants.

From Assumption 2, we have

|le ®)l, |b2?(t)| < i (12)
and
|0c; ()] < e — ¢,
|5aZJ (t)| S 61] az]’
|6blj(t)| < ij [—)ij7 (13)
where
a; = max{|c,], [Gl},
Bij = max{|a;;|, [@i;]},
vij = max{|b;|, [bi;|}- (14)

Notice that «;, Bij, vij, € and I_)ij are unknown

7% _zJ
constants due to Assumption 2. So their estimate val-
ues can be chosen as a new updating object when con-
structing the controller for the goal described by ex-

pression (10).
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3. Synchronization between

chaotic neural networks

Based on a Lyapunov functional and slide tech-
nique, we can provide design rules for controller u(t),
with which global robust synchronization is ensured.

Theorem 1 Under assumption 2, drive system
(1) will synchronize with response system (3) if we
choose the following adaptive sliding-mode-type con-
troller and updating law:

ui(t) = — sign(ei(t)) { — Gl (8)] + Z Bisl15(@; (1))

+ DAl (@ = 7(2)]

j=1

+ &l (t)] - Z@ij 115 (@;(2)]

= > a5 = (@)1,

X Di ~
Qi = — ;|€z‘(f)||wi(t)|a

K2

e OIACHON

ij

iy =)L @ (= (0))],

ij
X Di ~
¢ =j|€i(f)||wi(f)|a

K2

g =— Ll leat) 15 @ (1),

ij

by = = Lled (015 (¢~ ), (15)

)

and l;

estimate values of unknown constants i, Bigs Vij Ci» i

where &, Bij, Vi €,y are, respectively, the

and b;; which appear in expressions (14) and (11);
DisisTijy sij (6,5 = 1,2,
ues and one of the following conditions is satisfied:

(B1) Assume that conditions (A1) and (A2) hold,
and that there exist two positive numbers 71 € [0, 1]
and 7o € [0, 1]. Let

,m) are positive real val-

1 «— .
P = —pici(t) + 9 Z pi(|aij(t)|2 !
J=1.j#
+ k-zpj|aj'(t)|2(17”))
4+ sz (37 + —kaJ Arara))
(Z: 1725"' 5”)

such that

pzkz(a“(t))+ + @1 < 0 (Z = 1,2, e ,n),

where (a;; (t))Jr = max {a;;(t),0}.
(B2) Assume that condition (A1) holds and
piki|aii(t)| + &, <0 (Z =1,2,--- ,TL).

Proof. (B1) Choose the Lyapunov functional

1=1
n t
Di ~2(1—r
F S [ e
j=1 —7(t)
+ |: - 2 + ZTZJ 61] ﬁzg
j=1

+ Z sij (Vig — ”%'j)z)}
+[ 2+zn:r ilag; —a;)°
+ Z si; (b ] } (16)

where &3, 355,95 ¢;,a,;; and b are estimate values of

=i Zgj
unknown constants az,ﬁw,%] ¢, a;; and b;; respec-

tively.

Differentiating V' with respect to time and using
the solution of expression (6), we obtain

szcz

+ Z piaii(t)ei(t)gi(ei(t))
i=1

Zp1|501 Mei(®)]|z:(t)]

S

n

+3°37 pilai(t)llei(t)]]g; (e; (1)
i=1 j=1,j#i

+ 30> pildag (lle: ()] £(; ()]
i=1 j=1

+ 3wl @lle®)]) 19 (et = 7))
i=1 j=1

3
3

(1)

+ZZ 11835 () lea (1) 1£5(F5 (t —
i Jj=1

+sz€z uz +ZQ1 Q; z .i)

+ erij(ﬁij — Biy)(~B)

i=1 j=1
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— Yi5) (= %i)

Y i (v

T 23 pl )

%ZZ l%;l " g et —7(t). (A7)

In the above estimations, using the inequality
2ab < a? + b? and inequalities of expression (12), one

can have
S pilas®lle®llg;(e; (1))
i=1 j=1,j#1
= > wi(lag®remn)
i=1 j=1,j#i

and

s
Il
-
<.
Il
-

Combining inequalities (17)—(19), we obtain

—zn:PiCi(t) (t)
- sz a; — ¢ |61
—i—sz l(a“ ) e2(t)

)i (@)

e DIl @t =70
®| { — GO+ 3 Bl @ (0)

+ 3 Aulti @5t = T + &7 (1))

j=1

=D H@O - 38l r(tm@
+ sz (07
=3 S B = )l 011 @ 0))

i=1 j=1

=30 witis = i) (lea®) 155 (= 7))

i=1 j=1

- Yonte- &) (Jes(0)l1z:0)])
+ZZ}%

=1 j=1

&) (les ()17 (1))

IGIASAON)

#3203 il — i) (s 011G )]
=1 j=1
50 —0) Sl e 0) 20)
=1 j=1

Arranging the above inequalities, it follows that
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1 v a;; = —pilei()I1 f;(@; (1))
~2(1— G, j j
T DI DU ACIO) g e

< . [_pici(t)+piki(aii(t)>+

=1
n

1 —r
5 00wl ke (00 )
J=1,j#i
li 27‘2 + 1 k2 ‘A2(17T2) 2(t)
A 1o P €
<0. (21)

It is obvious that V = 0 if and only if e; = 0
(i=1,2,--,
punov functional (16) and inequality (21) implies the
boundedness of all the e;(t).
known Lyapunov—LaSalle-type theorem for functional

n). Note that the construction of Lya-
According to the well-

differential equations,*6 the trajectories of the error
dynamical system (6), starting with an arbitrary ini-
tial value, converges asymptotically to the largest in-
variant set contained in V = 0 as ¢ — oo. So, if
the condition (B1) of theorem 1 is satisfied, by using
the adaptive sliding-mode-type controller and param-
eter estimation updating law (15), we conclude that
e;(t) — 0 when t — oo, i.e. Z;(t) — x;(t).

(B2) The proof of condition (B2) is exactly the
same as that for (Bl) by employing the same Lya-
punov functional as that in condition (A2)*.

In summary, this completes the proof of Theorem

Corollary 1 Under assumption 2, drive system
(1) will synchronize with response system (3) if we
choose the following adaptive sliding-mode-type con-
troller and updating law:

ui(t) = — sign(e;(t)) { — Q@]+ Bl f5(@; ()]

j=1

+ Z%ﬂfj(@ (t—7(1))l
Z;@

n
ZQZJUCJ x]

+&17i(t)

— )l

az = —pile;(V)]|@i(t)],

Bij = pilea(t)]] £5(F; (1)),

Fij = piles)I1 55 (t — 7(t))],
¢ = piles()|[F: (1)),

byy = —piles(®)|1f3 (@5 (t = m(1)].

where p; (i =1,2,--- ,n) are positive real values, and

one of the followmg Condltlons is satisfied:

(B1) Assume that conditions (A1) and (A2) hold,
and that there exist two positive numbers 71 € [0, 1]
and 7o € [0, 1]. Let

®; £ — pic;(t

n
Z p(|au (t)*

=1,5#1i
+ kipj|@ji(t)|2(141))

+ = sz( 22 + 1

(121527"'777’)

l\3|’—‘

kng £2(1— m))

_]Z

such that
+
piki (aii(t)) +®, <0 (i=1,2,---,n)

+
where (a“—(t)) = max {aii(t), O}.
(B2) Assume that condition (A1) holds and

pikilaz ()| + ¢ <0 (i=1,2,--- ,n).

Proof Let ¢ =71 =s;;=1(0,j=1,2,---,n),
we can obtain corollary 1 directly from theorem 1.
Here we omit it.

Corollary 2 Under assumption 2, drive system
(1) will synchronize with response system (3) if we
choose the following adaptive sliding-mode-type con-
troller and updating law:

wi(t) = = sign(ei(t) | - &l (1)
+ 3 Bl £5@ ()]

+ Z‘Yiﬂfj(fj(t —7(t))]
+&l7i(t)] - _Ulfa (@;(t))]

=yl f(F(t - 7(t)))|Big],
J=1 (22)

i = —lei(t)||7: (1)),

Bij = lei || f5@; (1)),

g = lea )[4 (& (t — (1),

e CIGIEAGIE

ay; = —lei®)]1£(&; 1),

by; = —lei(®)||£;(@;(t — (1), (23)
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and one of the following conditions is satisfied:

(B1) Assume that conditions (A1) and (A2) hold,
and that there exist two positive numbers 71 € [0, 1]
and 7o € [0, 1]. Let

1 n
okl 3 (o
=1,j#1

+ ki2|a’7l( )|2(1 Tl))
1« 2ry 222(1-72)
z k24 )

+ 2 ; ( + —0o ' i
(i=1,2,---,n)

such that

ki(aii(t))Jr FP<0 (i=1,2--,n),

+
where (aii(t)) = max {aii(t), O}.
(B2) Assume that condition (A1) holds and

Eilag(t)]| + @ <0 (i=1,2,---,n).

Proof Let p, = ¢ = rij = 855 = 1 (4, =
1,2,---,n), we can obtain corollary 2 directly from
theorem 1. Here we omit it.

Remark 1
r1 € [0,1] and ro € [0,1] appropriately, we can ob-

If we choose variable parameters

tain a series of corollaries.

Remark 2 In Ref.[40], the authors have stud-
ied a particular type of chaotic system with constant
delays. However, in this paper, we have considered
a general model with time-varying delays. Moreover,
this paper studies the robust adaptive synchronization
for chaotic neural networks, when both the master sys-
tem parameters and the slave system parameters are
unknown.

Remark 3 Many approaches have been pro-
posed to the synchronization of chaotic neural net-
works, such as the coupling matrix,3%41:42] adaptive

e,[19:40:43] jimpulsive control method.*4]

control schem
In order to increase the robustness of the two chaotic
neural networks, we introduce the slide technique and
adopt an adaptive sliding-mode-type controller and
updating law. Moreover, without the estimate val-
ues of the network unknown parameters taken as an
updating object, a new updating object is introduced
in the constructing of controller.

Remark 4 For the robust synchronization of un-

certain delayed neural networks, there are only a few

results available and it is still a challenging problem
(see, Refs.[40,43]). Zhou et all* obtained some sim-
ple yet generic criteria for determining the robust syn-
chronization of uncertain chaotic delayed neural net-
works by combining the adaptive control and linear
feedback with the updated law. The presented con-
troller and updated law are based on the unknown
parameters. While the derived controller and updated
law here possess vigorous robustness, and they are
based on the bounds of intervals of the unknown pa-
rameters and allow robust synchronization to extend
to all the variables of a coupled neural network.

4. Simulation

In this section, we show the effectiveness of the
robust adaptive synchronization method proposed in
Section 3.

Example Consider the following two-order Hop-
field neural network with time-varying delay:

z(t) = =Cx(t)+ Af(x(t))+Bf(z(t—7(t)))+J, (24)

with
10 2.1 —0.12
O pu— B A pu—
-5.1 3.2
-1.6 —0.1 0
B = , J = ,
—-0.2 —24 0
and

7(t) = e'/(1 + €t), where x(t) = [z1(t), z2(t)]T

and f(z(t)) = [tanh(x1(t)), tanh(z2(¢))]T.
We can see k1 = ko = 1. Moreover,
* - et
T =1,7(t) = 7(1 )2 € [0,0.5],

i.e. ¢ = 0.5. Obviously, assumption 1 holds.

It should be noted that this neural network is
actually a chaotic delayed Hopfield neural network.
When the initial values are ¢1(s) = —1, ¢2(s) = 1.5,
and Vs € [—1,0], Fig.1 shows the attractor of neural
network model of system (24). By using the Jacobi
method to calculate Lyapunov exponents of system

(24), we have

A1 =0.3037, and Ay = —0.3608.
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0b11(t) = —1.6(sint—cost), dbi2(t) = —0.1(sint—cost),
0ba1 (t) = —0.2(sint—cost), dbaa(t) = —2.4(sint—cost).
In order to achieve the goal of expression (10), let
8 pi=¢q =rij=s;=1(0,7=1,2,---,n), and we can

1.0

Fig.1. Attractor of neural network model of system (24).

In order to verify the effectiveness of the proposed
method, we consider the following two coupled neural
networks with different time-varying unknown param-

eters:

2
Bi(t) = = co(O)mi(t) + Y ai;(£) f(w; (1))
j=1

2
+ ) bii () fi (st — T(1))),
j=1
Gilt) = — (Wi (t) + Y aly(6) f;(y; (1))
j=1

+ VM=) +ui (25)

(i = 1,2) with time-varying unknown parameters

taken as follows:
cit) = coft) = " (t) = 5’ (1) = 1,
a11(t) = 2.1(1 4 cost), a12(t) = —0.12(1 + cost),
az1(t) = —=5.1(1 + cost),az(t) = 3.2(1 + cost),
b11(t) = —1.6(1 4 cost), bia(t) = —0.1(1 + cost),
ba1(t) = —0.2(1 4 cost), baa(t) = —2.4(1 + cost),
afi(t) = 2.1(1 +sint), af5(t) = —0.12(1 + sin ),
aby(t) = —=5.1(1 +sint), a5y (t) = 3.2(1 + sint),
bli(t) = —1.6(1 +sint), b5 () = —0.1(1 + sint),
21(t) = =

So from expression (5), we have
501 (t) = 502(t) = O,

—0.2(1 4 sint), bpy(t) = —2.4(1 + sint).

day1(t) = 2.1(sint—cost), dai2(t) = —0.12(sint—cost),

dagi(t) = —5.1(sint—cost), daga(t) = 3.2(sint—cost),

construct a robust adaptive controller with a sliding
mode according to Egs. (22) and (23). In our simula-
tion, the initial states of two neural networks and the
initial values of unknown parameters are taken as

¢1 (8) = 0.2, ¢2(S) = 0.5,
1/)1(5) = —0.3, ¢2(S) =20, s€e [—1,0],
@i(0) = B;;(0) = 4i;(0) = 0.8,

¢;(0) = 4;;(0) = b;;(0) = 0.8.

Figures 2(a) and 2(b) show the synchronization errors
of the two coupled neural networks, which imply that
the synchronization is achieved successfully, where

xl(t) = ¢Z(t) € C([_T*aO]aR)v (Z = 15 2)7
1.0
(a)
0.5
0
-0.5
0 5 10
t/s
2.5
(b)
1.5
0.5
-0.5
0 5 10
t/s

Fig.2. The synchronized errors (a) between x1(t) and
y1(t) and (b) between x2(t) and y2(t) for the illustrative

example.
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5. Conclusion

In this paper, we obtain some criteria for the ro-
bust adaptive synchronization between two coupled
chaotic neural networks with all the parameters un-
known and time-varying delay based on the Lyapunov
stability theory and slide technique. A sliding-mode-
type controller is employed to increase the robustness

of the two coupled neural networks. Moreover, with-
out the estimate values of the network unknown pa-
rameters taken as an updating object, a new updating
object is introduced in the constructing of controllers.
It has been demonstrated that our criteria extend and
improve those results reported in the literature. We
also give a numerical example and computational sim-

ulations to validate our results.
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