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A dynamic epidemic control model

on uncorrelated complex networks∗
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In this paper, a dynamic epidemic control model on the uncorrelated complex networks is proposed. By means of

theoretical analysis, we found that the new model has a similar epidemic threshold as that of the susceptible-infected-

recovered (SIR) model on the above networks, but it can reduce the prevalence of the infected individuals remarkably.

This result may help us understand epidemic spreading phenomena on real networks and design appropriate strategies

to control infections.
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1. Introduction

Controlling the spreading of diseases on real world

networks is one of the issues most concerned today.

Many strategies on how to control the spreading of

diseases have been proposed.[1−19] These strategies

can be classified into two main groups: static and dy-

namic. The static immunization strategies proposed

by Hu and Tang,[3] Barthelemy et al,[4] static content-

filtering and address-blacklisting proposed by Moore

et al,[5] static traffic-blocking proposed by Williamson

et al
[6] are among the first group. The biggest weak-

ness of the static controlling strategies is the assump-

tion that the strategies can only change the configu-

ration of the network at the beginning of the epidemic

spreading process but cannot do so during the spread-

ing process, which is unreal in controlling diseases.

Dynamic control strategies studied by Wong et al,[11]

Boguñá et al
[12] and Zou et al

[13] have brought us

some encouraging results for slowing down the spread-

ing of diseases. However, since the dynamic con-

trol strategies are time-dependent, i.e. the strategies

change their tactics according to the situation of the

disease propagation during the whole epidemic pro-

cess, the configuration of the network changes, de-

pending not only on the propagation of the disease

but also on the controlling strategies. This brought

us some difficulties to analyse the epidemic process

theoretically.

The purpose of this paper is to propose a new

dynamical epidemic control model and provide the-

oretical analysis and simulations on the uncorre-

lated complex networks. In real networks such

as social and computer networks, statistical ob-

servations show that the disease and virus inci-

dents in the wild is saturated to a very low level

of persistence. This fact is in striking contradic-

tion with the theoretical predictions by the classi-

cal epidemic models such as the susceptible-infected

(SI), the susceptible-infected-susceptible (SIS) and the

susceptible-infected-recovered (SIR) models.[14−19]

This is why we want to propose a new model in this

paper.

Recently, Liu et al
[15] proposed a feedback mech-

anism to study the spreading of epidemics. They mod-

ified the SIS model by adding a feedback mechanism:

each individual can perceive the present density of in-

fected individuals of the network, and therefore the

edges of each node will be ‘cut off’ temporarily with

a probability related to this density. Their simulation

results show that by introducing the feedback mech-

anism, the density of infected individuals can be re-
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duced remarkably. However, their work only focused

on the SIS model and their result could only be ap-

plied to the exponential networks.

Motivated by their idea, we propose a new dy-

namic control model on the uncorrelated scale-free

networks, which is more realistic than the exponen-

tial networks. Besides, our model is based on the SIR

model, not the SIS model. In the new model, each in-

dividual in the network has one of four possible states:

quarantined, susceptible, infected and recovered. For

convenience, we shall call it the QSIR model according

to its four states. The new added state (quarantined

state) to the SIR model is based on the present prob-

ability that any given edge points to an infected node

on the uncorrelated complex networks. Obviously, the

larger the probability is, and the more the connections

an individual owns, the more likely the individual will

be quarantined. We have given a rigorous theoretical

analysis and extensive simulations on the new model.

The rest of the paper is organized as follows. In Sec-

tion 2, we briefly review the classical SIR model and

its main results. In Section 3, we give a rigorous theo-

retical analysis to the spreading threshold of the QSIR

model. Section 4 gives extensive simulations by using

the QSIR model on several different Barabási–Albert

(BA) networks to compare its results with those of the

SIR model. Finally, we give a conclusion in Section 5.

2. Review of SIR model

In the classical SIR model, each of the N nodes

of the network can be in one of three possible states:

susceptible, infected and recovered. At one time step,

if a susceptible node has an infected neighbour, it will

become infected with a probability λ (λ is also called

the spreading rate of the infection). At the same time,

each infected node will become recovered state with a

probability µ (without loss of generality, the value of

µ can be set at 1). If we use S, I and R to denote the

susceptible, infected and recovered state respectively,

then the epidemic process of the SIR model can be

described by the following chart.

Suppose sk(t), ρk(t) and rk(t) are the densities

of the susceptible, infected and recovered nodes with

degree k at time step t of the epidemic process respec-

tively, then they satisfy the normalization condition

sk(t) + ρk(t) + rk(t) = 1. (1)

On a complex network with a general degree

distribution p(k) and a finite average degree 〈k〉 =
∑

k kp(k) (k is the degree of a node and p(k) the prob-

ability of nodes with degree k), these densities satisfy

the following set of coupled differential equations (see

Ref.[9]):
dsk(t)

dt
= −λksk(t)θ(t), (2)

dρk(t)

dt
= −ρk(t) + λksk(t)θ(t), (3)

drk(t)

dt
= ρk(t), (4)

where θ(t) is the probability that any given edge points

to an infected node on the uncorrelated complex net-

works, which satisfies

θ(t) =

∑

k kp(k)ρk(t)
∑

s sp(s)
=

∑

k kp(k)ρk(t)

〈k〉
. (5)

With the initial conditions sk(0) ≈ 1, ρk(0) ≈ 0,

rk(0) = 0 and the final epidemic condition ρk(∞) = 0,

the above equations will give the following result,

λc =
〈k〉

〈k2〉
, (6)

where 〈k2〉 =
∑

k k2p(k) and λc is the epidemic

threshold, below which the epidemic prevalence is null,

and above which it attains a finite value. For regu-

lar and exponential networks (in which 〈k2〉 < ∞),

the threshold has a finite value. On the other hand,

complex networks with strongly fluctuating connec-

tivity distribution such as scale-free networks, show a

vanishing epidemic threshold when increasing network

sizes; i.e. 〈k2〉 → ∞ when N → ∞, or λc → 0 when

N → ∞, which means that the epidemic threshold λc

is very small for large complex networks.

3. QSIR model and its theoretical

analysis

In the quarantined-SIR (QSIR) model, we pre-

sume that each of the N nodes of the network can be

in one of the four possible states: quarantined, sus-

ceptible, infected and recovered. At any time step

t, a susceptible node will become quarantined with a

probability θ(t), which is defined by Eq.(5). At the

same time, if a susceptible node does have an infected
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neighbour, it will become infected with a probability

λ[1 − θ(t)]. Meanwhile, each infected node will be-

come recovered state with a probability 1. If we use

Q, S, I and R to denote the quarantined, susceptible,

infected and recovered state respectively, then the epi-

demic process of the QSIR model can be described by

the following chart:

Suppose that sk(t), ρk(t), rk(t) and qk(t) are the

densities of the susceptible, infected, recovered and

quarantined nodes with degree k at time step t of the

epidemic process respectively, then they satisfy the

normalization condition

sk(t) + ρk(t) + rk(t) + qk(t) = 1. (7)

With the analysis similar to that in Ref.[9], we can

obtain that on the complex network with a general

degree distribution p(k) and a finite average degree

〈k〉 =
∑

k kp(k), these densities satisfy the following

set of coupled differential equations

dsk(t)

dt
= −[1 − θ(t)]λksk(t)θ(t) − sk(t)θ(t), (8)

dρk(t)

dt
= −ρk(t) + [1 − θ(t)]λksk(t)θ(t), (9)

drk(t)

dt
= ρk(t), (10)

dqk(t)

dt
= sk(t)θ(t). (11)

It is easy to verify that the above equations satisfy
dsk(t)

dt
+

dρk(t)

dt
+

drk(t)

dt
+

dqk(t)

dt
= 0, in agreement

with the normalization condition (7).

Since θ(t) at any time step t is much smaller than

unity, by the same method as in Ref.[9], we can omit

its higher order term in Eqs.(8) and (9), then the fol-

lowing set of coupled approximate equations can be

obtained:

dsk(t)

dt
= −λksk(t)θ(t) − sk(t)θ(t), (12)

dρk(t)

dt
= −ρk(t) + λksk(t)θ(t), (13)

drk(t)

dt
= ρk(t), (14)

dqk(t)

dt
= sk(t)θ(t). (15)

The initial conditions of Eqs.(12)–(15) are

sk(0) ≈ 1, ρk(0) ≈ 0, rk(0) = 0, qk(0) = 0. (16)

It is difficult to solve the above equations ana-

lytically, but with the initial conditions (16) and the

final epidemic conditionρk(∞) = 0, we can find out

the epidemic spreading threshold of the QSIR model.

From Eqs.(12) and (16), we can obtain

sk(t) = e−(λk+1)
R

t

0
θ(τ)dτ . (17)

Define an auxiliary function

φ(t) =

∫ t

0

θ(τ)dτ. (18)

From Eq.(5), we have

φ(t) =

∫ t

0

θ(τ)dτ

=

∫ t

0

[

1

〈k〉

∑

k
kp(k)ρk(τ)

]

dτ

=
1

〈k〉

∑

k
kp(k)

∫ t

0

ρk(τ)dτ.

Using Eqs.(14) and (16), we can further obtain rk(t) =
∫ t

0
ρk(τ)dτ , hence

φ(t) =
1

〈k〉

∑

k
kp(k)rk(t). (19)

In order to gain a closed relation for the total den-

sity of infected individuals, let us compute the time

derivative of φ(t):

dφ(t)

dt
=

1

〈k〉

∑

k
kp(k)ρk(t)

=
1

〈k〉

∑

k
kp(k)[1 − sk(t) − rk(t) − qk(t)]

=1 − φ(t) −
1

〈k〉

∑

k
kp(k)e−(λk+1)φ(t)

−
1

〈k〉

∑

k
kp(k)qk(t). (20)

From Eqs.(15) and (16), we have

qk(t) =

∫ t

0

sk(τ)θ(τ)dτ . (21)

Since sk(τ) is an un-increasing function of τ and non-

negative, according to the mid-value theorem of inte-

gral, we have

qk(t) = sk(0)

∫ c

0

θ(τ)dτ ≈

∫ c

0

θ(τ)dτ = φ(c) (22)

where 0 < c < t. Since at the end of the epidemic

process (or equally when t → ∞),
dφ(t)

dt
= 0 and
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ρk(∞) = 0, combining Eq.(20) with Eq.(22) we can

obtain

φ(∞) =1 −
1

〈k〉

∑

k
kp(k)e−(λk+1)φ(∞)

− φ(c), (23)

where 0 < c < ∞. From Eqs.(5) and (18) we know

that

0 ≤ φ(c) ≤ φ(∞). (24)

Therefore, φ(∞)= 0 is always a solution of Eq.(13). In

order to obtain a non-zero solution, we perform a Tay-

lor expansion at φ(∞)=0 to the exponential function

in Eq.(23):

e−(λk+1)φ(∞) = 1 − (λk + 1)φ(∞)

+
1

2
(λk + 1)2φ2(∞)e−ξ, (25)

where 0 < ξ < (λk + 1)φ(∞). Substitute this result

in Eq.(23), we can further obtain

φ(∞) ≤

(

λ < k2 >

〈k〉
+ 1

)

φ(∞) − φ(c). (26)

From Eq.(26), we have

λ ≥
〈k〉

〈k2〉
·

φ(c)

φ(∞)
. (27)

This condition defines the epidemic threshold

λc =
〈k〉

〈k2〉
·

φ(c)

φ(∞)
. (28)

Compare Eq.(28) with Eq.(6), we can see that the

QSIR model has a similar epidemic threshold to that

in the SIR model, both of which are very small on the

large uncorrelated complex networks.

4. Simulations for QSIR and SIR

models

To compare the epidemic prevalence r(∞) of the

QSIR model with that of the SIR model on the un-

correlated complex networks, we have applied the two

models to several BA networks. We constructed the

BA networks with the following algorithm: Starting

from m0 nodes that are connected with each other, at

every time step a new node is added, with m (m ≤ m0)

edges that are connected to an old node i of the net-

work with probability

Π (ki) =
ki

∑

j kj

, (29)

where ki is the degree of node i. After iterating

this scheme N − m0 times, a network with size N is

built. The degree distribution of this network is (see

Ref.[16]):

p(k) =
2m(m + 1)

k(k + 1)(k + 2)
, for k ≥ m (30)

and the average degree 〈k〉 = 2m.

We have built such BA networks with sizes N

from 10000 to 20000 and m from 2 to 10. Initially, we

randomly infected 50 nodes for each of the networks,

so that the initial conditions satisfy Eq.(16) for the

nodes with degree k. Also, to each of the above net-

works, we applied the QSIR and the SIR models at

epidemic spreading rate λ=0.1, 0.2, 0.3 and 0.4 sepa-

rately. All the results show that the epidemic preva-

lence r(∞) of the QSIR model is less than that of

the SIR model with the same parameters N , m and

λ. The following figures are only some of the typical

ones of the simulations.

Figure 1 shows the epidemic processes of the

SIR and the QSIR models on the BA network with

N=20000 and m=2. Since the epidemic thresholds

of the SIR and QSIR models are both approximately

λc ≈
〈k〉

〈k2〉
=

N
∑

k=2

kp(k)

N
∑

k=2

k2p(k)

. Averaged over 10 runs of

the generated BA networks, λc ≈ 0.0600 is obtained.

Hence we should choose λ > 0.0600 in order to make

sure that the disease can spread on the network. All

the simulations in Fig.1 are averaged over 10 runs of

epidemic spreading process.

Figure 2 shows the epidemic prevalence predicted

by the SIR and the QSIR models on the BA network

with N=20000 and m=5. The epidemic thresholds of

the two models on this network are both λc ≈ 0.0328

(averaged over 10 runs of the generated BA networks).

This figure shows that: for any fixed epidemic spread-

ing rate λ, the epidemic prevalence r(∞) shown by

the QSIR model is less than that by the SIR model.
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Fig.1. Comparison of epidemic prevalence on the BA

network with N=20000 and m=2: (a) SIR model, (b)

QSIR model.

Fig.2. Comparison of epidemic prevalence on the BA

network with N=20000 and m=5: (a) SIR model, (b)

QSIR model.

From Figs.1 and 2 we can find that the parameter

m also affects the epidemic prevalence shown by the

two models. For a fixed spreading rate λ, the larger

the m is, the higher the epidemic prevalence of the two

models is. This shows that it is easier for a disease to

spread on a more connected network. Figure 3 shows

this information clearly.

In Fig.3, the BA networks have a size N=20000

with m=2 to 10, the epidemic spreading rate λ=0.2

(each simulation value is the average over 10 runs).

From the figure we can see that the epidemic preva-

lence r(∞) of the two models are both the increasing

functions of m. Figure 3 also shows the following fact:

for a fixed spreading rate λ (λ > λc), as the connect-

ing parameter m is getting larger, the epidemic preva-

lence r(∞) by the SIR model will tend to 1, and by

the QSIR model will tend to a fixed value (< 1). For

example, in this figure when m=10, r(∞) ≈ 0.9906

for the SIR model, and r(∞) ≈ 0.7543 for the QSIR

model. In other words, for a fixed spreading rate λ,

when m is large enough, the SIR model always pre-

dicts that about 100% of the individuals will be in-

fected by the disease!

Fig.3. Relations between the epidemic prevalence r(∞)

and the parameter m for λ=0.2.

Figures 1 and 2 also show the fact: when m is

fixed, the larger the λ is, the higher the epidemic

prevalence of the two models is. This result can be

seen in Fig.4.

Fig.4. The epidemic prevalence r(∞) versus the spread-

ing rate λ at m=5.
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Figure 4 shows another fact: at a fixed connecting

parameter m, as the spreading rate λ is getting larger,

the epidemic prevalence r(∞) by the SIR model will

tend to 1, and that by the QSIR model will tend to a

fixed value. For example, in this figure when λ=0.5,

r(∞) ≈ 0.9993 for the SIR model, and r(∞) ≈ 0.7553

for the QSIR model. In other words, for a fixed con-

necting parameter m, when spreading rate λ is large

enough, the SIR model always predicts that about

100% of the individuals will be infected by the dis-

ease!

Figure 5 gives more detailed information of the

epidemic processes described by the SIR and the

QSIR model. In this figure, the BA network is of

a size N=20000 and m=5. The epidemic threshold is

λc ≈ 0.0328 and the spreading rates are λ=0.1, 0.2,

0.3 and 0.4. The figure shows how the densities of the

three state nodes (ρ(t) for the infected, r(t) for the

recovered and q(t) for the quarantined) are changing

as time changes.

It should be noted that for the QSIR model, the

density of the recovered nodes increases as the spread-

ing rate λ increases, but the density of the quarantined

nodes does not always follow the same rule. This is

in agreement with the fact that the sum of r(∞) and

q(∞) is always less than or equal to 1.

Fig.5. Epidemic processes on the BA network with N=20000 and m=5: (a) SIR model, (b) QSIR model.

5. Conclusions

In this paper, we have proposed a dynamic epi-

demic control model, QSIR model, on the uncorre-

lated complex networks. Based on the classical SIR

model, we added a dynamic quarantining state to

control the epidemic spreading. At any time, a sus-
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ceptible node may become quarantined depending on

the probability that any edge points to an infected

node. By means of theoretical analysis, we find that

the QSIR model has the same epidemic threshold as

the SIR model does on the uncorrelated complex net-

works, but it shows that the prevalence of the infected

individuals can be reduced remarkably compared with

that of the SIR model. We hope our work may be

helpful in understanding the epidemic spreading phe-

nomena on real networks and designing appropriate

strategies to control infections.
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