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This paper presents a scheme for probabilistic remote preparation of a three-particle entangled Greenberger–

Horne–Zeilinger (GHZ) state via three-particle orthonormal basis projective measurement, and then directly generalize

the scheme to multi-particle case. It is shown that by using N pairs of bipartite non-maximally entangled states as the

quantum channel and N-particle orthonormal basis projective measurement, the multi-particle remote preparation can

be successfully realized with a certain probability.
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1. Introduction

Quantum entanglement is one of the most strik-

ing features of quantum mechanics. Also multi-

particle entanglement is a very important physical

resource in quantum information protocols such as

quantum teleportation,[1] quantum telecloning,[2] su-

perdense coding,[3] quantum cryptography[4] and so

on. Quantum teleportation, proposed by Bennett et

al,[1] is the process that transmits an unknown two-

state particle, or a qubit from a sender (Alice) to a

receiver (Bob) via a quantum channel with the help

of some classical information. In recent years many

theoretical and experimental researches have extensive

explored teleportation from all aspects.[5] Considering

that an entangled state may be non-maximally entan-

gled, Li et al
[6] proposed a non-maximally entangled

quantum channel, which indicates that teleportation

of a single-particle state can be realized with a cer-

tain probability. Based on the work of Li et al,[6]

several schemes of quantum probabilistic teleporta-

tion of three-particle and multi-particle states by using

the partial entangled states as quantum channels were

presented.[7−13]

Recently, Lo,[14] Pati,[15] and Bennett et al
[16]

have presented an interesting new subject, remote

state preparation (RSP), in which Alice wishes to

help Bob in his laboratory to prepare a quantum

state by means of previously shared entanglement

and classical communication. In RSP, Alice is as-

sumed to know the state which is to be prepared re-

motely, while in quantum teleportation, neither Alice

nor Bob knows the identity of the teleported state.

Some authors[17−23] have investigated various theoret-

ical protocols for generalization of RSP. Shi et al
[17]

have proposed a scheme to remotely prepare an N -

particle entangled state by an (N+1)-particle maxi-

mally entangled state as the quantum channel and via

a single-particle von Neumann measurement. Liu et

al
[18] have presented a scheme for preparing remotely

a two-particle entangled state via two pairs of entan-

gled particle as the quantum channel and by a two-

particle projective measurement. Dai et al
[23] have

proposed a scheme for probabilistic remote prepara-

tion of a four-particle entangled state by using two

three-particle partial entangled states as the quantum

channel and via a two-particle projective measure-

ment. Different from these protocols using a single-

particle von Neumann orthogonal measurement or a

two-particle projective measurement, recently, Liu et

al
[24] have proposed a scheme for preparing remotely

a three-particle(or N -particle) GHZ state via a three-

particle(or a N -particle) orthonormal basis measure-

ment. But they considered only the maximally entan-
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gled quantum channel. In the present paper, we pro-

pose a scheme for probabilistic remote preparation of a

three-particle GHZ state via three-particle orthonor-

mal basis projective measurement. In this scheme,

three non-maximally two-particle entangled states are

employed as the quantum channel. Then we directly

generalize it to the multi-particle case. It is shown

that the RSP scheme can be successfully realized with

certain probability if a receiver adopts some appropri-

ate unitary transformations.

2. Preparing remotely a three-

particle entangled GHZ state

by three-pair non-maximally

entangled particles

To present our scheme more clearly, let us first

begin with probabilistic RSP of a three-particle en-

tangled state. Suppose that the sender Alice wants to

help the receiver Bob remotely prepare a tripartite en-

tangled GHZ state |φ〉 = α |000〉 +β |111〉, where α is

real and β is a complex number, |α|2 + |β|2 = 1. We

assume that Alice knows α and β completely, but Bob

does not know them at all. We also suppose that three

non-maximally two-particle entangled states shared

by Alice and Bob are in the following states, respec-

tively,

|ψ〉A1B1
= a1 |00〉A1B1

+ b1 |11〉A1B1
,

(|a1|2 + |b1|2 = 1, |a1| ≤ |b1|),
|ψ〉A2B2

= a2 |00〉A2B2
+ b2 |11〉A2B2

,

(|a2|2 + |b2|2 = 1, |a2| ≤ |b2|),
|ψ〉A3B3

= a3 |00〉A3B3
+ b3 |11〉A3B3

,

(|a3|2 + |b3|2 = 1, |a3| ≤ |b3|). (1)

We assume that the parameters ai and bi (i = 1, 2, 3)

are real, and still assume Alice is in possession of par-

ticles A1, A2, and A3 and Bob is in possession of par-

ticles B1, B2, and B3. Since Alice knows exactly the

parameters α and β of the state |φ〉, she can choose

to measure her three particles on whatever basis she

wants. Now Alice carries out a three-particle projec-

tive measurement on the particle A1, A2, and A3 in a

set of mutually orthogonal basis vectors,

∣

∣ϕ0
〉

A1A2A3

=α |000〉A1A2A3
+ β |111〉A1A2A3

,
∣

∣ϕ0
⊥

〉

A1A2A3

=β∗ |000〉A1A2A3
− α |111〉A1A2A3

,
∣

∣ϕ1
〉

A1A2A3

=α |001〉A1A2A3
+ β |110〉A1A2A3

,
∣

∣ϕ1
⊥

〉

A1A2A3

=β∗ |001〉A1A2A3
− α |110〉A1A2A3

,
∣

∣ϕ2
〉

A1A2A3

=α |010〉A1A2A3
+ β |101〉A1A2A3

,
∣

∣ϕ2
⊥

〉

A1A2A3

=β∗ |010〉A1A2A3
− α |101〉A1A2A3

,
∣

∣ϕ3
〉

A1A2A3

=α |011〉A1A2A3
+ β |100〉A1A2A3

,
∣

∣ϕ3
⊥

〉

A1A2A3

=β∗ |011〉A1A2A3
− α |100〉A1A2A3

. (2)

The above non-maximally entangled states

{|ϕl〉A1A2A3
, |ϕl

⊥〉A1A2A3
} (l = 0, 1, 2, 3) form a com-

plete orthonormal basis in a quantum system of eight-

dimensional Hilbert space. In this way, the three non-

maximally EPR pairs shared previously by Alice and

Bob can be rewritten as

|ψ〉A1B1
⊗ |ψ〉A1B1

⊗ |ψ〉A1B1

=
∣

∣ϕ0
〉

A1A2A3

(αa1a2a3 |000〉B1B2B3
+ β∗b1b2b3 |111〉B1B2B3

)

+
∣

∣ϕ0
⊥

〉

A1A2A3

(βa1a2a3 |000〉B1B2B3
− αb1b2b3 |111〉B1B2B3

)

+
∣

∣ϕ1
〉

A1A2A3

(αa1a2b3 |001〉B1B2B3
+ β∗b1b2a3 |110〉B1B2B3

)

+
∣

∣ϕ1
⊥

〉

A1A2A3

(βa1a2b3 |001〉B1B2B3
− αb1b2a3 |110〉B1B2B3

)

+
∣

∣ϕ2
〉

A1A2A3

(αa1b2a3 |010〉B1B2B3
+ β∗b1a2b3 |101〉B1B2B3

)

+
∣

∣ϕ2
⊥

〉

A1A2A3

(βa1b2a3 |010〉B1B2B3
− αb1a2b3 |101〉B1B2B3

)

+
∣

∣ϕ3
〉

A1A2A3

(αa1b2b3 |011〉B1B2B3
+ β∗b1a2a3 |100〉B1B2B3

)

+
∣

∣ϕ3
⊥

〉

A1A2A3

(βa1b2b3 |011〉B1B2B3
− αb1a2a3 |100〉B1B2B3

). (3)
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Now Alice makes a measurement on her parti-

cles A1, A2, A3 using the basis vectors {|ϕl〉A1A2A3
,

|ϕl
⊥〉A1A2A3

}. If the result of Alice’s measurement

on the particles A1, A2, A3 is
∣

∣ϕ0
⊥

〉

A1,A2,A3

, the three-

particle B1, B2, B3 at Bob’s side will collapse into

the state βa1a2a3 |000〉B1B2B3
− αb1b2b3 |111〉B1B2B3

.

Then Alice informs Bob of her measurement re-

sult via a classical channel with just three classi-

cal bits. According to measurement result by Al-

ice, Bob can make a unitary transformation −iσy on

the particle B1 and σx on the particle B2 and B3,

where σx and σy are the Pauli matrices. So we get

the state αb1b2b3 |000〉B1B2B3
+ βa1a2a3 |111〉B1B2B3

.

To prepare the initial state |φ〉 in a remote place,

Bob introduces an auxiliary particle C with the ini-

tial state |0〉C and makes a collective unitary trans-

formation on particles B3 and C under the ba-

sis
{

|00〉B3C , |10〉B3C , |01〉B3C , |11〉B3C

}

, an unitary

transformation U1 may take the form

U1 =





















a1a2a3/b1b2b3 0

√

1 − (a1a2a3/b1b2b3)
2

0

0 1 0 0

0 0 0 1
√

1 − (a1a2a3/b1b2b3)
2

0 −a1a2a3/b1b2b3 0





















, (4)

and have

U1(αb1b2b3 |000〉B1B2B3
+ βa1a2a3 |111〉B1B2B3

) ⊗ |0〉C
=a1a2a3(α |000〉B1B2B3

+ β |111〉B1B2B3
) ⊗ |0〉C

+ αb1b2b3

√

1 − (a1a2a3/b1b2b3)
2 |111〉B1B2B3

⊗ |1〉C . (5)

Then Bob measures the state of the auxiliary

particle. If the result is |1〉C , the remote prepara-

tion of the original state fails; if the result is |0〉C ,

the state of particles B1, B2, and B3 collapses to

a1a2a3(α |000〉 + β |111〉)B1B2B3
. The remote prepa-

ration of a three-particle entangled state is success-

fully realized and the success probability is |a1a2a3|2.
From Eq.(3), if the results of Alice’s measurement are
∣

∣ϕ1
⊥

〉

A1A2A3

,
∣

∣ϕ2
⊥

〉

A1A2A3

and
∣

∣ϕ3
⊥

〉

A1A2A3

, by the sim-

ilar method as above, Bob can construct the three-

particle entangled state that Alice wishes to prepare

remotely with the corresponding probability. Ac-

cording to Eq.(3), we find that if Alice’s outcome is
∣

∣ϕl
〉

A1A2A3

(l = 0, 1, 2, 3) in the three-particle projec-

tive measurement, Bob cannot unitarily convert the

state that he gets into the original state |φ〉 to be pre-

pared remotely since he has no knowledge of the pa-

rameter β∗. However, if α and β are real numbers or

the state |φ〉 = (1/
√

2)(|000〉+eiϕ |111〉), Bob can con-

struct the entangled state |φ〉 by applying a suitable

unitary operation to particles B1, B2, and B3.

3. Preparing remotely a N-

particle entangled GHZ state

by N-pair non-maximally en-

tangled particles

Now we will generalize the previous scheme for

remote preparation of a multiparticle entangled state.

Suppose that the sender Alice wishes to help the re-

ceiver Bob prepare remotely a N -particle entangled

GHZ state

|φ〉 = α |00 . . .0〉 + β |11 . . .1〉 , (6)

where the parameter α is real and β is a complex num-

ber, |α|2 + |β|2 = 1, and which is known completely

to Alice but unknown to Bob. We also suppose that

Alice and Bob share N -pairs of non-maximally entan-

gled particles, which are given by

|ψ〉AkBk
= ak |00〉AkBk

+ bk |11〉AkBk
,

k = 1, 2, . . . , N , (7)
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where particles A1, A2, . . . , AN belong to Alice and

particles B1, B2, . . . , BN belong to Bob, and ak and bk

are real, |ak| ≤ |bk| and |ak|2 + |bk|2 = 1. To achieve

the RSP, different from the single-particle von Neu-

mann measurement given in the scheme[17], Alice car-

ries out a N -particle projective measurement on the

particles A1, A2, . . . , AN in a set of mutually orthog-

onal basis vectors {|ϕl〉A1A2...AN
, |ϕl

⊥〉A1A2...AN
},

which is given by

|ϕl〉A1A2...AN
= α|0〉A1

⊗
N
∏

m=2

|ζ(m)〉Am

+ β|1〉A1
⊗

N
∏

m=2

|ζ(m)〉Am
,

|ϕl
⊥〉A1A2...AN

= β∗|0〉A1
⊗

N
∏

m=2

|ζ(m)〉Am

− α|1〉A1
⊗

N
∏

m=2

|ζ(m)〉Am
, (8)

where |ζ(m)〉Am
and |ζ(m)〉Am

stand for orthogonal

states of the m-th particle, the symbol ζ(m) is a bi-

nary variable ∈ {0,1} with its complement ζ(m) =

1 − ζ(m). We have defined a decimal numeral l

as[25] l = (ζ(2)ζ(3) . . . ζ(N))2, which means

l =

N
∑

j=2

ζ(j)2N−j

=ζ(2) · 2N−2 + ζ(3) · 2N−3 + · · ·
+ ζ(N) · 20. (9)

Thus, an unique representation of l is established with

a set of binary number ζ(2), ζ(3), . . . , ζ(N), obviously

l = 0, 1, . . . , 2N−1 − 1. Then, the N pairs of non-

maximally entangled particles at this moment can be

represented as

|Ψ〉 =|ψ〉A1B1
⊗ |ψ〉A2B2

⊗ · · · ⊗ |ψ〉AN BN

=(a1|00〉 + b1|11〉)A1B1
⊗ (a2|00〉 + b2|11〉)A2B2

⊗ · · · ⊗ (aN |00〉 + bN |11〉)AN BN

=
2N−1−1

∑

l=0

[|ϕl〉A1A2...AN
(αa1 ⊗

N
∏

m=2

Pζ(m)|0〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
+ β∗b1 ⊗

N
∏

m=2

Pζ(m)|1〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
)

+ |ϕl
⊥〉A1A2...AN

(βa1 ⊗
N
∏

m=2

Pζ(m)|0〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
− αb1 ⊗

N
∏

m=2

Pζ(m)|1〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
)], (10)

where we defined:

Pζ(m) =

{

am, if ζ(m) = 0,

bm, if ζ(m) = 1,

Pζ(m) =

{

bm, if ζ(m) = 1,

am, if ζ(m) = 0.
(11)

Now Alice makes a measurement on her N

particles A1, A2, . . . , AN by using the basis vectors

{|ϕl〉A1A2...AN
, |ϕl

⊥〉A1A2...AN
}. Alice sends the mea-

surement result to Bob through a classical channel

with N classical bits, In general, if the result of Al-

ice’s measurement on the particles A1, A2, . . . , AN is

|ϕl
⊥〉A1A2...AN

, the N-particle B1, B2, . . . , BN at Bob’s

side will be in an entangled state

βa1 ⊗
N
∏

m=2

Pζ(m)|0〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm

−αb1 ⊗
N
∏

m=2

Pζ(m)|1〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
. (12)

Now, Bob can make an unitary transformation −iσy

on the particle B1 and |0〉〈ζ(m)| + |1〉〈ζ(m)| on the

particle Bm, where m = 2, 3, . . . , N. Then, Eq.(12)

will be transformed into the state

A⊗ β|11 . . .1〉B1B2...BN

+B ⊗ α|00 . . . 0〉B1B2...BN
, (13)

where we defined

A = a1 ⊗
N
∏

m=2

Pζ(m), = b1 ⊗
N
∏

m=2

Pζ(m).

There are two case regarding the relationship be-

tween A and B. One case is A ≤ B. To prepare

the initial state |φ〉, Bob introduces an auxiliary par-

ticle C with the initial state |0〉C and performs a



No. 2 Scheme for probabilistic remotely preparing a multi-particle entangled GHZ state 449

collective unitary transformation U2 under the basis

{|00〉BNC , |10〉BN C , |01〉BN C , |11〉BN C}

U2 =



























A

B
0

√

1 −
(

A

B

)2

0

0 1 0 0

0 0 0 −1
√

1 −
(

A

B

)2

0 −A
B

0



























, (14)

which turns the state of the particles B1, B2, . . . , BN

and C into

U2(Bα|00 . . . 0〉B1B2...BN

+Aβ|11 . . . 1〉B1B2...BN
) ⊗ |0〉C

= A(α|00 . . . 0〉B1B2...BN
+ β|11 . . . 1〉B1B2...BN

)⊗ |0〉C

+B

√

1 − (
A

B
)2α|11 . . . 1〉B1B2...BN

⊗ |1〉C . (15)

Now Bob will measure the state of the auxiliary

particle. If the result is |1〉C , the remote prepa-

ration of the original state fails. If the result is

|0〉C , the state of particles B1, B2, . . . , BN become

A(α|00 . . . 0〉 + β|11 . . . 1〉)B1B2...BN
, this means that

remote preparation of N -particle entangled state can

be achieved with the success probability |A|2.
The other is A ≥ B. Under the ba-

sis {|10〉BNC , |00〉BN C , |11〉BN C , |01〉BN C}, the unitary

transformational U3 may take the form

U3 =



























B

A
0

√

1 −
(

B

A

)2

0

0 1 0 0

0 0 0 −1
√

1 −
(

B

A

)2

0 −B
A

0



























. (16)

In the same way,

U3(Bα|00 . . . 0〉B1B2...BN

+Aβ|11 . . . 1〉B1B2...BN
) ⊗ |0〉C

= B(α|00 . . . 0〉B1B2...BN
+ β|11 . . . 1〉B1B2...BN

)⊗ |0〉C

+A

√

1 −
(

B

A

)2

β|00 . . . 0〉B1B2...BN
⊗ |1〉C . (17)

From Eq.(17), it is evident that Bob can construct

the N -particle entangled state that Alice wishes to

prepare remotely with the success probability being

|B|2.
Based on Eq.(10),we find that if Alice’s outcome

is |ϕl〉A1A2...AN
in the N -particle projective measure-

ment, Bob will get the state

αa1 ⊗
N
∏

m=2

Pζ(m)|0〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm

+β∗b1 ⊗
N
∏

m=2

Pζ(m)|1〉B1
⊗

N
∏

m=2

|ζ(m)〉Bm
. (18)

Since Bob has no knowledge of Eq.(18), he cannot

unitarily convert them into the original state |φ〉.
However, if α and β are real numbers or the state

|φ〉 =
1√
2
(|00 . . . 0〉12...N + eiϕ|11 . . .1〉12...N ), and if

Alice’s measurement result is |ϕl〉A1A2...AN
, Bob can

construct the entangled state |φ〉 by means of an uni-

tary operation withN classical bits from Alice. Hence,

for some specially chosen N -particle two-dimensional

entangled states, RSP scheme can be achieved with

a certain probability by using N classical bits and a

N -particle projective measurement.

4. Conclusion

In conclusion, we have proposed a scheme for

probabilistic RSP of a multi-particle quantum state.

To present the scheme more clearly, we first investi-

gate a scheme of RSP of a three-particle GHZ state

by using three two-particle partial entangled state as

quantum channel. Then we directly generalize the

scheme to N particles case. It shows that, for the

N bipartite nonmaximally entangled states shared by

Alice and Bob as quantum channel, the probabilistic

RSP of a N -particle GHZ state can be successfully

realized with the N -particle projective measurement

and appropriate unitary transformation.

References

[1] Bennett C H ,Brassard G, Crepeau C, Jozsa R, Peres A

and Wootters W K 1993 Phys. Rev. Lett. 70 1895

[2] Murao M, Jonathan D, Plenio M B and Vedral V 1999

Phys. Rev. A 59 156

[3] Lin X S, Tong G L, Tong D M and Li F 2002 Phys. Rev.

A 65 022304

[4] Ekert A 1991 Phys. Rev. Lett. 67 661

[5] Zeilinger A 1999 Rev. Mod. Phys. 71 5288



450 Ma Peng-Cheng et al Vol. 17

[6] Li W L, Li C F and Guo G C 2000 Phys. Rev. A 61 034301

[7] Fang J, Lin Y, Zhu S and Chen X 2003 Phys. Rev. A 67

014305

[8] Dai H Y, Li C Z and Chen P X 2003 Chin. Phys. 12 1354

[9] Lin X and Li H C 2005 Chin. Phys. 14 1724

[10] Zhan Y B and Fu H 2005 Commun. Theor. Phys. 43 440

[11] Xi Y J, Fang J X, Zhou S Q and Guo Z Y 2005 Commun.

Theor. Phys. 44 51

[12] Chen X B, Wen Q Y and Zhu F C 2006 Chin. Phys. 15

2240

[13] Dong L, Xiu X M and Guo Y J 2006 Chin. Phys. 15 2835

[14] Lo H K 2000 Phys. Rev. A 62 012313

[15] Pati A K 2001 Phys. Rev. A 63 014302

[16] Bennett C H, Divincenzo D P, Shor P W, Smolin J A,

Terhal B M and Wootters W K 2001 Phys. Rev. Lett. 87

077902

[17] Shi B S and Tomita A 2002 J.Opt. B: Quantum Semiclas-

sical.Opt. 4 380

[18] Liu J M and Wang Y Z 2003 Phys. Lett. A 316 159

[19] Yu Y F, Feng J and Zhan M S 2003 Phys. Lett. A 310

329

[20] Huang Y X and Zhan M S 2004 Phys. Lett. A 327 404

[21] Liu J M and Wang Y Z 2004 Chin. Phys. 13 147

[22] Zhan Y B 2005 Commun. Theor. Phys 43 637

[23] Dai H Y, Chen P X, Liang L M and Li C Z 2006 Phys.

Lett. A 355 (2006) 285

[24] Liu J M, Han J R and Wang Y Z 2004 Commun. Theor.

Phys 42 211

[25] Grudka A and Wojcik A 2002 Phys. Rev. A 66 014301


