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In this paper, a new type of conserved quantity induced directly from the Mei symmetry for a relativistic non-

holonomic mechanical system in phase space is studied. The definition and the criterion of the Mei symmetry for the

system are given. The conditions for the existence and form of the new conserved quantity are obtained. Finally, an

example is given to illustrate the application of the result.
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1. Introduction

The study of conserved quantities by symmetries
is a hot topic in mathematical physics, especially in
analytic mechanics. The modern methods to inves-
tigate conserved quantities are mainly the Noether
symmetry,!!) which means an invariance of the Hamil-
tonian’s action under the infinitesimal transforma-
tions of groups, and the Lie symmetry!?! which means
an invariance of differential equations under the in-
finitesimal transformations of groups. They can lead
to the Noether conserved quantity and the Hojman
conserved quantity directly. In the recent 20 years,
many important results about the Noether symmetry
and Lie symmetry have been obtained.3~11 A few
years ago, Meil'213] studied a new invariance, which
means that the form of the equation of motion remains
invariant under infinitesimal transformation of groups
and is thus called Mei symmetry. The Mei symmetry
can lead to the Mei conserved quantity directly.[14=2!
Lately, Ref.[21] gave a new type of conserved quantity
for a Lagrange system which is also deduced from the
Mei symmetry directly but which is more general than
the Mei conserved quantity.

In this paper, we study a new type of conserved
quantity induced directly from the Mei symmetry for a
relativistic nonholonomic mechanical system in phase

space. The definition and the criterion of the Mei
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relativity, phase space, Mei symmetry, new type of conserved quantity

symmetry for the system are given. The conditions
for existence and the form of the new conserved quan-
tity are obtained. The result in this paper has more
general significance.

2. The Hamilton canonical equa-
tions for a relativistic nonholo-

nomic mechanical system

Consider a relativistic mechanical system com-
posed of N particles, and its configuration is de-
termined by the n generalized coordinates gs(s =
Lo ,n).
nomic constraints of Chetaev type

The system is subject to g ideal nonholo-

Suppose that the constraints are independent of each
other, then the limitation of constraints (1) imposed
on the virtual displacement is

> 5. 00 = 0. (2)

s=1

The Euler-Lagrange equations of the relativistic non-

holonomic mechanical system can be written as

d oL* OL*
dt 9qs dqs

:Q:+A:7 (821,,71), (3)
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A = A (L, q,q) i s 3f 5*7 () . Deﬁn.ition Under the infinitesimal tr&.msfm.rma-
— " 0gs tion (10), if the form of Egs.(6) and (9) are invariant,
where L* = L*(t,q,q) = T* — V is the hatis ) )
generalized Lagrangian of the system. T = s = %H . Ps = _%H + QF + A7, (11)
N D q
> moic?(1 — /1 —v2/c?) is the relativistic general- q ’ ’
= an
ized kinetic energy, mo;=const., Q% are the general- fﬁ* - f;(t*,q*,p*) =0, (12)

ized nonpotential forces.
Introduce relativistic generalized momenta and

relativistic generalized Hamiltonian

pszaL-*v H*:Zpsq.s_L*v

0qs

and the Hamilton canonical equations of the relativis-
tic mechanical system are

oOH* _OH"

/1
o1, +Q +

(s=1,---,n),(6)

H* = H"(t,q,p),
Q:=Qi(t,q,p) = Q% (t,q,4(t.q.p)),
A = Ai(t,q,p) = Ai(t, q,4(t, q. p)). (7)

Expanding Eqs.(6), we can obtain

(s=1,---,n). (8)

The nonholonomic constraints (1) in phase space
can be expressed as

f5=Ffst.a.p) = filt.q,d(t,q,p) =0.  (9)

3. Definition and criterion of the

Mei symmetry for the system

Introduce the general infinitesimal transforma-
tions for ¢, gy, ps as

) = ps(t) + E’I]S(t, qvp)a (10)

where ¢ is an infinitesimal parameter, and 7, £, 75 are
infinitesimal generators.

H*, ~:7 /~1: and fg become H* H*(t*, q*, p*),
Qs = Qi(t",q",p"), A = ,p*) and f5 =

5. q*,p").

Under the transformations (10), the functions

A:(t*.q

the invariance is called Mei symmetry for relativistic
nonholonomic mechanical system in phase space.

Expanding H*, Q, A%, f_; respectively, we have

=H"(t",q",p")
H*(t,q,p) + X O(H*) + O(e?),
QZZ )i (t". q",p")
=Q:(t,q,p) +eX(Q3) + O(?),
Ay =A5(t", q",p")
=A:(t,q,p) + XV (A7) + O(?),

.q",p")
t.q,p) +eXO(f3) +0(E%),  (13)

NG
s
*
s
fs =1
5(

where

0 0 0
0 _ 2
X o1 +&s7— 945 T Nsm— s (14)
Substituting Eqs.(13) into Egs.(11) and (12), using

Eqs.(6), ignoring €2 and the higher-order infinitesimal

terms, we obtain

X)) =0,
G XOHN =X+ 1) (15)
and
XO[fi(t.q.p)] =0 (16)

Then, we have the following criterion.

Criterion For relativistic nonholonomic me-
chanical system, Eqgs.(6) and (9), in phase space, if
the infinitesimal generators T, &, n,s satisfy Eqs.(15)
and (16
try of the system.

), the corresponding invariance is Mei symme-

4. A new type of conserved quan-
tity of Mei symmetry for the

system

The conditions for the existence and form of a new
type of conserved quantity, which is induced directly
from Mei symmetry of the relativistic nonholonomic
mechanical system in phase space, are given in the
following theorem.
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Theorem For the relativistic nonholonomic me-
chanical system Egs.(6) and (9), in phase space, if the
infinitesimal generators 7, £, ns of Mei symmetry and
a gauge function Gy = Gum(t, q, p) satisfy

d d
X(O) (ps)Egs + & [X(O) (ps)]§5
OXOH*) , 0XO(H") ¢

ot 0qs s

- x0T xOG: + 1) - )

oH* &  (OH* -, ~*)a (18)

d o)
a_9g _ _O0 -1
a0t Op. 0qs <6qs @A) g0

then Mei symmetry of the system will lead to the fol-
lowing new conserved quantity

Iy = XO(py)¢, — XOH*) f + Gy = const., (19)

where f = f(t,q,p) which is called a coordination

function is a random function to make Gy exist.

d
+ &GM =0, (17) Proof Using Eqgs.(17) and (18), we have
|
d d d d d
Iy =— XD (p)es + XO(p)—€ — —XO(H* F — XO(F*)—
gm=gX @ )§_+ _(p gl — X NS (H) 5 f

d d
dt dit

0

~ XO(ps) =& — XV (ps)]Es + %[X(O) (H)f + %[X(O)(H*)]és

X0 S - X0@; + 1) e

~{ O] - X0 +

9gs
5} OH* -
X(O) H* _N*
+ O (5 - @
Substituting Egs.(15) into Eq.(20), we obtain
d
— Iy =0. 21
GgM=0 (21)

Special case If f = 7, Eqs.(17) and (19) respec-
tively become

X0 (p,) T6 + TXO@,)IE — XOXOH)
dr ~ ~ oH*
_ xO =L ©)(O* * _
XO(H )dt + XW(Q% + AS)<§S - T)
4G =0 (22)
dt M —Y,

n
ha=> XO(p)&—XO(H*)r+Gy = const. (23)
s=1
Equation (22) is the structural equation from which
Mei symmetry of the relativistic nonholonomic me-
chanical system in phase space can lead to the Mei
conserved quantity (23).
We call the new type of conserved quantity (19) a
generalized Mei conserved quantity of the relativistic
nonholonomic mechanical system in phase space.

OH*
a 3ps f)

D} (6 -5)

i) (20)

5. An illustrate example

The generalized Lagrangian of relativistic me-
chanical system is

L* =moc(1—\/1- (¢ + &3 + i3)/c)

1
—Mogqs — §m09t2= (24)

with the nonholonomic constraints of Chetaev type
fi=dl+d3—d;=0. (25)

We study the Mei symmetry and the generalized
Mei conserved quantity of the relativistic nonholo-
nomic mechanical system in phase space.

We have

V1= (@ + @+ )/
_ 1
V1+ (03 +p3 +p3)/mdc®

(26)

and we can obtain the Hamiltonian of the system as
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follows: Using Egs.(28) and (29), we can obtain
H* =moc®(\/1+ (5% + p3 + p3) /m3e? — 1) 2
1 — Mg \/ 2 2 4 2 /2 2
+ mogqs + §mogt2. (27) 4p3 1+ (pl +p2 +p3)/moc : (30)
So Eqgs.(6) can be written as
0" = i 1 From Egs.(6) and (8) we have
1= )
mo /14 (pf +p3 + p3)/mie?
] P2 ! =G = LE !
g2 = — " , R ’
T mo 1+ 2+ 8+ pR)mEc Mo /1+ (pf +p3 + p3)/mic?
. _ s 1 g = dp = 12 !
q3 = —= ) e ’
mo  \/1+ (p? + p2 + p2)/m3c? mo /14 (pf +p3 +p3)/mgc?
S o 1 g3 =ds = P !
pl = _— , - - k)
Mo /1+ (2 + P2 + p2)/m2c mo /14 (pf +p3 + p3)/mie?
- oy P2 1 hy = py = __Mogp1
P2=2X_—- 2 222 2ps
mo /14 (i +p3 +p3)/mic?
. mogp2 1
. D3 1 hy =ps = — ,  hs =ps=—-moy,
D3 = —mg — 2A—— - — 22.(28) 2ps 2
mo  \/1+ (p} +p3 + p3)/mie A, — _Mogpr o q o Mogpz 5 mog (31)
The constraints equation (25) can be expressed as 2p3 2p3 2
f_p%'i‘p%_p%. 1 =0. (29)
- m2 1+ (p? + p2 4 p2)/mi2c® After calculation, we obtain
|
XO(H) = mogtT + mogés + L. ! - (mp1 + m2p2 + 13p3),
mo /14 (pf +p3 +p3)/mic?
XO(OF + A = —p, 109 MogPL 5 (0) (A% 1 A*) = —p, 109 mogp2
(Q1 + A7) m Ops + 73 22 (@3 + 43) 772—2]?3 + 73 o2
. - ~ 2 1
XOQ5 + A5) =0, XO(fz) = = - - (mp1 + 12p2 — 13ps3)- (32)
o Ym0+ p3 4 pd)mEe
|
Choose the infinitesimal generators as then we have
X(O) (H) = mogt,
T=1, XO@7 + 47) =0,
V(B s YR XG5 + 1) =0
1+ (p1+p3+ mge Ax o g 7
it st pa)/m XO@; + 1) =0,X0() =0 (31)
52:\/1+(2+ 3+ p3)/m3c? : .
p1 T P2 T P3)/ My It is easy to verify that Egs.(15) and (16) hold
&3 = ~ P Z —— true, so the infinitesimal generators (33) are Mei sym-
V1+ 07 + 3+ p3)/mic? metrical.
2 2
m = _Mogpy _ _Mogp2 Using Eq.(17), we have
2p3 2p3 B B B
1, dGu df d
-9 33 = t___X(O) s)Ss]- 35
m = —5mis, 33) M mgs 4 mogt L - SXO@e] (35)
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Choose

[ = (36)

so we have

Gu = mo%\/l + (p1 + p3 + p3)/mic?

1 2 | Mog o
— Zmogt + 2 > Q3
+mig- b3 . (37)

V1+ @3+ 3+ p3)/mdc

From Eq.(19), we obtain

Iy = mo%\/l + (pT + p3 + p3)/mjc?

1
— Smogt? + —=2 mog 2

1 % — 5 43 — pst = const.

Choosing
1
D3 + 5mogt
f=——

mog

we gain

G = mogsy/1+ (0 + 03 + b3)

1 2 092
+4mogt + — 2% >

bs . (40)

+mgg -
1+ 0+ P2+ pR)/m3

From Eq.(19), we can obtain

I :moqs\/l +(p1 +p3 +p3)

092

1
— pst — =mogt?
2¢2 1 p'Mog

1 2
+ mogt’ + 5 5

=const.

When f = 7, we have

N ngg ) b3
V1+ (7 +p3 +p3)/mic?
3
+p3 + §mogt. (42)
According to the above theorem, we have
1
Iy =ps+ gmogt = const., (43)

which is the Mei conserved quantity with Mei symme-
try for the relativistic nonholonomic mechanical sys-
tem in phase space.

6. Conclusion

In this paper, we have studied the new type of
conserved quantity which is induced directly from Mei
symmetry for the relativistic nonholonomic mechani-
cal system in phase space. The conditions for the ex-
istence and form of the new conserved quantity have
been obtained. The result in this paper can be of
general significance. It can be applied not only in rel-
ativistic mechanical systems but also in classical me-
When v < ¢, we will obtain the
result for the classical nonholonomic mechanical sys-
When [ = T,
the new type of conserved quantity we obtain in this

chanical systems.
tem in phase space from this paper.

paper will turn into the Mei conserved quantity of the
system. Furthermore, since the choice of the coor-
dination function is multiform, much more conserved
quantities of Mei symmetry for relativistic nonholo-
nomic mechanical system in phase space can be ob-
tained.
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