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By using the modified mapping method, we find some new exact solutions of the generalized Boussinesq equation

and the Boussinesq—Burgers equation. The solutions obtained in this paper include Jacobian elliptic function solutions,

combined Jacobian elliptic function solutions, soliton solutions, triangular function solutions.
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1. Introduction

For the nonlinear evolution equations, many
methods for constructing the exact solitary wave so-
lutions and periodic wave solutions have been pro-
posed, such as the Backlund transformation, Hi-
rota method, Darboux transformation, homogeneous
balance method, tanh method, triangular function
method, Weierstrass elliptic function method, Jaco-
bian elliptic function method, F-expansion method,
trial method, mapping method, homotopic analysis
method ete.l'=31,

class of explicit exact solutions to the Gross-Pitaevskii

Recently, Lil"® presented a novel

equation with weak bias magnetic and time-dependent
laser fields with the help of the mapping method.
Taogetusang et al [2% used an auxiliary equation and
through a function transformation to solve two kinds
of KdV equation with variable coefficients and KdV
equation with forcible term. The Darboux transfor-
mation was applied to solve the Boussinesq—Burgers
equation in Ref.[27].

In this paper, the modified mapping method is
used to solve the generalized Boussinesq equation and
the Boussinesq—Burgers equation. We find some new
exact solutions include Jacobian elliptic function so-
lutions, combined Jacobian elliptic function solutions,

generalized Boussinesq equation, Boussinesq—Burgers equation, Jacobian elliptic func-

soliton-like solutions, and triangular function solu-
tions.

2. The modified mapping
method

dl'8:20] can be in-

The modified mapping metho
troduced briefly as follows: Given a nonlinear partial
differential equation (PDE) with, say, two variables z,

t

)

)=0. (1)
Step 1 Travelling wave transformation:
u = u(§),

Substituting Eq.(2) into Eq.(1), Eq.(1) can be con-
verted to an ordinary differential equation (ODE).

2
F(uvuta Uz, Ulg, U Ug, Uty Wity Ugy, "

& =kx —wt. (2)

Glu, v/ uu ', ) = 0. (3)

Wy
/

where k, w are unknown real parameters, denotes

d/d¢.
Step 2 We assume that Eq.(3) has the following
solutions

N . N .
u(z,t) =D gif (&) + > hif (9, (4)
1=0 1=1
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where go, ¢i, hi, (i =1, -+, N) are unknown real pa-
rameters. The positive integer N can be found by
balancing the highest order derivative term and the
nonlinear term in Eq.(3). f(§) satisfies the following

equation

T'(€) = e+ b2(&) + 55),
F(&) =bf(&) +af(©), (5)

where a, b, ¢ are real parameters. We will obtain the
solutions of Eq.(5) as follows:['®]
When a = 2m?, b = —(1 +m?), ¢ = 1, then

f(§) = ed(§) = en(£)/dn(8); (6)
when a = —2m2, b= 2m2 — 1, ¢ = 1 — m?2, then
f(&) = en(8); (7)
when a = =2, b =2 —m?2, ¢ = m? — 1, then
f(&) = dn(&); (8)

when a =2, b= —(m? + 1), c = m?, then

f(§) =ns(§) =1/sn(§)  or
f(&) = de(§) = dn(€)/en(§); (9)
when a = 2(1 —m?), b =2m? — 1, ¢ = —m?, then
f(&) = ne(§) = 1/en(8); (10)

when a = 2(m? — 1), b =2 —m?, ¢ = —1, then

f(§) =nd(§) = 1/dn(¢); (11)

2

when a =2, b=2—m?, c=1—m?, then

f(&) = es(§) = en(§)/sn(8); (12)
when a = 2(1 —m?), b =2 —m?, ¢ =1, then

f(§) = sc(§) = sn(&)/en(8); (13)
when a = 2m2(m? — 1), b= 2m? — 1, ¢ = 1, then

f(§) = sd(§) = sn(&) /dn(&); (14)

when a =2, b =2m? — 1, ¢ = m?(m? — 1), then

f(§) = ds(&) = dn(§)/sn(¢) (15)

when a = —1/2, b = (1 +m?)/2, c = —(1 — m?)? /4,
then
f(§) = men(€) + dn(8); (16)

when a = 1/2, b= (1 —2m?)/2, ¢ = 1/4, then

f(§) = ms(§) £ es(8); (17)

when a = (1—-m?)/2,b= (1+m?)/2, c = (1-m?)/4,
then

F(§) = ne(§) £ sc(§); (18)
when a = 1/2, b= (m? — 2)/2, c = m*/4, then
f(§) = ns(&) £ ds(&); (19)

when a = m?/2, b= (m? — 2)/2, c = m?/4, then

F(€) = () £ien(§)  or

_ dn(¢) ,
&)= V1 —m2sn(€) +cen(€)’ (20)
when a = 1/2, b= (1 —2m?)/2, ¢ = 1/4, then
f(§) = msn(§) £idn(£) or
__s(§)
1O = s 1)
when a = m?/2, b= (m? — 2)/2, c = 1/4, then
__sn(§)
when a = (m?—1)/2,b= (m?+1)/2,c = (m?—1)/4,
then dn(é)
f(&) = m? (23)
when a = (1-m?)/2, b= (m?+1)/2,c = (1-m?)/4,
then ©
1O = T (24)
when a = (1 —m?)?/2, b= (1 +m?)/2, c = 1/4, then
__ sn(§)
A TEETTR >
when a = m*/2, b= (m? — 2)/2, c = 1/4, then
f(&) = n(¢) (26)
V1I—m2 £dn()’
where i2 = —1 and m is the modulus of the elliptic

function. The Jacobian elliptic functions sn(§), cn(§),
dn(¢) are double periodic and possess properties of

triangular functions, namely

sn?(§) +en?(§) =1,

dn®(€) +m?sn’(¢) =1,

ds;lg(é) = cn(€)dn(€),

dc;lé&) = —sn(&)dn(¢),

ddn®) o een(o) @
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When m — 0, the Jacobian elliptic functions de-
generate to the trigonometric function solutions of the
given nonlinear PDE (NLPDE) i.e.

sn(¢) — sin(£), en(§) — cos(§),dn(§) — 15 (28)

When m — 1, the Jacobian elliptic functions degen-
erate to the soliton solutions of the given NLPDE i.e.

sn(§) — tanh(€), en(€) — sech(€), dn(€) — sech(§).
(29)
Step 3 Substituting Eq.(4) along with Eq.(5)
into Eq.(3), we can obtain a set of algebraic polynomi-
als for f7(€)(j = —N,---, N). Setting the coefficients
of these terms f7(£) to zero, then we have a system of
over-determined equations with respect to unknown
real parameters k, w, go, gi, h; (i =1,---,N). Solv-
ing this system by use of the symbolic computation
system Mathematica, we can find the travelling wave
solutions of Eq.(1).

3. The application of the modi-
fied mapping method

3.1. The generalized Boussinesq
equation!'¥

B) d\? OPu 0% Ot
<&+p%> U—FQW-FTw—Sw—O, (30)

chok?(—har + 6¢k?s) = 0,
chik?(—hor + ck?s) =0,

where p, r, q, s are real constants. Equation (30) is
an extended form of the famous Boussinesq equation
and the second-order Benjamin—Ono equation. When
p =0, Eq.(30) is the Boussinesq equation

Ut + qUga + T(uz)mm — SUggzr = 07 (31)

0, Eq.(30) is the second-order

Benjamin-Ono equation

and when ¢ =

Ut + 2pUgt + p2u11 + T(U2)mz — SUgzze = 0. (32)

Substituting Eq.(2) into Eq.(30), we obtain the fol-
lowing ODE:

2k2r(u/)2 + [k2 (p2 +q) — 2kpw

+w? + 2B ru)u’ — k*u® = 0. (33)

Balancing the highest order derivative term «(*) with
the nonlinear term (u/)? or wu' in Eq.(33) yields
N = 2. Therefore, by the use of the modified map-
ping method, we assume the solutions of Eq.(33) in
the following forms:

u(€) =go + g1 F(€) + g22(€)
+ hafHE) + hafT2(E). (34)

Substituting Eqgs.(5), (34) into Eq.(33) and setting
the coefficients of the terms fi(¢) (i = —6,---,6)
to zero, we can obtain the following set of over-
determined equations with respect to unknown real
parameters{k, w, go, g1, h1, g2, ha }:

— 3chok?p? — 3chok?q — 3ch2k?r — 6egohok®r — 8bh2E*r + 60bchok®s 4 6chakpw — 3chow? = 0,

— ch1k2p2 — ch1k2q — 2cgoh1k2r — 2cglh2k21" — 9bhyhok®r + 10bchik*s + 2chi kpw — chiw? = 0,

— 2bhok?p® — 2bhok?q — 2bR3K*r — 4bgohok®r — 3ah3k?r + 8b%hokts + 18achakts + 4bhaokpw — 2bhaw?® = 0,
bh1k2p2 + bh1k2q + 2bgoh1k21" + 2bglh2k21" + 6ahihok?r — b2hik*s — 6achik*s — 2bh1 kpw + bhiw? = 0,
2cgak?p? + ahok’p® + 2cgok?q + ahok?q + 2cgfk2r + degogak*r + ahszr + 2agohak®r

— 8b0921€48 — dabhokts — 4degokpw — 2ahokpw + 2cggw2 + ahow? = 0,

bg1k*p? + bg1k?q + 2bgog1 k*r + 12¢g1 gok?r + 2bgahi k2r — b2 g1 ks — 6acg ks — 2bg1 kpw + bgrw? = 0,
— bgok?p? — bgak?q — bgik*r — 2bgogak®r — 3cgakr + 4b%gak*s + 9acgak*s + 2bgokpw — bgaw?® = 0,

ag1 k*p? + agik®q + 2agog1 k> + 18bg1g2k*r + 2agohi k*r — 10abgi ks — 2ag1 kpw + agiw? = 0,

3agok®p? + 3agok?q + 3agi k*r + 6agogak®r 4+ 16g5k*r — 60abgak?s — 6agokpw + 3agaw?® = 0,

agik*(—2gor + ak?s) = 0,
agek®(—gor + 3ak?s) = 0.
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With the aid of Mathematica, we have the following

results of the Eq.(35).
Case 1

—k?p? — k%2q + 4bk*s + 2kpw — w?

90 = 2k2r
g1 = 0792 = Gf}/,hl = 07h2 = 20/7

Case 2

—k%p? — k2q + 4bk*s + 2kpw — w?

90 = 2k2r
g1 :O,QQZCL’}/,hl :O,hQZO.

Case 3

—k?p? — k2q + 4bk*s + 2kpw — w?

90 = 2k2r
g1 = 0792 = Ouhl = 07h2 = 20/77

where v = 3k2s/r.

)

)

)

uiz1 = go — 2[(men(€)  dn(€))? + (1 — m?

2

Let us take example for case 1, the Jacobian el-

liptic function exact solutions are as follows:

m?sn? (&) +sn?(8)],
m?cd*(€) + ed*(€)],
mZen?(€) + (1 — m*)en*(¢)),

u1,1 = go + 27

uz,1 = go + 27

uz,1 = go + 27v[—

w1 = go + 29[—dn®(§) + (m* — 1)dn"?(¢)],
us,1 = go + 27[ns*(€) +m*ns2(€)),

ug1 = go + 2v[dc?(€) + m>de™*(€)],

ur1 = go +2v[(1 - ) (&) —m*ne™2(9)],
us,1 = go + 2v[(m? — 1)nd*(¢) —nd*(¢)],
ug,1 = go + 29[es’(€) + (1 —m*)es (€],
w10, = go + 29[(1 — m?)sc?(€) + sc™3(€)),
w111 = go + 2y[m?(m® — 1)sd*() +sd?(¢)],
w121 = go + 27[ds*(§) + m*(m® — 1)ds™*(¢)],

)*(men(€) + dn(€)) 7,

wa = go + 3[(05(€) £ es(€))” + (ns(€) + es(€) .

(1—m?)y

u15,1 = go +

2

T ((ne(g) + se(6)* + (e

wis = g0+ 3 [(n() £ ds(€)? + m* (s

(€) £ (€))%,

(€) £ ds(€)) 7],

U171 = go + m[(sn(§) +icn(€))? + (sn(€) £icn(€)) ™7,

2
u =
18,1 = 9o B) msn

(@)2 T\ mii% T on(®) ) _2] |

w91 = g0 + 3 [(msn() = idn(¢))? + (msn(€) + idn(€)) 2],

9 -2
= 3[(72500) + (r2etg) ]
u2111—90+%[m2 11%25)) * 1in<§fl)(€)> ] .
U22,1:90+(m2 2l <1j:d:71"fs'§ri(§) (%) ]

U24,1 = go +

|: 2 ' 2

2 cn cn B
”[(uif?@) +<21i§2§>> } B
52 > i (dn(;}nfin@) }

[<1—m2>2<m §
=t (=) * () |

|2
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The above Jacobian elliptic function exact solu-
tions degenerate into the following triangle function
solutions for m = 0:

1,2 =go + 2y csc?(§),

U2 =go + 2vsec(§),

w2 =go + 27[cot’(€) + tan’(©))
5 l(esc(©) £ cot(€))”
 (esc(€) = cot(€)) ),
5 l(sec(©)  tan(e))?
o+ (sec(€) = tan(§))~?)

()« () |
u72 =go + % [(1 iffné&)) - (%ﬁg)) }

When m = 1, we can obtain the following soliton so-

Uq,2 =go +

us,2 =go +

lutions:

u1,3 =go + 27y[coth?(€) + tanh?(¢)],
Uz 3 =go — 2ysech® (),
g3 =go + 2yesch®(€),

2[(coth(s)

Uq,3 =go + + csch(§ ))

+ (coth(8)  esch(&)) 7,
w3 =go + 5 [(tanh(€) + isech(&)”

+ (tanh(¢) + isech(&) 72,
B ~y tanh(¢) \° tanh(¢) \ 7
4.3 _go—i_i{(lisech({)) + (1:|:sech(§)> }’
—k%p? — k2q + 4bk*s + 2kpw — w?
2k2r i

where gy =
3k%s/r, & = kx — wt.

3.2. The Boussinesq—Burgers
[27]

equation
The Boussinesq—Burgers soliton equation is given
by
1
ur + 2uuy, — 5% =0,

1

which is a nonlinear long-wave equation. A good un-

Ve —

derstanding of its solutions is very helpful for coastal
and civil engineers to apply the nonlinear water wave
model to harbor and coastal designs. Therefore, find-
ing more new solutions of the Boussinesq—Burgers
equation is of great value in fluid dynamics.

Substituting Eq.(2) into Eq.(36), we obtain the
following ODEs:

1
—wu' + 2kuu’ — §kv’ =0, (37)

1
—wv’ + 2k(uv)’ — §k3u’// = 0. (38)
Integrating Eqgs.(2) and (38), we can obtain

1
— wu + ku® — Ekv—krl =0, (39)

1
— wv + 2kuv — §k3u'/ +ry =0, (40)

where r1, ro are integral constants.

Suppose N is the highest order number of u, and
Na is the highest order number of v, then we can ob-
tain in Egs.(39) and (40):

2N1 = N, Ny + Ny =Np +2. (41)

So Eq.(41) means N1 = 1 and Na = 2. We can assume
the solutions of Eq.(38) in the following special forms:

u(z,t)
v(z,t)

=go + g1.f(§) + h1f (&),
=do +di f(€) +erf(€)
+da f2(€) + eaf T3(). (42)

Substituting Eq.(5) and Eq.(7) into Eq.(39) and
Eq.(40) respectively, and setting the coefficients of the
terms f¢(£) to zero, we can obtain the following set of
equations with respect to the unknown real parame-
ters {k,w, go, g1, h1,do,d1,e1,da, e2,71,12}:

(e2 — 203k = 0,

—erk 4+ 4goh1k — 2hiw = 0,

—dok + 2g k+4g1h1k + 2r1 — 2gow = 0,

dik —4gog1k + 2g1w = 0,

(d2 — 297)k =0,

hik(2eq — ck?) = 0,

2esg0k + 2e1hi1k — eow = 0,

de1gok + deagrk + 4dohik — bhik® — 2eqw = 0,
2dogok + 2e191k + 2d1hik 4+ r9 — dow = 0,

4dy gok + 4dogik + 4dahik — bgi k* — 2dyw = 0,
2dagok + 2d1g1k — daw = 0,

g1k(4dy — ak?) = 0. (43)

With the aid of Mathematica, we have the following
results for Eq.(43):
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Case 1 Condition 3
_w o  ak?
90_%7 91—?7 a>0, c>0.
bk?
hi =0, do= R di =0, Let us take example for case 3, the Jacobian elliptic
a2 function exact solutions are as follows:
61:0, d2:T7 62:07 w k
bkt 1 2uw? U1 =5r + §[m5n(§) +sn7 1 (€))],
7‘1 = T 7‘2 == 0. 271.2 2
8k m+ 1)k k _
. V11 :—%—F?[mQSHQ({)—l—sn ),
Condition 1 .
w _
a>0. U21 =5 + §[mCd(§) +cd (9],
Case 2 m+1)2k%  k? _
) vl = — % + 7[7”2‘3(12(5) +cd2(9)),
o = w =0, W= ck X
0 — 57 1— Y, 1 — 45 > w _
2 1 s = 3 () + s (€))
dOZ_u dIZOa 61207 1+m2k2 kz _
oo vs1 = L B () + mens(e),
c
d :O7 €9 = —, w k —
2 2 2 a1 =5 =+ §[d0(§) +mde™ (€],
bk* + 2w? 0 (1+m)32k? k2
r=——— 1r9=0. m _
! 8k 2 Va1 =S + 7[(1‘32(5) +m*dc 2(5)]7
Condition 2 w  k o
. sy =+ 2 [es(€) + /T = mes 1 (¢)),
2
Case 3 v5.1 :1(2—m2—2 1—m?)
w o ak? ,  ck? L2
Yo =55 9= g M= + g les?(©) + (1= mP)es2(©),
b—+2ac k
do = ———k, di=0, & =0, u61—%:|:§[ 1 — m2sc(€) + sc (&),
ak2 k2 k2
dQ*T, 62*%7 v6.1 =—(2 —m? — 2¢/1 — m2)
b — 3v2ac)k* + 2w? k2
n = 2 3V2) =0 + 0 m2se(6) +se (@),

ur = g+ S T5(6) + es(6)) + (5(6) £ 5(6) ),

k277;21 k2
vrr =~ B l(us(e) £ es@))? + (ns(6) £ es(€)) 2],
uss = oo ML Z I ) se€)) + (nee) = se(6)
E*m?  E*(1—m?) 9 o
vsr = Ty BRI () & se(€))? + (ne(e) & sc(6) )
s = ok % [(ns(€) + ds(6)) + m(ns(€) & ds(€)) ),
2 2
vo1 =~ - [(ns(€)  ds(€)? + m*(ns(€) % ds(€)) ),
w01 = = M (sn(€) £ ien(€) + (sn(e) £ ien(€) '],
k2 kE2m?

vion =~ + ——[(n(€) £ ien(€))? + (sn(€) £ ien(€)) 7],
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dn(¢)

> i <msn<s> icn(&))l}’

dn(¢)

me(&) + cn(é))2 i <msn(§) + cn(§)> 2]’
(msn(§) £ idn(€)) ™),

No. 2
" _gik_mK dn(§)
TR Ty V1 —m?2sn(¢) £ cen(§)
2 2m2 n
N n(e)
iz = = < {(msn(€) +idn(©)) +
et g2 PN )
21 = T+ S {(msn(€) +10n(©))? + (msn(e) & idn(€))

sn(¢)

sn(¢)

w |k
w81 = _k:l:ZKl:I:cn(Q) * <1:|:cn(
k 2

Kucn(@)Q*(
(Fie) |

(¢
i’ < sn(€)

o)

k2
4 8

=52 (:205)
|

sn(¢)

V13,1 = —

(€
k2(m? —m —2) k?
B

V4= e +

cn

5) |

sn(¢)

1icn(§)) 2}’

-1
+

() ]

k\/l —m2 <
U15,1 =

Yoy
2k

k2m?

1:|:sn
k2(1—

V15,1 = 1 3

©)

>[(1i§n5)

)+ () |

k2m2 k2

4+8

n

V16,1 =

en(§)

)
()
U16,1 = % + Z Kl —m?) <dn(§s)nj: cen(
dn :

R
(am
(5))

B {(1 - m2)2< GET

] -1
o) |

(wit) |
cn(€)

Fats)
2+

e 2kik[m2(midn())Jr(midn(é)) 1}

k? en(§)

v17,1 = —

The above Jacobian elliptic function exact solutions
will degenerate into the following triangle function so-
lutions for m = 0:

1,2 :;U—k + gcsc(ﬁ),
2 2
V2 = — kz + %CSC2(§)=
2 2

U2,2 :;11_k + gsec(f),vm = —% + % sec?(€),
g2 =3 % £ [cot(€) + tan(g)],

2
32 =1 [eot?(€) + tan’(€)),
uie =3+ 1 [(esc(€) £ cot(€))

+ (cse(€) + cot() ),

2

12 =" [(cse(€) % cot(§))?

+ (esc(€) £ cot(€)) 7],

en(§)

il %2[m4<midn(§)>2 * (midn(§)>_2]'

W g[(sec(f) + tan(€))

452 7ok

+ (sec(€) = tan(€)) 1],

k2
5.2 =-[(sec(€) + tan(€))?

+ (sec() + tan(§)) ~?]n,
T IZ Kliifs)@ ) (152?@ > ]
(i) + (Eae) )

—1

urp =5 & % Kl 1021(2 )) (1 iozfnza) }

cos(§) cos(§)

(0 () ]

When m = 1, we can obtain the following soliton so-

lutions:
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k
_2k: [coth(f) + tanh(&)],

mﬁz—k?+§kmw@w+wmf@m

Uo3 =— Yoy Ecsch(§)

’ 2k
1%:§+§mw&
uzs = 2“; i ~l(coth(8) £ csch(€))
+ (Coth(f) + csch(€)) 1,
v3,3 = — %2 + %2[(coth(§) + csch({“)) i
+ (coth(€) % esch(€)) 7,
Uas z% + g[(tanh(g) + isech(€))
+ (tanh(€) + isech(€)) ™',
kK2 k2
va == o + g [(tanh(¢) £ isech(¢))?

+ (tanh(€) % isech(€)) 2],

us.g =g & IZ [<1 $2£§h2§)> * <%>_1]

K2 EE[( tanh(e)
w15 | (Fae)

+ (1 f::éé()g) ) _2] !

where £ = kx — wt.

4. Summary

Based on the modified mapping method and the
use of symbolic computation system Mathematica,
we have obtained the Jacobian elliptic function so-
lutions, combined Jacobian elliptic function solutions,
triangular function solutions and soliton solutions to
the nonlinear generalized Boussinesq equation and
the Boussinesq—Burgers equation. At the same time,
we have successfully recovered the exact solutions in
Ref.[14] by using the obtaining quasi-solution step-by-
step principle (the solutions in casel and case3 are
new solutions) and those in Ref.[27] by using the Dar-
boux transformation method (the solutions in case2
and case3 are new solutions).
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