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Taking the intrinsic decoherence effect into account, this paper investigates the entanglement of a two-qubit

anisotropic Heisenberg XY Z model in the presence of nonuniform external magnetic fields by employing the concurrence

as entanglement measure. It is found that both the intrinsic decoherence and the anisotropy of the system give a

significant suppression to the entanglement. Moreover it finds that the initial state of the system plays an important

role in the time evolution of the entanglement, which means that the entanglement of the system is independent of

the nonuniformity and uniformity of the magnetic field when the system is in the initial state |¥ (0)) = |00) and

|’ (0)) = m|01) + n|10), respectively.
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1. Introduction

Quantum entanglement, as one of the most strik-
ing features in quantum mechanics, has been inten-
sively studied for its potential applications in quan-
tum communication and quantum computation such
as quantum teleportation,? superdense coding,!?!

(4 etc. A great deal

and quantum key distribution,
of schemes have been proposed for the generation of
the entangled states in various kinds of physical sys-

tems including electron spins,®% quantum dots,!7—1"

(12 (131 and so on. As a

nuclear spins,'? Cooper pairs,
simple but realistic solid-state system, the Heisenberg
spin chain seems to be particularly promising among
the various realizations of qubits in quantum informa-
tion processing because of its scalability and flexibility.

Since a magnetic field is a powerful means to con-
trol the entanglement in spin systems, much attention
has been devoted to examining the entanglement with
various quantum Heisenberg chains in the presence
of magnetic fields."*~'¥] Arnesen et al revealed the
thermal entanglement of spins in an isotropic Heisen-
berg chain with an external magnetic field in thermal
equilibrium.[*?) However, the isotropic interaction of

spin chain is only an approximation while in real sys-

Heisenberg XY Z chain, concurrence, magnetic field, intrinsic decoherence

tems it is usually broken for many reasons: for in-
stance, the spin—orbit coupling may introduce pertur-
bations. As a result, the anisotropic effect on the en-
tanglement of a two-qubit Heisenberg XY chain was
discussed,!?>2" and the thermal entanglement with
the completely anisotropic Heisenberg XY Z chain in
the presence of a uniform magnetic field was also
investigated.[??!

On the other hand, from the practical point of
views, the decoherence of the entanglement for a quan-
tum system is sometimes inevitable. Therefore, tak-
ing decoherence into account is indispensable, and the
discussion on the entanglement of Heisenberg chain
with intrinsic decoherence is also made by many au-
thors. In Ref.[23], Li and Xu studied the entanglement
of a three-qubit Heisenberg XY chain with intrinsic
decoherence. It is shown that the nearest neighbour
pairwise entanglement rapidly decay due to intrinsic
decoherence while next neighbour qubits finally stray
in an entangled stationary state in the case without
the magnetic impurity. The same authors also inves-
tigated the entanglement of a multi-qubit quantum
Heisenberg XY chain with phase decoherence, and
found that the nearest neighbour pairwise entangle-
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ment of XY ring with odd number length is more ro-
bust against phase decoherence than that with even
number length.?4) Recently, He et al ?°! studied the
influence of intrinsic decoherence on quantum telepor-
tation with different initial systems by calculating the
average fidelity, and they discovered that one could
adjust the magnetic field to reduce the different ef-
fects of intrinsic decoherence.

Note that most of the schemes proposed in
Heisenberg system are considered in a uniform mag-
netic field. However, typically, the solid-state het-
erostructures which realize qubits are inhomogeneous,
and magnetic imperfections or impurities are also
likely to be present, giving rise to stray magnetic
fields. Consequently, studying the entanglement of the
qubits in the presence of nonuniform magnetic fields
also ought to be necessary. More recently, Hu et al [26]
discussed the entanglement of an anisotropic Heisen-
berg XY Z model in a nonuniform magnetic field. It
is shown that the introduction of the nonuniformity in
the magnetic field reduces the high-concurrence region
of the model significantly.

On the basis of above analysis, in this paper we
use the concurrence to study the entanglement of a
two-qubit anisotropic Heisenberg XY Z chain with
intrinsic decoherence in the presence of nonuniform
magnetic fields. We find that the anisotropy and the
intrinsic decoherence greatly suppress the entangle-
ment of the system. Furthermore, the time evolution
of the entanglement varies with different initial states
of the system, the uniformity and nonuniform compo-
nent of the magnetic field play different roles in the
time evolution of the entanglement of the system.

2. Theoretic model

We consider the situation that a two-qubit
anisotropic Heisenberg XY Z chain is in the presence
of nonuniform external magnetic fields. The Hamilto-
nian for the system can be described as

H=J,0,®0,+ Jyoy, @0y +J,0, 0,

+(B+bo., 1+ (B—-b)I®o,, (1)
where o; (i = z, y, z) are the Pauli matrices, J;
(i = z, y, z) are the interaction coefficients which

take care of both the ferro- and anti-ferromagnetic
coupling between two spin degrees of freedoms, respec-
tively, and the difference between J, and J, measures
the anisotropy of the system. The external magnetic

fields are assumed to be along the z-direction, B de-
scribes the uniformity of the field while b measures the
degree of the nonuniformity of the field, and I denotes
the identity matrix.

In the space expanded by {|11), |10), |01),]00)},
the eigenstates |®;) (j = 1, 2, 3, 4) of the Hamiltonian
and the corresponding eigenvalues F; can be derived

as
|@1) =4 [11) + €4 00) , By = J. 46,
|®2) =n-[11) + € |00) , By = J, — 4,
|®3) = vy [10) + &4 |01), B3 = x — J.,
|®4) =v_[10) + £ [01), By = —x — J2, (2)

where the parameters

_ .1 2B=S
NG N/ Py ok

1 Ju—J,
R .
V262 £ 2B5

1 y+2b
vp=d ——2==
V2 /X2 £ 2bx

1 J.+J,

&+ (3)

R T

VAB (T, — 7" and x =

\/4b2 + (J. + J,)%. It is easy to find that Egs.(2)
and (3) reduce to the results reported in Ref.[27]
when the coupling constants are taken to be isotropic
Jo=J, = J..

in which § =

3. Influence of intrinsic decoher-
ence on the entanglement of
the model

Taking the intrinsic decoherence into account, we
now study the entanglement of a two-qubit anisotropic
Heisenberg XY Z model. Generally, the standard way
to deal with decoherence is to consider the system of
interest as a part of a larger closed system involv-
ing the surrounding environment. In Ref.[28], Mil-
burn proposed a simple modification of Schrodinger
equation which contains a term responsible for decay
of quantum coherence in the energy eigenstate ba-
sis based on an assumption that for sufficiently short
time steps the system does not evolve continuously
under unitary transformation. According to this as-
sumption, the decay is entirely of phase decoherence,
and the time evolution of density matrix in Milburn’s
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model can be expressed as
d 1 . .

= 5 {exp [-ivH] p(t)exp [iH] — p(t)}, (4)

where v is the phase decoherence rate. Under Marko-

vian approximation, the master equation governing

the time evolution for the system can be expanded

dz_it) = —i[H,p(t)] = 5 [H.[H.p(0)].  (5)

Then the formal solution of Eq.(5) can be expressed
asl29-31]

as
2

00 k
Ot et 0, @)

S
=
~—

I

where p (0) is the density operator of the initial sys-
tem, M* is defined as

MF = H’%xp(—th)exp( - ¥H2> (7)

Inserting the complete relation ), |®,) (9| into
Eq.(6), we get the time-dependent density matrix

X (P | p (0)|Pn) | Prn) (Pl (8)

where E,, ,, and @y, ,, (m, n =1, 2, 3, 4) are the eigen-
values and corresponding eigenvectors of the Hamilto-
nian given in Eq.(1), respectively.

To quantify the value of entanglement between
two qubits, we adopt the concurrence C' which is de-
fined asl3?!

C =max{\; — A\a — A3 — \y,0}, (9)

where A1, A2, A3, A4 are the positive square roots of
the eigenvalues in descending order of the matrix

R=p(oy®@o0y)p*(0y®0y), (10)

in which p is the density operator, and the symbol *
indicates the complex conjugation. The concurrence
can be calculated no matter whether p is a pure or
mixed state which varied from C' = 0 for a separate
state to C = 1.0 for a maximally entangled state.

(a) Assumed that the qubits 1 and 2 are both ini-
tially in the spin-down states, namely, the system is in
an unentangled state | ¥ (0)) = |00) at the beginning.
By a direct calculation from Egs.(2), (3) and (8), the
time evolution of the density matrix of the system on
the standard basis {|11),[10),]01),]00)} can be ex-
pressed as

pr(t) =ar[11) (1] + [11) (00)]
+ u* |00> <11|+ﬁ|00) <00|7 (11)

where
a=1— 5o (5%~ 4B%) [1 — cos (26) exp (~26%1)]
m :(51—2 (Jo — Jy) {B - % [2B cos (26t) — i6 sin (20t)] exp (—25%)} :
5 =553 (T = Jy)* [1 = cos (201) exp (~26%1). (12)

In the above equations, the parameter ¢ is the same
as that in Eq.(3).

From Eqs.(11) and (12) we can clearly see that
the time-dependent density operator of the system is
independent of the nonuniform magnetic field b. Next,
we investigate the influence of anisotropy and intrin-
sic decoherence on the concurrence of the system. In
Fig.1 we depict the concurrence as a function of time
t for different anisotropy (by varying the interaction
coefficients J, while setting J, = 2.0) with different

decoherence rate v. We can see that the concurrence
oscillates and collapses with the evolution of time ¢,
and the increasing anisotropy leads to a more con-
siderable suppression of the oscillation of the concur-
rence. Comparing Fig.1(a) with Fig.1(b), we find that
the intrinsic decoherence of the system also gives an
evident suppression on the oscillation, and the concur-
rence collapses to zero more quickly with the increase
of .
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Fig.1. The concurrence as a function of time ¢ for differ-
ent anisotropy and different decoherence rate, where solid
line corresponds to J, = 1.9, dash line to J, = 1.7, and
dot line to J; = 1.5. The parameters B = 0, J, = 2.0,
and the decoherence rate (a) v = 0.1; (b) v = 0.5.

In what follows, we will give the intuitional de-
scription of the influence of intrinsic decoherence on
the concurrence in terms of three-dimensional diagram
without (for Fig.2(a)) or with (for Fig.2(b)) the uni-
form magnetic field B. From Fig.2(a), for B = 0,
it is easy to find that the value of the concurrence
also oscillates with time ¢ and decreases with the in-
crease of the decoherence parameter . As is shown
in Fig.2(b), for B = 0.1, the extreme value of the con-
currence first decreases, and then quickly approaches
to a stable constant value with the increasing v at a

the effect of intrinsic decoherence may be weakened
by the introduction of the uniform field B.

(a)

0 20 40 ¢ g 0.2
t

Fig.2. The concurrence as a function of time ¢ and deco-
herence rate v with different magnetic fields for J; = 2.0
and Jy = 1.9, where (a) B =0; (b) B =0.1.

(b) Assumed that the system is initially in an en-
tangled state | ¥’ (0)) = m|10) 4+ n |01), where m and
n are real parameters satisfying m?+ n? = 1. Then
the time evolution of the density matrix of the sys-
tem on the standard basis {|11),]10),|01),|00)} can
be given by

pa(t) =¢ [10) (10| + w |10) (01

+ w™|01) (10| + ¢ |01) (01], (13)
fixed time. This indicates that entanglement can be
effectively controlled by external magnetic fields, and  where
|
1
£=5 {[n (Jo + Jy) + 2mb]* + m?x? — [[n (Jo + Jy) + 2mb)> — mzxﬂ cos (2xt) exp (—2X2fyt)} :
1
T (Jo + Jy) {mx2 [n (Ju + ) 4 2mb] — bn (Jo + Jy) + 2mb)° — m?x>b
1
+ 3 [[n (Jo + Jy) + 2mb)* — m2x2] [2b cos (2xt) — ix sin (2xt)] exp (—2x*4t)},
= (Jo + J) {—— [0 (Jo + Jy) + 2mb + mx]* + —— [n(J, + J) + 2mb — mx]*
¢ e ( v) {(x+2b)2 [n( y) Xl 20 [n( y) X]
2 2 2.2 2
A T [[n(Jm +J,) + 2mb]> — m?x ] cos (2xt) exp (—2x%71) }. (14)

From Egs.(13) and (14), one can see that the uni-
form magnetic field B has no effect on the concur-
rence of the system, which is different from the case
(a) where the initial state of the system is in a separa-
ble state. To study the effect of the nonuniform part
of the field on the concurrence, in Fig.3 we plot the
concurrence versus time ¢ and the field b for different

initial systems. From the figure, we find that the con-
currence decays monotonically with the increasing b

1
for the case of |#'(0)) = ﬁ(|10> +101)), while it first
increases sharply, then decreases after a peak value at

a given value of b (b = 2.0) for the | ¥/(0)) = |01) case.
In addition, if there is no nonuniform field (b = 0),
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the concurrence in Fig.3(a) keeps to unity while that
in Fig.3(b) first fluctuates, then decays to zero and
there exists a peak-value 0.5 at the time ¢ ~ 0.2 dur-
ing the fluctuation of the concurrence. This trend of
concurrence can be explained from Eqgs.(13) and (14),
when b = 0, the coefficients ¢, w, ¢ in Eq.(14) for

the |#'(0)) = %(HO} + |01)) case will respectively
become € = w = ¢ = 1/2. In this situation, the ef-
fects of both the intrinsic decoherence and anisotropy
on the concurrence disappear and the concurrence is
time-independent. Moreover, when b = 0, the corre-
sponding coefficients for the |#/(0)) = |01) case will
respectively be

€= %{1 — cos[2(Jz + Jy )tlexp[—2(J, + Jy)ZVt]}’

e _% sin[2(J, + J,)texp[—2(J, + J,) 1]

and
(= %{1 + cos[2(Jy + Jy ) tlexp[—2(Jx + J,)*1]},

which means that the concurrence is dependent on
time ¢. The above analyses show that the nonuniform
field b plays different roles in the evolutions of the
concurrence of the systems for different initial states.

S
N
N7z
I
L RGP

Fig.3. The concurrence as a function of time t and the
nonuniform magnetic field b for different initial states,

1
where (a) |#/(0)) = 510 +101)); (b) [&’(0)) = |01).
The parameters J, = 2.0, Jy = 1.9, v =0.1.

The concurrence with intrinsic decoherence as a
function of time ¢ is plotted in Fig.4, where the ini-
tial state of system and the value of decoherence rate
are varied. From the figure, we can observe that the
intrinsic decoherence of the system reduces the high-
peak region of the short-time oscillation of the concur-
rence at first, and the concurrence of the systems will

remain in a stable value for the long-time case. Fur-
thermore, it is found that no matter what the value of
the decoherence rate is, the concurrence of the system
with the same initial state will arrive at a steady-going
nonzero value in the end. In fact, this phenomenon is
observable for the systems in both case (a) and case
(b), which can also be seen from Eqgs.(11), (12), (13)
and (14) that if time ¢ approaches to infinity, the den-
sity operators of the systems will be time-independent
and the effect of the decoherence rate v on the con-
currence will disappear. In addition, from Fig.4 we
can see that after the parameters J,, J, and ~ are
given, the system will finally stay in a higher concur-
rence during the whole evolution process for the initial
larger concurrence of the two qubits, and vice versa.

1.0 "
O 05 (a) |
0/ Sy : :
0 0.4 0.8 1.2 1.6 2.0
t
5 (®) |
08 12 16 20
t
1.00 y T T T T T T " "
B (c)
O 0.99F " e = =
0.98 . . . . . . . . .
0 0.4 0.8 1.2 1.6 2.0
t
Fig.4. The concurrence as a function of time ¢ for

different initial states and different decoherence rate =,
where the solid line corresponds to v = 0.1, dash line to
~v = 0.3, dot line to v = 0.8, and (a) |¥’(0)) = |01); (b)

1 1
U’ (0)) = —=(]10)+2]01)); (c) | Z’'(0)) = —=(]10)+]01)).
| ¥'(0)) \/g(l )+2(01)); (c) [¥'(0)) \/i(l )+101))
The other parameters J, = 2.0, Jy, = 1.9, b =0.2.

4. Conclusions

In summary, we have studied the entanglement
of a two-qubit anisotropic Heisenberg XY Z chain in
nonuniform external magnetic fields with intrinsic de-
coherence by calculating the concurrence. Our results
show that both the anisotropy of the system and the
intrinsic decoherence have impacts on the entangle-
ment. If the system is initially in the separable state
|#(0)) = |00), the uniform field B can weaken the de-
struction of the entanglement suffered by the intrinsic
decoherence while the nonuniform field b has no effect
on the entanglement. Moreover, if the system is ini-
tially in the entangled state | ¥’(0)) = m|10) + n|01),
the nonuniformity of the field plays an important role
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in the time evolution of the concurrence while the uni-

form component of the field has no impact on the en-

tanglement. Besides, it is found that the initial con-

currence of the two qubits is of great significance on

the time evolution of the entanglement of the system.

Under the condition of a fixed set of the parameters

Jz, Jy and v, the larger the concurrence that the ini-

tial system contains, the higher the concurrence that

the system will retain at last.
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