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This paper investigates the control and synchronization of hyperchaotic Chen system based on the passive theory.

By using two outputs, novel passive controllers are respectively designed to realize the globally asymptotical stability of

the hyperchaotic Chen system and the error dynamical system, which avoids mistakes in Ref.[11], where function W (z)

cannot guarantee that fo(z) is globally asymptotically stable via only one output and W (z) is the Lyapunov function

of fo(z). Furthermore, numerical simulations are given to show the effectiveness of our method.
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1. Introduction

Since the chaos control and synchronization was
first introduced by Pecora and Carroll,l:?) it has been
an active research topic in nonlinear science, and has
been extensively studied. In the past two decades, a
variety of approaches have been proposed for the chaos

synchronization, including manifold-based method, !

adaptive method,!¥ time delay feedback approach,!®!

[6] nonlinear control schemel”-8!

backstepping method,
and many others. Recently, the concept of passivity!®!
of nonlinear systems has aroused the new interest in
nonlinear control field. Qi,['% Wang and Liul'! and
Sun et all*? have applied it to studying the control
and synchronization of some chaotic or hyperchaotic
systems. Generally, a hyperchaotic system is defined
as a chaotic system with more than one positive Lya-
punov exponent, which is more complex and plays a
more important role in many practical applications.
In Ref.[11], the authors studied the synchronization
of hyperchaotic Lorenz system by only one output.
But there exists a main drawback that the function
W (z) in their work cannot guarantee that the Lya-
punov function fy(z) is globally asymptotically stable,
because the derivative of W (z) is not strictly negative
definite but semi-negative definite.

In this letter, based on the properties of a pas-
sive system, we investigate the control and synchro-
nization of hyperchaotic Chen system via two out-

hyperchaotic Chen system, passive control, stability, synchronization

puts. Some novel passive controllers are respectively
designed to realize the globally asymptotical stability
and synchronization of the hyperchaotic Chen system.

The rest of this paper is organized as follows. In
Section 2, we briefly introduce the passive theory and
the hyperchaotic Chen system. Some controllers for
the passive control and synchronization of the hyper-
chaotic Chen system are obtained in Section 3. Sec-
tion 4 is devoted to some numerical simulations for
the illustration and verification of our results. Finally,

some conclusions are given in Section 5.

2. Passive theory and the hyper-

chaotic Chen system

Consider the following continuous differential
equation:

i = f(2) + g(a)u,
y = hiz), (1)

where x € R™ is the state variable, u € R™ is the
input, y € R™ is the output. f(z) and g(x) are the
smooth vector fields, h(z) is a smooth mapping. We
suppose that the vector field f has at least one equilib-
rium point. Without loss of generality, we can assume
that the equilibrium point is x = 0. If the equilibrium
point is not at £ = 0, we can shift the equilibrium
point to £ = 0 by coordinate transform.
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Definition 1 System (1) is a minimum phase
system if Lyh(0) is nonsingular and « = 0 is one of the
asymptotically stabilized equilibrium points of f(z).

Definition 2 System (1) is said to be passive if
there exists a real-valued constant § such that for any
t>0,

t
| at@utndr =6 ©)

0
or there exist a constant p > 0 and a real-valued con-

stant 3 such that for any ¢ > 0,

t

[ wroumar +52p [y enime @
0 0

Let z = (z), then system (1) will be changed into
the following normal form:

2= fo(z) + p(2,9)y,
Y= b(Z, y) + a’(zv y)”? (4)

where a(z,y) is nonsingular for any (z,y).

Nonlinear system (4) may be rendered passive by

using a state feedback in the form!'3!

u = ¢(x) + p(x)v. (5)

Next we will use this idea to control the new
hyperchaotic system,' which is created from Chen
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system!1%16 by adding a state feedback controller.
The controlled hyperchaotic Chen system can be de-
scribed by

1 = a(xy — 1) + X4,
Ty = dx1 — 123 + cxo + U1,
x.g = X1X2 — bIg,

(6)

T4 = ToT3 + TT4 + Uz,

where x1, x2, 3, and x4 are state variables and a, b,
¢, d, and r are real constants, u; and ug are controllers
to be designed. The system (u; = ug = 0) is found
to be hyperchaotic for parameters a = 36,b = 3,¢ =
20,d = 7 and r € (0.085,0.798], because it has two
positive Lyapunov exponents and the sum of all the
Lyapunov exponents is negative. For instance, when
the parameters are a = 36, b = 3, ¢ = 20, d = 1.3,
and r = 0.58, the Lyapunov exponents are A\ =
0.5011, A2 = 0.1858, A3 = 0 and Ay = —26.1010 in
this case. The simulated results with initial conditions
(21(0), 22(0),z5(0), 24(0)) = (1.0,—2.0,3.0, —4.0) are
depicted in Fig.1. It displays the projections of the hy-
perchaotic attractor of system (6) in the 7 — x9 — 23
space, ¥1 — Ty — T4 Space, r1 — T3 — T4 space, and
9 — X3 — T4 Space respectively.
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Fig.1. Hyperchaotic Chen attractor.
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3. Passive control and synchro-
nization of hyperchaotic Chen

system

For controlled hyperchaotic system (6), introduce

2()-()
()-(2)

then system (6) can be rewritten as the normal form

Z1 = —az1 +ay1 + yo,
2.12 = —bZQ —|— Zlyl;

1 = dz1 — 2122 + cy1 + uq,

Y2 = z2y1 + ry2 + uz. (7)
We have
2= fo(2) +p(z,9)y,
§="0b(z9) +alz,y)u, (8)
where
folz) = [~azi, —bz]",

p(z,y) = <:1 (1)>

b(z,y) = [dz1 — z122 + cy1, 2291 + Tyz]T,

otz = (1 7): o)

Theorem 1 Hyperchaotic system (6) is a mini-
mum phase system.
Proof Choose a storage function

1
where 1 1
W(z) = §ZTZ = 5(212 + 23) (11)

is the Lyapunov function of fy(z), and W(0) = 0.
The zero dynamics of system (8) describes the
internal dynamics, which is consistent with external
constraint y = 0, i.e. 2= fo(z), then we have
S =2 o)
=[21, 20|[—az1, —bzs] T

= —az} —bz2 <0. (12)

Thus, it can be concluded that W (z) is the Lyapunov
function of fo(z) and that fy(z) is globally asymp-
totically stable. That is to say, the zero dynamics of
hyperchaotic Chen system is Lyapunov stable, mean-
10

01

is in a minimum phase'37 and can be equivalent to

while, Lgh(0) = ( ) is nonsingular, so system (6)

a passive system.

Theorem 2 Hyperchaotic system (6) can be
equivalent to a passive system and globally asymptot-
ically stabilized by the following state feedback con-
trollers

u=a"(z,9)[-b(z,y) - (%—V: 'p(Zvy)>T

— ay + v, (13)

where a > 0 is a positive constant, u = (ug, ug)" is the
control vector and v = (v1,v2)T is an external signal
vector.
Proof From Theorem 1, hyperchaotic dynamical
system (6) is a minimum phase system,
oW (z)
0z

then the derivative of V(z,y) along the trajectory of

fo(Z) S 07

system (8) is

%V(z, y) :ngz) fo(z) + 8Vgsz)p(z, Vy+3'y
< 5Vg2(2)p(27 Yy+9'y
—E ey
+ (b(z,9) + alz,y)u)"y. (14)

Substitute Eq.(13) into Eq.(14), we obtain

d
TV ) < —ayTy+oly.

Integrating the above inequality yields
V(Zv y) - V(ZOa Z/O)
t t
< / v (T)y(r)dr — / ayT (r)y(r)dr.  (15)
0 0

Let u = V(20,%0) and notice that V(z,y) > 0, then

/ T ()y(r)dr + > / oy (Dy(r)dr,  (16)
0 0

which satisfies passive definition (3).

If an external signal vector v = 0 (zero-input state
response), from inequality (15) we have V(z,y) <
V' (20, o). Because W(z) is radially unbounded, it fol-
lows from function (10) that V(z,y) is also radially
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unbounded, so that a closed-loop system is a bounded
state stable for [2T,yT]T. This means that we can use
simple passive controllers (13) to regulate system (6)
to the origin.

In the following section, we will study the syn-
chronization of two identical hyperchaotic Chen sys-
tems.

Suppose that the drive system is

1 = a(xe — x1) + 24,

Ty = dxy — 2123 + Cx2,

&3 = r172 — b3,

T4 = Toxz + rIyg, (17)

and the response system is

U1 =a(y2 —y1) + ya,

Y2 = dy1 — y1ys + cy2 + ua,

Y3 = y1y2 — bys,

Ya = Yoy3 + rys + ua, (18)

and let the error states be

ei(t) = yl(t) - xi(t)v (Z = 172a374)a (19)

the from Eqs.(17)—(18) we will have the error dynam-

ics as
él(t) = a(eg — 61) + eq,
ég(t) = d61 — x1e3 — xr3€e1 — e1e3 + ceg + Uy,
é3(t) = —beg + x1€65 + x2€1 + €169,
€4(t) = req + x2ys + x3e2 + €2e3 + us. (20)
Introducing

2()-()
#(2)-()

system (20) can be rewritten as the normal form
Z1 = —az + awi + wo,
29 = —bzg 4+ T221 + T1W1 + 21W1,
W =dzy — X129 — 321 — 2129 + cwy + uq,

Wy = Xa22 + T3wi + oW1 + rwa + U2, (21)
and we have

2= fo(2) + p(z,w)w,
W =b(z,w) + a(z, w)u, (22)

where

fo(z) = [—az1, —bza + a:gzl]T,

a 1
) = ( )
r1+21 0

b(z,w) = [dz1 — x120 — X321 — 2122 + Cwy,
T
Xoza + 3wy + zowy + rwsa]

alz,w) = ((1) ?) (23)

Theorem 3 Error dynamical system (20) is a
minimum phase system.

Proof Choose a storage function

1
V(z,y) = W(z) + §wTw, (24)
where )
_ME o, 1,
W(z) = 4abzl + 222 (25)

is the Lyapunov function of fy(z) and W(0) = 0, M
is a bound of z3(t), i.e. |z2(t)] < M.

The zero dynamics of system (20) is consistent
with external constraint w = 0, i.e. £ = fy(z), and we

have
d 0w (2)
2
2%2121 + 2222

2

_ 2 2
=— %zl —bzy + 222122

2 2 2
To T35 o M= 4
= — b —_ — = S
(‘22 2b21) TR T A

2 2
X9 M 2
<-b - = - —
= (‘22 2b21) !
<0. (26)
So fo(z) is globally asymptotically stable. At the same

10
time, Lgh(0) = ( > is nonsingular, therefore, er-
01

ror dynamical system (20) has a minimum phase,[!3:17]

and it can be equivalent to a passive system.

Theorem 4 Error dynamical system (20) can be
equivalent to a passive system and globally asymptot-
ically stabilized by the following state feedback con-
troller:
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where a > 0 is a positive constant, u = (uy,u2)? is the
control vector and v = (vy,v2)T is an external signal
that is connected with the reference input.

This theorem can be proved in a similar way as
shown in Theorem 2, so its proof is omitted here.

When external signal vector v = 0, dynamical er-
ror system (20) will be asymptotically stabilized at
a zero equilibrium point, that is, hyperchaotic Chen
systems (17) and (18) will be synchronized with each

other.

4. Numerical simulations

In this section, in order to verify and demonstrate
the effectiveness of the theoretical method, the fourth-
order Runge-Kutta method is used to solve the dif-
ferential equations in steps of 0.001. In the following
numerical simulations, the control inputs are switched
on at t=>5s. The constants are set to be a = 1, v; =0,
and vy = 0 to guarantee that Egs.(6) and (20) are
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Fig.2. Controlled state variables of system (6).

5. Conclusion

In this paper, we have investigated the passive
control and synchronization of hyperchaotic Chen
system.!'] Based on the passive system theory, novel
passive controllers are proposed to realize the global
asymptotical stability of the hyperchaotic Chen sys-

globally asymptotically stable at the origin.
According to theorem 2, with the controllers

up = —(d+ a)r; — (¢ + a)zs,

up = —x1 — Tax3 — (1 + )24,

the controlled state variables of system (6) will con-
verge to zero, and the simulation results with initial
vales z1(0) = 1.0, z2(0) = 2.0, 23(0) = 1.0, and
x24(0) = 4.0 are displayed in Fig.2. By theorem 4,
with M = 25, under the control of

M2
Uy = — d+2—b e1+e1x3 — (c+ a)es,

2

Uy = —Tp€3 — T3€y — €963 — Ttbel — (r+ a)ey,

systems (17) and (18) will be synchronized with each
other. The synchronization errors between them are
shown in Fig.3, with the initial conditions 2 (0) = 3.0,
x2(0) = —4.0, x3(0) = 2.0, 24(0) = 5.0 and y1(0) =
4.0, y2(0) = =5.0, y3(0) = 1.0, y4(0) = 2.0.
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Fig.3. Synchronization errors between systems (17) and (18).

tem and the error dynamical system. Finally, numer-
ical simulations are provided to verify the theoretical
analysis. Similarly, the work can be done for the pas-
sive control and synchronization of hyperchaotic Lii
system, hyperchaotic Lorenz system and hyperchaotic
Rossler system.



No. 2

Passive control and synchronization of hyperchaotic Chen system

497

References

[1]
(2]

[3]

Pecora L M and Carroll T L 1990 Phys. Rev. Lett. 64 821

Carroll T L and Pecora L M 1991 IEEE Trans. Circ. Syst.
138 453

Chen S H, Zhang Q J and Xie J 2004 Chaos, Solitons
Fractals 20 947

Gao B J and Lu J A 2007 Chin. Phys. 16 666

Yu H J 2005 Acta Phys. Sin. 54 5053 (in Chinese)

Li L, Guo Z A, Li Y and Xia X L 2007 Acta Phys. Sin.
56 95 (in Chinese)

Liu Y Z and Fei S M 2005 Acta Phys. Sin. 54 3486 (in
Chinese)

(8]

[9)
(10]
(11]
(12]
(13]

14]
(15]

[16]
(17]

Yao L N, Gao J F and Liao N H 2006 Acta Phys. Sin. 55
35 (in Chinese)

Lin W 1995 Syst. Contr. Lett. 25 41

Qi D L 2006 Chin. Phys. 15 1715

Wang F Q and Liu C X 2006 Chin. Phys. 15 1971

Sun Y Z, Zhao G Z and Qi D L 2006 Chin. Phys. 15 2266
Hill D J and Moylan P 1976 IEEE Trans. Circ. Auto.
Contr. 21 708

LiY X, Tang S K and Chen G R 2005 Int. J. Bifur. Chaos
15 3367

Chen G R and Ueta T 1999 Int. J. Bifur. Chaos 9 1465
Ueta T and Chen G R 2000 Int. J. Bifur. Chaos 10 1917
Byrnes C I and Isidori A 1991 IEEE Trans. Automat.
Contr. 36 1228



