
Vol 17 No 2, February 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(02)/0507-13 Chinese Physics B and IOP Publishing Ltd

Controlling chaos based on an adaptive

nonlinear compensator mechanism∗

Tian Ling-Ling(X  )a)†, Li Dong-Hai(oÀ°)b), and Sun Xian-Fang(�k�)a)

a)School of Automation Science and Electrical Engineering, Beijing University

of Aeronautics & Astronautics, Beijing 100083, China

b)Department of Thermal Engineering, Tsinghua University, Beijing 100084, China

(Received 26 April 2007; revised manuscript received 4 September 2007)

The control problems of chaotic systems are investigated in the presence of parametric uncertainty and persistent

external disturbances based on nonlinear control theory. By using a designed nonlinear compensator mechanism, the

system deterministic nonlinearity, parametric uncertainty and disturbance effect can be compensated effectively. The

renowned chaotic Lorenz system subjected to parametric variations and external disturbances is studied as an illustrative

example. From the Lyapunov stability theory, sufficient conditions for choosing control parameters to guarantee chaos

control are derived. Several experiments are carried out, including parameter change experiments, set-point change

experiments and disturbance experiments. Simulation results indicate that the chaotic motion can be regulated not

only to steady states but also to any desired periodic orbits with great immunity to parametric variations and external

disturbances.
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1. Introduction

Chaotic motion, as a peculiar behaviour in deter-

ministic systems, may be undesirable in many cases,

so suppressing such a phenomenon has been inten-

sively studied in recent years. Generally speaking,

chaos suppression and chaos synchronization[1−4] are

two active research subjects in the field of chaos con-

trol and are both crucial in application of chaos. In

the following we only deal with the problem of chaos

suppression and will not discuss the chaos synchro-

nization problem.

Since the early 1990s, the small time-dependent

parameter perturbation has been introduced by Ott et

al
[5] to eliminate chaos. Varieties of effective control

methods have been reported in the literature.[1−4,6−45]

There are two lines in these methods. One is to in-

troduce parameter perturbations into an accessible

system parameter,[5,6,8−13] and the other is to intro-

duce an additive external force into an original uncon-

trolled chaotic system.[14−36,38−42,45] Along the first

line, when system parameters are not accessible or

cannot be changed easily, or the environmental per-

turbations are not avoided, these methods are inap-

plicable. Recently, using an additive external force

to suppress chaos is in the ascendant. As to the sec-

ond line of the approaches, it places emphasis on chaos

elimination as illustrated in a few examples as follows:

1.1. Linear state feedback control

In Ref.[14] a conventional feedback controller was

designed to drive the chaotic Duffing equation to one

of its inherent multiperiodic orbits. Recently a lin-

ear feedback control law based on the Lyapunov–

Krasovskii (LK) method was developed for the sup-

pression of chaotic oscillations.[15] A linear state feed-

back controller was designed to solve the chaos control

problem of a class of new chaotic system in Ref.[16].

1.2. Structure variation control [12−16]

Since Yu[17] proposed the structure variation

method to control chaos of the Lorenz system, some

improved sliding-mode control strategies have been

adopted in chaos control. In Ref.[18] the author used a

newly developed sliding mode controller with a time-

varying manifold dynamic to compensate the external

∗Project supported by the National Natural Science Foundation of China (Grant No 50376029).
†Corresponding author. E-mail: zibotll@asee.buaa.edu.cn

http://www.iop.org/journals/cpb http://cpb.iphy.ac.cn



508 Tian Ling-Ling et al Vol. 17

excitation in chaotic systems. In Ref.[19] the design

schemes of integration fuzzy sliding-mode control were

addressed, in which the reaching law was proposed by

a set of linguistic rules. A radial basis function slid-

ing mode controller was employed for chaos control in

Ref.[20].

1.3.Nonlinear geometric control

Nonlinear geometric control theory was applied

to chaos control in Ref.[22], in which a Lorenz sys-

tem model slightly different from the original Lorenz

system model was studied by considering only the

Prandtl number variation and process noise. In

Ref.[23] the state space exact linearization method was

used to stabilize the equilibrium of the Lorenz system

with a controllable Rayleigh number.

1.4. Intelligence control [24−27]

An intelligent control method based on radical ba-

sis function (RBF) neural network was proposed for

chaos control in Ref.[24]. Liu et al in Ref.[25] proposed

to use least square support vector machines to drive

the chaotic system to desirable points. A switching

static output-feedback fuzzy-model-based controller

was studied in Ref.[27], which was capable of handling

chaos.

Other methods are also extensively studied, such

as the entrainment and migration control, impulsive

control method, optimal control method, stochastic

control method, robust control method, adaptive con-

trol method, backstepping design method and so on.

A detailed survey of recent publications on the control

of chaos can be found in Refs.[28-34] and the references

therein.

Among most of the existing control strategies, it

is considered essential to know the model parameters

for the derivation of a controller, and the control aims

often to stabilize the embedded unstable period orbits

of chaotic systems or to control the system to its equi-

librium point. In the case of controlling the system to

its equilibrium point, a general approach is to linearize

the system at a given equilibrium point, then design a

controller with local stability, which restricts the us-

age of the control scheme. According to the machine

learning methods, such as neural network method[24]

or support vector machine method,[25] the control per-

formance often depends largely on the training sam-

ples, and sometimes better generalization capability

cannot be guaranteed.

For chaos, as a particular phenomenon of deter-

ministic nonlinear system, nonlinearity is essential. So

if a nonlinear real-time compensator can eliminate the

effect of the system nonlinearities, the chaotic mo-

tion is expected to be suppressed. Consequently the

chaotic system can be controlled to a desired state.

Under the guidance of nonlinear control theory, the

objective of this paper is to design a control system to

drive the chaotic systems not only to steady states but

also to periodic trajectories. In the next section the

controller architecture is introduced. In Section 3, a

Lorenz system with considering parametric uncertain-

ties and external disturbances is studied as an illustra-

tive example. Two control schemes are designed for

the chaotic system under study. By constructing ap-

propriate Lyapunov functions, after rigorous analysis

from Lyapunov stability theory sufficient conditions

for choosing control parameters are deduced for each

scheme. Then in Section 4 we present the numeri-

cal simulation results to illustrate the effectiveness of

the design techniques. Finally some conclusions are

provided in Section 5.

2. Controller architecture

The differential equation of the system under

study is only an approximate description of the actual

plant due to various uncertainties and disturbances.

Without loss of generality we consider a nonlinear

continuous dynamical system, in which there appear

strange attractors under certain parameter conditions.

With the relative degree r ≤ n (n is the dimension

of the system), it can be directly described by being

transformed into the following normal form:

ż1 = z2,

...

żr−1 = zr,

żr = a(z, v, θ + ∆θ) + w

+(b(z, v, θ + ∆θ) − 1)u + u

= d(z, v, θ + ∆θ, u) + u,

v̇ = c(z, v, θ + ∆θ),

y = z1, (1)

where θ is the parameter vector, ∆θ denotes the pa-

rameter uncertainty, and w represents the external
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disturbance, such that |w| ≤ M with M being pos-

itive.

In Eq.(1) z = (z1, · · · , zr)
T can be called exter-

nal state variable vector, and v = (vr+1, · · · , vn)T is

called internal state variable vector. As we can see

from Eq.(1),

d(z, v, θ + ∆θ, w, u)

= a(z, v, θ + ∆θ) + w + (b(z, v, θ + ∆θ) − 1)u (2)

includes system nonlinearities, uncertainties, external

disturbances and so on.

According to chaotic system (1), the following as-

sumptions are made in order to obtain the results

concerning the controller design (for more details see

Ref.[37]):

Assumption 1 Relative degree r of the chaotic

system is finite and known.

Assumption 2 Output variable y and its time

derivatives yi up to order r − 1 are measurable.

Assumption 3 The zero dynamics of the sys-

tem is asymptotically stable, i.e. v̇ = c(0, v, θ +∆θ) is

asymptotically stable.

Assumption 4 The sign of function b(z, v, θ +

∆θ)is known, and it is always positive or negative.

Since maybe not all the state vectors are measur-

able, a(z, v, θ+∆θ) and b(z, v, θ+∆θ) are not known.

Thus a controller with integral action is introduced

to compensate the influence of d(z, v, θ + ∆θ, w, u),

namely

u
∆
= −h0z1 − h1z2 − · · · − hr−1zr − d̂, (3)

where

d̂ = ξ +

r−1
∑

i=0

kizi+1,

ξ̇ = −kr−1ξ − kr−1

r−1
∑

i=0

kizi+1

−
r−2
∑

i=0

kizi+2 − kr−1u, (4)

with d̂ being the estimation of d(z, v, θ + ∆θ, w, u).

The controller parameters include hi and ki (i =

0, · · · , r−1). Here H = [h0, h1, · · · , hr−1]
T is the Hur-

witz vector, such that all eigenvalues of the polynomial

P (s) = sr + hr−1s
r−1 + · · · + h2s

2 + h1s + h0 (5)

have negative real parts. The suitable positive con-

stants hi (i = 0, · · · , r − 1) can be chosen according

to the expected dynamic characteristic. In most cases

they are determined according to different design re-

quirements.

Define kr−1 = sign(b(z, v, θ))µ, where µ denotes

the suitable positive constant, and the other param-

eters ki (i = 0, · · · , r − 2) can be chosen arbitrarily.

After H = [h0, h1, · · · , hr−1]
T has been determined,

we can adjust ki (i = 0, · · · , r − 1) to achieve satisfac-

tory static performances.

Remark In this section, we consider an n-

dimensional nonlinear continuous dynamical system

with strange attractors. By using an appropriate co-

ordinate transformation, it can be represented in a

normal form. Then a control system with a nonlin-

ear compensator can be designed easily. In particu-

lar, the control parameters can be divided into two

parts, which correspond to the dynamic characteristic

and the static performance respectively (The theoretic

analysis and more details about the controller can be

found in Ref.[37]).

3. Illustrative example—the Lor-

enz system

The Lorenz system captures many of the fea-

tures of chaotic dynamics, and many control methods

have been tested on it.[17,20,22,23,27,30,32−35,41] How-

ever most of the existing methods are model-based

and do not take the influence of persistent external

disturbances into consideration.

The uncontrolled original Lorenz system can be

described by

ẋ1 = −(P + ∆P )x1 + (P + ∆P )x2 + w1,

ẋ2 = (R + ∆R)x1 − x1x3 − x2 + w2,

ẋ3 = x1x2 − (b + ∆b)x3 + w3, (6)

where P and R are related to the Prandtl number and

Rayleigh number respectively; b is the geometric fac-

tor; ∆P , ∆R and ∆b are the variations of parameters

P , R and b respectively; state variables, x1 represents

the convective fluid motion, x2 denotes the horizon-

tal temperature variation and x3 refers to the vertical

temperature variation; wi (i = 1, 2, 3) represent ex-

ternal disturbances. In the Lorenz system the desired

variable of time response of state is x1. It is desired

that x1 is regulated to x1r, where x1r is a given con-

stant. In this section we consider two control schemes

for system (6).
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3.1.Control schemes for Lorenz chaotic

system

3.1.1. Control scheme 1

Let the control act on the right-side of the first

equation (ẋ1), thus the controlled Lorenz system with-

out any disturbance can be depicted as

ẋ1 = −Px1 + Px2 + u,

ẋ2 = Rx1 − x1x3 − x2,

ẋ3 = x1x2 − bx3,

y = x1. (7)

By simple computation we know that system (7)

has relative degree 1 (i.e. the lowest order of time-

derivative of output y, which is directly related to the

control u, is 1), and it can be rewritten as

ż1 = −Pz1 + Pv2 + u,

v̇2 = Rz1 − z1v3 − v2,

v̇3 = z1v2 − bv3,

y = z1. (8)

According to Section 2, the following control

strategy is introduced:

u = −h0z1 − d̂, (9)

d̂ = ξ + k0z1,

ξ̇ = −k0ξ − k2
0z1 - k0u. (10)

Theorem 1 Under Assumptions 1–4 there ex-

ists a constant value µ∗ > 0, such that if µ > µ∗, then

closed-loop system (7), (9) and (10) is asymptotically

stable.

Proof Define d = −Pz1 + Pv2, then Eq.(8) can

be easily rewritten as

ż1 = d + u,

v̇2 = Rz1 − z1v3 − v2,

v̇3 = z1v2 − bv3. (11)

Substituting Eq.(9) into Eq.(11) yields

ż1 = −h0z1 + d − d̂,

v̇2 = Rz1 − z1v3 − v2,

v̇3 = z1v2 − bv3. (12)

Computing the time derivatives of d and d̂ and

considering Eq.(12) yield

ḋ = −P ż1 + P v̇2

= −P (−h0z1 + d − d̂)

+P (Rz1 − z1v3 − v2), (13)

˙̂
d = ξ̇ + k0ż1

= −k0ξ − k2
0z1 - k0u + k0(d + u)

= k0(d − ξ − k0z1)

= k0(d − d̂)

= k0d̃. (14)

Defining d̃ = d − d̂, we have

˙̃d = ḋ − ˙̂
d

= (Ph0 + PR)z1 − Pz1v3

−Pv2 − (P + k0)d̃. (15)

Then, we can obtain the following closed-loop system:

ż1 = −h0z1 + d̃,

v̇2 = Rz1 − z1v3 − v2,

v̇3 = z1v2 − bv3,
˙̃
d = (Ph0 + PR)z1 − Pz1v3 − Pv2

−(P + k0)d̃. (16)

To stabilize closed-loop system (16), a Lyapunov func-

tion is defined as

V (ς) =
1

2
‖ς‖2

, (17)

where ς denotes state vector
(

z1, v2, v3, d̃
)T

, and ‖·‖
is the Euclidean norm, i.e.

V (ς) =
1

2
(z2

1 + v2
2 + v2

3 + d̃2). (18)

We define the following compact domain, which

is composed of all the points internal to the super ball

with radius
√

2M .

U
∆
=

{(

z1, v2, v3, d̃
)

∣

∣z2
1 + v2

2 + v2
3 + d̃2 ≤ 2M

}

.

(19)

By taking the time derivative of V (ς) and replacing

the system expressions, we have

V̇ (ς) = z1ż1 + v2v̇2 + v3v̇3 + d̃
˙̃
d

= −h0z
2
1 − v2

2 − bv2
3 − (k0 + P )d̃2 + Rz1v2

+(1 + PR + Ph0)z1d̃ − Pv2d̃

−Pz1v3d̃. (20)

For any
(

z1, v2, v3, d̃
)

∈ U , we have

V̇ (ς) ≤ −h0 |z1|2 − |v2|2 − b |v3|2 − (k0 + P )
∣

∣

∣
d̃
∣

∣

∣

2

+R |z1| |v2| + (1 + PR + Ph0) |z1|
∣

∣

∣
d̃
∣

∣

∣

+P |v2|
∣

∣

∣
d̃
∣

∣

∣
+ P

√
2M |v3|

∣

∣

∣
d̃
∣

∣

∣
, (21)

namely
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V̇ (ς) ≤ −
[

|z1| |v2| |v3|
∣

∣

∣
d̃
∣

∣

∣

]

×

























h0 −R

2
0 − (1 + PR + Ph0)

2

−R

2
1 0 −P

2

0 0 b −P
√

2M

2

− (1 + PR + Ph0)

2
−P

2
−P

√
2M

2
(k0 + P )

























×
[

|z1| |v2| |v3|
∣

∣

∣
d̃
∣

∣

∣

]T

. (22)

So if the above symmetrical parameter matrix of

Eq.(22) is positive definite, then V̇ is negative and def-

inite, which implies that system (16) is asymptotically

stable based on the Lyapunov stability theory.

By defining the principal minor determinant of

symmetrical matrix in Eq.(22) as Di (i = 1, 2, 3, 4),

from the well-known Sylvester theorem it is straight-

forward to obtain the following inequations:

D1 = h0 > 0, (23)

D2 = h0 −
R2

4
> 0, (24)

D3 = bh0 −
R2b

4
> 0, (25)

D4 = (k0 + P )D3 −
1

8
b(1 + PR + Ph0)(PR + 2)

−P 2M

2
D2 −

1

8
Pb[2Ph0 + R(1 + PR + Ph0)]

> 0. (26)

After h0 has been determined by solving inequal-

ities (23)–(25), undoubtedly, inequality (26) can serve

effectively as the constraints for choosing k0, i.e.

k0 >

1

8
b(1 + PR + Ph0)(PR + 2) +

P 2M

2
D2 +

1

8
Pb[2Ph0 + R(1 + PR + Ph0)]

D3
− P. (27)

Here

µ∗ =

1

8
b(1 + PR + Ph0)(PR + 2) +

P 2M

2
D2 +

1

8
Pb[2Ph0 + R(1 + PR + Ph0)]

D3
− P.

Thus the proof of theorem 1 is completed.

3.1.2. Control scheme 2

Adding the control signal to the second equation

(ẋ2), the system under control can be derived as

ẋ1 = −Px1 + Px2,

ẋ2 = Rx1 − x1x3 − x2 + u,

ẋ3 = x1x2 − bx3. (28)

From Eq.(28), for a target constant x1(t) = x1r,

ẋ1(t) = 0. By solving the above differential equa-

tion, we obtain x2r = x1r . Moreover, when t → ∞,

x3r converges to x2
1r/b. Since x1 and x2 have the same

equilibrium points, then the measured state can also

be chosen as x2.

To determine u, using the following coordinate

transform:

z1 = x2,

v2 = x1,

v3 = x3,

to convert Eq.(28) into the following normal

ż1 = Rv2 − v2v3 − z1 + u,

v̇2 = Pz1 − Pv2,

v̇3 = z1v2 − bv3,

y = z1, (29)

thus the controller can be derived, which has the same
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expression as that in scheme 1.

Theorem 2 Under Assumptions 1, 2, 3 and 4,

there exists a constant value µ∗ > 0, such that if

µ > µ∗, then closed-loop system (9), (10) and (28)

is asymptotically stable.

Proof In order to acquire compact analysis,

Eq.(29) can be rewritten as

ż1 = d + u,

v̇2 = Pz1 − Pv2,

v̇3 = z1v2 − bv3, (30)

where d = Rv2 − v2v3 − z1.

Substituting Eq.(9) into Eq.(30),we obtain

ż1 = −h0z1 + d − d̂,

v̇2 = Pz1 − Pv2,

v̇3 = z1v2 − bv3. (31)

Giving the following definition:

d̃ = d − d̂ (32)

then we can have

ḋ = Rv̇2 − v̇2v3 − v2v̇3 − ż1

= R(Pz1 − Pv2) − (Pz1 − Pv2)v3

−v2(z1v2 − bv3) − (−h0z1 + d̃), (33)

˙̂
d = ξ̇ + k0ż1

= −k0ξ − k2
0z1 - k0u + k0(d + u)

= k0d̃, (34)

˙̃d = ḋ − ˙̂
d

= R(Pz1 − Pv2) − (Pz1 − Pv2)v3

−v2(z1v2 − bv3) + h0z1 − (k0 + 1)d̃. (35)

Thus the closed-loop system can be represented as the

following compact form:

ż1 = −h0z1 + d̃,

v̇2 = Pz1 − Pv2,

v̇3 = z1v2 − bv3,
˙̃
d = R(Pz1 − Pv2) − (Pz1 − Pv2)v3

−v2(z1v2 − bv3) + h0z1 − (k0 + 1)d̃. (36)

The quadratic Lyapunov function is chosen as fol-

lows:

V (ς) =
1

2
‖ς‖2

, (37)

where ς denotes state vector
(

z1, v2, v3, d̃
)T

, and ‖·‖
is the Euclidean norm, i.e.

V (ς) =
1

2
(z2

1 + v2
2 + v2

3 + d̃2). (38)

We can also define the following compact domain,

which is composed of all the points internal to the su-

per ball with radius
√

2M .

U =
{(

z1, v2, v3, d̃
)

∣

∣z2
1 + v2

2 + v2
3 + d̃2 ≤ 2M

}

.(39)

Differentiating V with respect to t and using

Eq.(36) yield

V̇ (ς) = z1ż1 + v2v̇2 + v3v̇3 + d̃
˙̃
d = −h0z

2
1 − Pv2

2 − bv2
3 − (k0 + 1)d̃2 + (1 + PR + h0)z1d̃ + Pz1v2

+z1v2v3 + (P + b)v2v3d̃ − Pv2d̃ − Pz1v3d̃ − z1v
2
2 d̃. (40)

Similarly, for any
(

z1, v2, v3, d̃
)

∈ U , we have

V̇ (ς) ≤ −h0 |z1|2 − P |v2|2 − b |v3|2 − (k0 + 1)
∣

∣

∣
d̃
∣

∣

∣

2

+ (1 + PR + h0) |z1|
∣

∣

∣
d̃
∣

∣

∣
+ P |z1| |v2|

+
√

2M |z1| |v3| + (P + b)
√

2M |v3|
∣

∣

∣
d̃
∣

∣

∣
+ P |v2|

∣

∣

∣
d̃
∣

∣

∣
+ P

√
2M |v3|

∣

∣

∣
d̃
∣

∣

∣
+ 2M |z1|

∣

∣

∣
d̃
∣

∣

∣
, (41)

i.e.

V̇ (ς) ≤ −
[

|z1| |v2| |v3|
∣

∣

∣
d̃
∣

∣

∣

]

×

























h0 −P

2
−
√

2M

2
− (1 + PR + 2M + h0)

2

−P

2
P 0 −P

2

−
√

2M

2
0 b −

√
2M(2P + b)

2

− (1 + PR + 2M + h0)

2
−P

2
−
√

2M(2P + b)

2
(k0 + 1)
























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×
[

|z1| |v2| |v3|
∣

∣

∣
d̃
∣

∣

∣

]T

. (42)

For brevity, let

α1 =
1

8
P (1 + PR + 2M + h0)[b(2PR + P + 2 + 2h0)

+2M(2P + 3b)], (43)

α2 =
1

8
P 2[M(2P + 3b − 1) + b(1 + PR + 3h0)], (44)

α3 =
1

8
PM(2P + b)[P 2 + 2P (1 + PR + 2M + h0)

+(2P + b)(4Ph0 − P 2)]. (45)

According to the Sylvester theorem the following in-

equations are obtained:

D1 = h0 > 0, (46)

D2 = h0P − P 2

4
> 0, (47)

D3 = bD2 −
PM

2
> 0, (48)

D4 = (k0 + 1)D3 − α1 − α2 − α3 > 0, (49)

where Di (i = 1, 2, 3, 4) are the principal minor de-

terminants of the symmetrical matrix of Eq.(42).

k0 > µ∗,

µ∗ =
α1 + α2 + α3

D3
− 1. (50)

Thus theorem 2 is proved.

Remark In this section we give two control

schemes for controlling chaos in a Lorenz system. For

each scheme the control depends on the observed vari-

able only, and two control parameters need adjusting

viz h0 and k0. According to Lyapunov stability the-

ory, after h0 has been fixed, the sufficient condition

for choosing parameter k0 is also obtained.

4. Simulation results

Choosing P = 10, R = 28, and b = 8/3, the un-

controlled Lorenz system exhibits chaotic behaviours,

as plotted in Fig.1. In simulation the initial values

of the state of the system have been chosen to be

x1(0) = 10, x2(0) = 10, and x3(0) = 10.

Fig.1. Chaotic trajectories of Lorenz system, projected on x1 − x2 plane (a) and on x1 − x3 plane (b).

4.1. Simulation results of controlling the

trajectory to a steady state

In this section only the simulation results of con-

trol scheme 2 are depicted. The simulation results of

control scheme 1 will be given in Appendix. In the first

five seconds the control input is not active; at t = 5 s, a

control signal is input and the system trajectory turns

into set point (x1r, x2r, x
2
1r/b)T = (8.5, 8.5, 27.1)T, as

can be seen in Fig.2(a). The time history of the Lya-

punov function is illustrated in Fig.2(b).
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Fig.2. Time responses of state under control (a) and time history of the Lyapunov function (b).

4.1.1. Simulation results with parameters

changing

At t = 9 s, system parameters are abruptly

changed to P = 15, R = 35, and b = 12/3.

Accordingly the new equilibrium is established at

(x1r, x2r , x
2
1r/b)T = (8.5, 8.5, 18.1)T. Obviously, after

very short transient duration, system state converges

to a new point as shown in Fig.3(a). Figure 4(a) rep-

resents the evolution of the Lyapunov function with

time.

Fig.3. Time responses of state with parameters varying (a) and set points changing (b).

Fig.4. Time history of the Lyapunov function with parameters varying (a) and set points changing (b).
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4.1.2. Simulation results with set point chang-

ing

At t = 9 s, the target is abruptly changed to

(x1r , x2r, x
2
1r/b)T = (12, 12, 54)T. The time responses

of the system state are shown in Fig.3(b). Indicated in

Fig.4(b) is the time history of the Lyapunov function.

4.1.3. Simulation results with disturbance

present

In Eq.(5) external periodic disturbances wi =

3 cos(5πt) (i = 1, 2, 3) are considered. The time re-

sponses of the system states are given in Fig.5. After

being controlled, the steady-state phase plane trajec-

tory describes a limit cycle as shown in Fig.6.

4.1.4. Simulation results with random noise

present

Under the influence of random noise,

ẋ1 = −Px1 + Px2 + εδ1,

ẋ2 = Rx1 − x1x3 − x2 + εδ2 + u,

ẋ3 = x1x2 − bx3 + εδ3, (51)

where δi (i = 1, 2, 3) are normally distributed with

mean value 0 and variance 0.5, and ε = 5. The re-

sults of the numerical simulation are depicted in Fig.7,

showing that the steady responses are hardly affected

by the perturbations.

Fig.5. Time responses of state in the presence of periodic

disturbance.

Fig.6. The state space trajectory at t ∈ [10, 12] in the

presence of periodic disturbance.

Fig.7. Time responses in the presence of random noise for state responses (a) and state tracking error

responses (b).

4.2. Simulation results of controlling the

trajectory to periodic orbit

If the reference signal is periodic, then the system

output will also be periodic due to tracking this sig-

nal. Figures 8(a) to 8(d) show time responses of x1(t)

and the 3-period and 4-period tracking trajectories re-

spectively.
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Fig.8. Time responses of state and 3-period ((a) and (b)) and 4-period ((c) and (d)) tracking periodic orbits.

Remark The two controllers designed above

can solve the chaos control problems of Lorenz chaotic

system, and the controller design method can also be

extended to solving the chaos suppression problems

of the whole Lorenz system family, namely the uni-

fied chaotic system.[43,44,46] The detailed design pro-

cess and close-loop system analysis can be found in

Ref.[47]. In Ref.[47] according to different positions

that the scalar control input was added to, three con-

trollers were designed to reject the chaotic behaviours

from the unified chaotic system. Taking the first state

x1 as the system output, by transforming the sys-

tem equation into the normal form, the relative de-

gree r(r ≤ 3) of the controlled systems is obtained.

Then we can design the controller with the expressions

of Eqs.(3) and (4). Three effective adaptive nonlin-

ear compensator mechanisms are derived to compen-

sate the nonlinearities and external disturbances of

the chaotic system. According to the Lyapunov sta-

bility theory sufficient conditions for choosing control

parameters are deduced so that designers can adjust

the design parameters in an explicit way to obtain the

required closed loop behaviour. Numerical simulation

results show that the designed three controllers can

successfully regulate the chaotic motion of the whole

family of the system to a given point or make the

output state track a given bounded signal with great

robustness.

5. Conclusions

In this paper we introduce a promising tool to de-

sign a control system for a chaotic system subjected

to persistent disturbances, of which the entire dynam-

ics is assumed to be unknown and the state variables

are not completely measurable. By integral action

the nonlinearities, including system structure nonlin-

earity and the various disturbances are compensated

successfully. This control system can handle, there-

fore, a large class of chaotic systems, which satisfy

the four assumptions made above. Taking a chaotic

Lorenz system for example, it has been shown that the

designed control scheme is robust in the sense that

the unmeasured states, parameter uncertainties and

external disturbance effects are all compensated and

chaos suppression is achieved. Some advantages of

this control strategy can be summarized as follows:
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1. It is not restricted to stabilizing the embedded

periodic orbits, but it can stabilize any desired set

points and multiperiodic orbits even when the desired

trajectories are not located on the embedded orbits of

the chaotic system.

2. The parameter uncertainty and the external

disturbance are allowed to exist. The controller can

be designed according to the nominal system.

3. The dynamic characteristics of the controlled

systems are approximately linear and the transient re-

sponses can be regulated by the designer through con-

troller parameters hi (i = 0, · · · , r − 1).

4. From the Lyapunov stability theory sufficient

conditions for choosing control parameters can be de-

rived easily.

5. The error-converging speed is very fast even

when the initial state is far from the target one with-

out waiting for the actual state to reach the neigh-

bourhood of the target state.

Appendix

Simulation results of control scheme 1.

Fig.A1. Time responses of state under control (a) and time history of the Lyapunov function (b).

Fig.A2. Time responses of state with the parameters varying (a) and set points changing (b).

Fig.A3. Time history of the Lyapunov function with parameters varying (a) and set points

changing (b).
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Fig.A4. Time responses of state in the presence of peri-

odic disturbance.

Fig.A5. Time responses of state in the presence of ran-

dom noise.

Fig.A6. Time response of state and the 4-period tracking periodic orbit.
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[1] Lü J H, Zhou T S and Zhang S C 2002 Chaos, Solitons

and Fractals 14 529

[2] Yoshihiko N, Hua X D and Lai Y C 2002 Chaos, Solitons

and Fractals 14 643

[3] Li R H, Xu W and Li S 2007 Chin. Phys. 16 1591

[4] Xiao Y Z and Xu W 2007 Chin. Phys. 16 1597

[5] Ott E§Grebogi C and Yorke J A 1990 Phys. Rev. Lett.

64 1196

[6] Yoshihiko N, Hua X D and Lai Y C 1996 Phys. Rev. E 54

1190

[7] Pyragas K 1992 Phys. Lett. A 170 421

[8] Lima R and Pettini M 1990 Phys. Rev. A 41 726

[9] Zhou Y F, Tse C K, Qiu S S and Chen J N 2005 Chin.

Phys. 14 0061

[10] G. Cicogna and L. Fronzoni 1993 Phys. Rew. E 30 709

[11] Rakasekar S 1993 Pramana-J. Phys. 41 295

[12] Gong L H 2005 Acta Phys. Sin. 54 3502 (in Chinese)

[13] Chen L and Wang D S 2007 Acta Phys. Sin. 56 0091 (in

Chinese)

[14] Chen G R and Dong X N 1993 IEEE Trans.on Circuits

and System-I:Fundamental Theory and Applications 40 9

[15] Kuang J L, Meehan P A and Leung A Y T 2006 Chaos

Solitons Fractals 27 1408

[16] Li R H, Xu W and Li S 2006 Acta Phys. Sin. 55 0598 (in

Chinese)

[17] Yu X 1996 Int. J. of Systems Science 27 355

[18] Tsai H H, Fuh C C and Chang C N 2002 Chaos, Solitons

and Fractals 14 627

[19] Yau H T and Chen C L 2006 Chao, Solitons and Fractal

30 709

[20] Guo H J and Liu J H, 2004 Acta Phys. Sin. 53 4080 (in

Chinese)

[21] Yu D C, Wu A G and Yang C P 2005 Chin. Phys. 14 0914

[22] Fuh C C and Tung P C 1995 Phys. Rev. Lett. 75 2952

[23] Chen L Q and Liu Y Z 1998 Applied Math. Mech. 19 63

[24] Liu D, Ren H P and Kong Z Q 2003 Acta Phys. Sin. 52

0531 (in Chinese)

[25] Liu H, Liu D and Ren H P 2005 Acta Phys. Sin. 54 4019

(in Chinese)

[26] Chang W, Park JB, Joo YH and Chen GR 2002 Inform

Sci. 151 227

[27] Gao X and Liu X W 2007 Acta Phys. Sin. 56 0084 (in

Chinese)

[28] Chen S H, Liu J and Lu J 2002 Chin. Phys. 10 233

[29] Lu J H and Zhang S 2001 Phys. Lett. A 286 145



No. 2 Controlling chaos based on an adaptive nonlinear compensator mechanism 519

[30] Liu J, Chen S H and Xie J 2003 Chaos, Solitons and Frac-

tals 15 643

[31] Wang J, Wang J and Li H Y 2005 Chaos, Solitons and

Fractals 25 1057

[32] Wu X Q, Lu JA, Chi K. Tse, Wang J J and Liu J 2007

Chao Solitons Fractals 31 631

[33] Fradkov A L and Evans R J 2002 Preprints of 15th IFAC

World Congress on Automatic Control 143

[34] Zhang H G 2003 Control Theory of Chaotic Systems

(Shenyang: Northeastern University) P38 (in Chinese)
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