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In this paper a parameter observer and a synchronization controller are designed to synchronize unknown chaotic

systems with diverse structures. Based on stability theory the structures of the observer and the controller are presented.

The unknown Coullet system and Rossler system are taken for examples to demonstrate that the method is effective

and feasible. The artificial simulation results show that global synchronization between the unknown Coullet system

and the Rossler system can be achieved by a single driving variable with co-operation of the observer and the controller,

and all parameters of the Coullet system can be identified at the same time.
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1. Introduction

Chaos synchronization has attracted much atten-
tion for its great potential applications in many fields,
such as in security communications, auto control, etc.,
and it has become an important subject of research
in modern science. So far, many methods and tech-
niques for synchronization have been developed, such
as the Pecora Carroll (PC) method, variable coupling
method, adaptive control method, variable feedback

(1-16] But most methods are used

method and so on.
to synchronize two identical chaotic systems with cer-
tain parameters, and they are not effective to synchro-
nize systems with uncertain parameters. However,
chaotic systems are so complex that it is almost im-
possible practically to find two identical systems. Fur-
thermore, system parameters may be unstable or can-
not be well known in advance due to complication of
the system or limitation of technology. Therefore, an
adaptive method is proposed by Elabbasy for synchro-
nization between two Liu systems with unknown sys-
tem parameters;'” and a variable coupling method is
proposed by Marino for synchronization between two

Lorenz systems with unknown system parameters. '8!

These are certainly great developments in the research
of synchronization of chaotic systems.

Though these methods mentioned above can syn-
chronize chaotic systems with unknown parameters,
they fail when the systems are of different structures.
We know that the systems have the same nonlin-
ear functions when they have the same structures.
Then their difference is only due to the initial con-
dition. Therefore it is obviously difficult to synchro-
nize chaotic systems with diverse structures. How-
ever, synchronization between systems with diverse
structures and unknown parameters is of great value
in practice. In this paper a parameter observer and
a synchronization controller are designed to synchro-
nize unknown chaotic systems with diverse structures.
Based on stability theory, the structures of the ob-
server and the controller are presented. The unknown
Coullet system and Rossler system are taken for exam-
ples to demonstrate that the method is effective and
feasible. The artificial simulation results show that
global synchronization between the unknown Coullet
system and the Rossler system can be achieved by a
single driving variable with co-operation of the ob-
server and the controller, and all parameters of the
Coullet system can be identified at the same time.
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2. Design of the parameter ob-

server and synchronization
controller
Though the dynamic equations of different

chaotic systems are not the same, some typical sys-
tems, such as Coullet system, Rossler system, Chua’s
circuit, Van der Pol system, Genesio system, and Duff-
ing’s system can be written in the following form:

&1 =miza + Gi(z1,1),

&y = moxs + Ga(x1, 22, 1),

5 Tn—1, t)7

-,:En,t), (1)

En—1 =Mp_1Zn + Gn_1(21, 22,

z'n - Gn($1;$27 T

where x;(i = 1,2,---,n) are system state variables,
mi(i = 1,2,---,n — 1) are system parameters, and
G;(i=1,2,---,n) are smooth functions.

With Coullet system and Rossler system as pro-
totypes, a parameter observer and a synchroniza-
tion controller are proposed. The Coullet system is
taken as the drive system, which can be described as

follows(19]
T1 = T2,
:t2 =3,
T3 = ars + Bro + yr1 — 21011)’, (2)

and the Rossler system as the response system in the

form[20]

U1 = Y2 +ay1 +ui(t),
U2 = —y3 — y1 + ua(t),
U3 = y3(y2 — ¢) + b+ us(t), (3)

where uy (t), us(t), us(t) as the controllers are designed
to fulfill the synchronization between the two systems.
When a = —0.45, 3 =-1.1,7v=0.8,a=0.2, b= 0.2,
c = 5.7, the two systems are in chaos. There are two
nonzero balance points in the Coullet system, and the
trace surrounding them is a chaotic attractor of dou-
ble helixes, while there is one nonzero balance point in
the Rossler system, around which is an attractor of a
single helix. They are different in shape and type, as
shown in Fig.1. Furthermore, the nonlinear functions
of the two systems are different, and the traces of the
two systems are quite different, as is shown in Fig.2.
Therefore they are two different chaotic systems.
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Fig.1. The phase maps of system (1) and (2).
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Fig.2. State variables of system (1) and (2) vs time ¢.

Suppose that the drive system (2) is a chaotic
system with uncertain parameters, «, 3, y. =1 is the
only driving variable that is easy to separate. The er-
ror variable is e; = x1 — y1, where y; is a variable in
the response system (3). The purpose of the article is
to propose a controller which can synchronize systems
(2) and (3) by the variable z1 in the condition that the
unknown parameters of the system (2), «, 3, v can be
identified. The structure of the controller is designed
in the form

uy(t) = fi(t)er,
uz(t) = fa(t)er,
us (lf) f3 (t)el + W(t), (4)

where f1(t), f2(t), f3(t) are error adjusting functions
to be determined, and W(t) is an assistant quantity.
They are taken as

filt)y=a+3,
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folt) = (fi —a—3)fi —2f1 + B +5,
fa(t) = (4=3f1+ [T — fo — 2af1 + 3a +a®) f1

+B+a—-fi)f2+(B-3fi+a)fr
+fi+ ot 3yt —7-3, (5)

W(t) = =[(2— fi) +7+afi
—a(2=2f1+ ff = fr — fa—afy)
+(1+a)(1 —2a —a®+af)|n
—(B4+1—=3a—ad>+af)y
—(6—-2fi+a+a+ys—c)ys
+3eiyr +ef +u7 — 0. (6)

The structure of a parameter observer is designed

as
a = 517362;
B = T2€,
5 = (e1 +y1)ez, (7)

where e, = (2 —2f1 + f2 — fi — fo —afi)er + (2 —
fi) (@2 —y2) + 23+ (1—2a—a*+af1)yr — ay2 +ys3 and
a, (3, 7 are quantities to be identified for parameters
«, B, 7, respectively.

Theorem When the controller is designed as in
Eq.(4), and the structure of the parameter observer

as in (7), the systems (2) and (3) can be synchronized
for any initial condition, and all the parameters of the
uncertain Coullet system can be identified.

Proof Introduce e, = ej, the first partial Lya-

punov function is constructed as
1
Vl = 563 (8)
The derivative of V7 is
‘./1 = ewé;ﬂ
= —el +e.[(1 - fr)es+ a2 —ya —ayr]. (9)

Taking e, = (1— fi)e1 + 2 —y2 —ay: and introducing
function k9 as

€y = kz — Y2, (10)
we have
kg = (1—f1)€1—|—172 — ayi. (11)

The second partial Lyapunov function is constructed
as

1
Vo=Vi+ 565. (12)

The derivative of V5 is

= —el—eite[2—2f1+ f]— fr— fa—afi)er + (2= fi)(z2 — 1)
+x3+ (1 —2a — a® + af))ys — ays + ys3). (13)

Now letting

e:=Q2-2fi+fi—fi—fo—afi)er+(2— fi)(m2—y2) +as+ (1 —2a—a® +afi)yr —aya+ys  (14)

and introducing another function ks as

€z = k3 — Y3, (15)

we have

ks=(2—-2fi+fi — fi— fo—afi)er + (2 fi)(x2 — y2) + 23 + (1 — 2a — a® + af1)y1 — ayz + 2y3.  (16)

The Lyapunov function is constructed as

1 1

2

The derivative of V3 is

Vs = Va+eé.+(a—a)a+ (B—B)B+(F -7

—ez — ey —e2+en(t) +(@—a)a+ (B-B)B+ 7 -7, (18)
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where

nt) =[1-f)+@Q-2A+f—h—fa—af)+(=2fr+2hfi— fr — fa—afi) — (2 -2/
+h—h—f—afi) = Q2= f)fa+7=3yf — fs+ (1 —2a—a® +af1)f1 — afa+2fsles
I+ @=-f)+@-2h+ - H—fa—af) = fr +Bl(x2 — 1) + (3 — f1+ &) (x3 — y3)
+H@-f)+r+afi—a@-2A+ i —fi— fo—af)) + (L+a)(1 —2a—a® + afr)
+(B+1—-3a—a*+afi)y2+ (6 —2f1 +a+a+ys —c)ys — 3efyr —ef —yi +b+W(t).  (19)

For certain f1(t), f2(t), f3(t), W(t) and the form of the parameter observer, let

exn(t) +(@—a)a+(B-pB)3+ (7 —~)y=0. (20)
It’s easy to obtain
fl(t) = 0_5+35
fot) = (fr —a—3)f1 —2f1 + B +5,
fa(t) = (A —=3f1+ fE—fo—2afi +3a+a®)fi+(B+a—fI)fa+(B=3fi+a)fi + fi
+f2+ 3yt —7 -3, (21)
W) =-[2-fi)+F+afi—a@—=2fi+ fi — fi— fo—afi) + (L +a)(1 —2a — a® + af1)]
—(B4+1—3a—a*+af)ys — (6 —2fi +a+a+ys —c)ys +3edy; +e5 +y3 — b, (22)

= T3€,,
B = T2€z,
A= (e1+y1)ex. (23)

Then, according to response system (2), the con-
trollers are in the following form:

ui(t) = fi(t)er,
us(t) = fa(t)er,
uz(t) = fs(t)er + W(t), (24)

and the structure of the parameter observer is as fol-

lows:
a = x3e,
B = T2€z,
¥ = (e1 +y1)e, (25)
we obtain
Vg:—ei—ei—eigo (26)

According to Lyapunov stability theory,[?!] the
synchronization of the two systems is then achieved
when Eq.(26) is fulfilled.

3. Simulation

In the simulation, the initial values of the two
systems are taken as x1(0) = -1, x2(0) = 0.1,
x3(0) = 0.1, y1(0) = 2, y2(0) = =2, y3(0) = —1 re-
spectively, the systems are synchronized as shown in
Fig.3 and Fig.4 when the parameter observer and the
controller are taken as those in Eq.(4) and Eq.(7). We
see that all the three variables of Coullet system are
synchronized with those of Rossler system, and the
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Fig.3. Synchronization state variables vs time ¢.
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Fig.4. Synchronization phase map of system (2) and (3).

phase maps change into exactly the same in shape and

type.

When control is added, the error signals ap-

proach zero smoothly and rapidly as shown in Fig.5.

From Fig.6, we see that when time reaches to 5s, the
parameters «, 3, v approach to values —0.45, —1.1
and 0.8. This shows that the observer proposed in the
article can identify the unknown parameters.
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Fig.6. Organization of parameters «, (3, 7y

4. Conclusion

A parameter observer and a synchronization con-
troller are proposed in the article. For Coullet sys-
tem and Rossler system to be synchronized, the un-
known parameters in Coullet system are identified by
the observer. The parameters «, 3, v approach to the
values —0.45, —1.1 and 0.8, respectively.Backstepping
method is used to fulfill the synchronization between
uncertain Coullet system and Rossler system. The sin-
gle driving variable z1 in Rossler is used to synchro-
nize the two systems. Simulation results show that

the method is effective and feasible.
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Fig.5. Error variable vs time t.
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