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This paper addresses the adaptive synchronization for uncertain Liu system via a nonlinear input. By using a

single nonlinear controller, the approach is utilized to implement the synchronization of Liu system with total parameters

unknown. This method is simple and can be easily designed. What is more, it improves the existing conclusions in Ref

[12]. Simulation results prove that the controller is effective and feasible in the end.
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1. Introduction

The topic of the chaos synchronization has re-

ceived increasing attention since it was studied by Pec-

ora and Carroll[1] in 1990. Chaos synchronization can

be applied to many fields such as secure communica-

tion, chemical reactions, biological systems and infor-

mation processing.

Nowadays, a wide variety of approaches have

been proposed for the synchronization of chaotic sys-

tems, which include linear and nonlinear feedback con-

trol, time-delay feedback control, adaptive control, ob-

server design, among many others.[2−8] In general, in

the above publications regarding chaotic systems con-

trol, most of them are under the assumption of lin-

ear input. However, in many practical physical sys-

tems, due to physical limitations, there exist nonlin-

earities in the control input. Their presence may lead

to serious degradation of system performance and ob-

vious decrease in speed of response and possibly cause

chaotic perturbation to original regular behaviour if

the controller is not well designed. Their effect cannot

be ignored in analysis or control design and realization

for chaotic systems. Therefore, the control design for

uncertain systems subject to sector nonlinear inputs

is considered in this paper.

This paper presents a nonlinear feedback adaptive

synchronization for the Liu system. In the existing

literatures, many methods about adaptive synchro-

nization that based on the drive system and response

system are all definite. Adaptive synchronization of

an uncertain chaotic system is also studied mostly

through a linear feedback controller.[9−13] In this pa-

per, adaptive nonlinear feedback synchronization with

only one controller is designed for the completely un-

certain Liu system. This improves the work of Tu et

al,[14] in which three controllers are needed for the syn-

chronization of the completely uncertain Liu system.

In the end, numerical simulations show the effective-

ness and feasibility of the developed method.

2. Problem formulation and pre-

liminaries

In 2004, Liu et al found a new chaotic dynamical

system.[15] It is a three-dimensional autonomous sys-

tem which relies on one multiplier and one quadratic

term to introduce the non-linearity necessary for fold-

ing trajectories. The Liu system is described by the

following differential equations:

˙̃x = a(ỹ − x̃),

˙̃y = bx̃− kx̃z̃,

˙̃z = −cz̃ + hx̃z̃, (1)

(a, b, c, k, h are nonzero positive constants),
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for any a, b, c ∈ R and k, h ∈ R\ {0}. When

a = 10, b = 40, k = 1, c = 2.5, h = 4, it

has a chaotic attractor. System (1) has three un-

stable equilibria O = (0, 0, 0), O+ = (5, 5, 40) and

O− = (−5,−5, 40). Worth mentioning, it has been

shown that the new system (1) is state-equivalent to

the generalized Lorenz canonical form with τ = −1.

System (1) is equivalent to

ẋ = a(y − x),

ẏ = bx− xz,

ż = −cz + x2, (2)

under the following linear transform of coordinates:

x = x̃
√
hk,

y = ỹ
√
hk,

z = kz̃, (3)

as a = 10, b = 40, c = 2.5, a chaotic attractor can be

generated.

Let Eq.(2) be the drive system, the response sys-

tem is as follows:

˙̂x = â(ŷ − x̂),

˙̂y = b̂x̂− x̂ẑ − kφ(u(t)) + x̂(ẑ − z),

˙̂z = −ĉẑ + x̂2, (4)

where â, b̂, ĉ are estimated parameters to a, b, c and

k is a constant to be designed later. φ(u(t)) is a con-

tinuous nonlinear function, φ:R → R with the law

u(t) → φ(u(t)) and inside sector [k1,k2], i.e.

k1u
2(t) ≤ φ(u(t))u(t) ≤ k2u

2(t), (5)

where k1 and k2 are nonzero positive constants.

To fulfil the synchronization of systems (1) and

(3), we define the state error dynamic equation

e1(t) = x̂(t) − x(t),

e2(t) = ŷ(t) − y(t),

e3(t) = ẑ(t) − z(t). (6)

From Eqs.(2) and (4), we have

ė1(t) = â(ŷ − x̂) − a(y − x),

ė2(t) = b̂x̂− x̂ẑ − bx+ xz − kφ(u(t)) + x̂(ẑ − z),

ė3(t) = −ĉẑ + cz + x̂2 − x2. (7)

The goal of this article is to determine u(t) such

that the error dynamic system (7) is asymptotically

stable at origin, and hence the drive system (2) and

response system (4) are globally asymptotically syn-

chronized.

3. Synchronization via a single

nonlinear feedback input

First, we let u(t) = e2(t), and then we can rewrite

Eq.(7) in the following form:

ė1(t) = â(ŷ − x̂) − a(y − x),

ė2(t) = b̂x̂− x̂ẑ − bx+ xz − kφ(e2) + x̂(ẑ − z),

ė3(t) = −ĉẑ + cz + x̂2 − x2, (8)

where k is the constant to be determined, and â, b̂, ĉ

are also needed to be determined. Let

ea(t) = â− a,

eb(t) = b̂− b,

ec(t) = ĉ− c. (9)

It is assumed that

ėa(t) = −(ŷ − x̂)λe1,

ėb(t) = −x̂e2,
ėc(t) = ẑe3, (10)

where λ is a proper positive constant. As the state

trajectories of chaotic system are all bounded, in the

following text, we let M = max{|x| , |y| , |z|}. For the

sake of convenience, we also suppose |x| + |x̂| < Mx.

Theorem 1 For systems (2) and (4), we choose

λ, θ as proper positive numbers. If k >
ξ

k1
under the

conditions that

4λac− θM2
x > 0, (11)

ξ = max

{

[λa+ θ(b +M)]2

4λaθ
,
c[λa+ θ(b +M)]2

4λθac− θ2M2
x

}

, (12)

then the two systems (2) and (4) are globally asymp-

totically synchronized.

Proof Choose the Lyapunov function as

V (e) =
1

2
(λe21 + θe22 + βe23 + ρe2a + γe2b + µe2c), (13)

where λ, θ, β, ρ, γ, µ are positive numbers, then the dif-

ferentiation of V along trajectories (8) and (10) is
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V̇ (e) =λe1ė1 + θe2ė2 + βe3ė3 + ρėaea + γėbeb + µėcec

=λe1â(ŷ − x̂) − λe1a(y − x) + θe2(b̂x̂− bx) + (xz − x̂ẑ)θe2 − kφ(e2)θe2 + x̂(ẑ − z)θe2

+ βe3(cz − ĉẑ) + (x̂2 − x2)βe3 + ρėaea + γėbeb + µėcec

=ea(ŷ − x̂)λe1 + a(e2 − e1)λe1 + ebx̂θe2 + bθe1e2 + (−ze1 − x̂e3)θe2 − kφ(e2)θe2

+ x̂(ẑ − z)θe2 − ecẑβe3 − cβe23 + (x̂+ x)βe1e3 + ρėaea + γėbeb + µėcec. (14)

Obviously, if we choose θ = β = γ = µ, ρ = 1, from system (10), it can be found that

V̇ (e) ≤− λae21 − cβe23 + (λa+ θ(b − z))e1e2 + (x̂+ x)βe1e3 − kθφ(e2)e2

≤− λae21 − cβe23 + (λa+ θ(b +M)) |e1e2| +Mxβ |e1e3| − kk1θe
2
2,

where e = [|e1| , |e2| , |e3|]T. Let

A =















λa −1

2
[λa+ β(b +M)] −1

2
βMx

−1

2
[λa+ β(b +M)] kk1β 0

−1

2
βMx 0 βc















, (15)

then

V̇ (e) ≤ −eTAe. (16)

Obviously, to ensure that the origin of error sys-

tem (8) is asymptotically stable, the matrix A should

be positive definite, this is the case if and only if the

following three inequalities hold:

a)λa > 0,

b)ψ = λakk1β − 1

4
(λa+ θ(b +M))2 > 0,

c)cψ − 1

4
β2M2

xkk1 > 0. (17)

From the above inequalities, we get the formula

k >
ξ

k1
which holds under the conditions (11) and

(12). Since V̇ is negative semi-definite, we cannot

immediately obtain that the origin of error system

(8) is asymptotically stable. In fact, as V̇ ≤ 0,

then e1, e2, e3 ∈ L∞ and ea, eb, ec ∈ L∞. From the

error system (8), we have ė1, ė2, ė3 ∈ L∞. Since

V̇ (e) ≤ −eTAe, then we have
∫ t

0

λmin(A) ‖e‖2
dt ≤

∫ t

0

eTAedt ≤
∫ t

0

−V̇ dt

=V (0) − V (t) ≤ V (0).

Where λmin(A) is the minimum eigenvalue of positive-

definite matrix A. Thus e1, e2, e3 ∈ L2. According to

Barbalat’s lemma, we have e1, e2, e3 → 0 as t → ∞,

i.e., limt→∞ ‖e(t)‖ = 0. Therefore, systems (2) and

(4) are globally asymptotically synchronized if k >
ξ

k1
under the conditions (11) and (12). This completes

the proof.

In fact, the linear feedback is a special case of

our problem. Obviously, if φ(u(t)) = u(t), we have

k1 = k = 1, so this theorem can also be applied to the

linear feedback.

4. Simulation results

For error dynamic system (7), the nonlinear input

is defined as

φ(u(t)) = (0.8 + 0.2 sin(u(t)))u(t).

For theorem 1, in Eqs.(11) and (12) , we let λ = 2.2,

θ = 1, k = 16 and choose the initial states as x(0) = 3,

y(0) = 5, z(0) = 7, x̂(0) = 4, ŷ(0) = 6, ẑ(0) = 8. The

synchronization errors varying with time are shown in

Fig.1 from which we find that the synchronization oc-

curs. Fig.2 shows trajectories of parameters for the

response system (4).
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Fig.1. The synchronous errors versus time t. Fig.2. The identification results of parameters versus time t.

5. Conclusion

This paper investigates adaptive synchronization

of the Liu chaotic system with all uncertain parame-

ters via a single nonlinear input. The method is simple

and can be easily realized, which improves some exist-

ing conclusions in Ref.[14]. Finally, simulation results

verified the effectiveness of the controller and the fea-

sibility of our method.
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