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Phase coherence of the electron and hole
in a ferromagnetic film in proximity
with a superconductor®
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The scattering matrix approach between the clean and dirty limits is developed for the study of tunnelling spectra

in a ferromagnetic film in proximity to a superconductor. The minigap and the damped oscillation from ‘0’ to ‘x’ state in

tunnelling conductance are attributed to the phase coherence of the electrons and the corresponding Andreev-reflected

holes in the ferromagnetic film. The calculated results provide a reasonable explanation for the behaviour observed in

recent experiments.
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1. Introduction

The superconducting proximity effect is the oc-
currence of superconducting-like properties in non-
superconducting materials placed in electric contact
with a superconductor. The special reflection process
known as Andreev reflection (AR)!M plays an impor-
tant role in the superconducting proximity effect. In
this process an electron with an energy lower than
the superconducting gap in the nonsuperconducting
material is reflected back as a hole along with the
time-reversed path with the simultaneous generation
of a Cooper pairl? in the superconductor. The elec-
tron and the hole having opposite spins and different
Fermi momenta are correlated via AR, thus providing
an extension of superconductivity into a nonsupercon-
ducting region. In the normal metal/superconductor
(NM/S) junctions these correlations decay with the
distance from the interface due to a dephasing between
the wavefunctions of electrons and holes, thus there
appears a proximity-effect-induced superconducting
order parameter F'(x) in normal metal, and it de-
cays with increasing distance from the interface. If
the nonsuperconductor is a ferromagnet, the electrons
and holes are under the exchange field of the fer-
romagnet, which results in the energy shift between
these quasiparticles and the creation of a finite centre-

of-mass momentum @ = 2hy/hvg of Cooper pairs,
where 2h is the exchange energy corresponding to the
difference in energy between spin-up and spin-down
bands in ferromagnet and vg is the Fermi velocity.
In this case, F(z) exhibits damped oscillations>~4
with increasing distance from the interface. These os-
cillations were originally investigated by Fulde and
Ferrell® and Larkin and Ovchinnikov.l®) The state
with positive F(z) is usually called the ‘0’ state and
that with negative F'(x) called the ‘n’ state. A transi-
tion from ‘0’ to ‘m’ state has been already reported by
many authors. Kontos et all”! studied differential con-
ductance spectra in Al/Al;O5/PdNi/Nb tunnel junc-
tions where PdNi is a thin ferromagnetic film and Nb
is an s-wave superconductor. The observed density
of states (DOS) in ferromagnet shows the ‘0’ or ‘n’
state shape when the thickness of the ferromagnetic
layer is, respectively, smaller or larger than g, where
&r = hwp /2hg is the coherence length in ferromagnet.
Many works[®~ 1] have shown that inhomogeneous su-
perconductivity can be induced in ferromagnet by the
proximity effect in ferromagnet /superconductor (F/S)
structures and that the DOS for the ‘0" and ‘7’ states
observed in Ref.[7] can be reproduced by their theo-
retical calculations. However, how the magnitude of
hg affects DOS and whether it can lead to the transi-

tion from ‘0’ state to ‘m’ state when the thickness of
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ferromagnet is fixed have not been discussed. This is
one of the motivations in this work.

Recently, the minigap in the local density
of states (LDOS) in nonsuperconductor induced
by the superconducting proximity effects has at-
tracted much attention in experimental and theoreti-

5.20=25] A fully opened minigap was

cal investigation
found by Moussy, Courtois and Pannetier?* in a very
thin (L = 20nm) Au layer on top of a Nb dot with
the help of a very low temperature (60 mK) scanning
tunnel microscopy (STM). It is well worth to mention
that Gupta et all*®! also observed an ideal minigap
in an Au-Nb bilayer with the smallest Au thickness
(L = 10nm) under the same experimental conditions.
They found that a nonzero LDOS near Er appears
at L = 30nm and gradually increases with L. In
addition, an anomalous minigap width evolution was
observed. As pointed out by Gupta et al,l*®! these
new features found in the cleaner samples cannot be
explained within the quasiclassical theory which was
well established in the dirty limit. As a result, a the-
oretical approach in the clean limit or in the interme-
diate case is necessary for addressing this issue. Very
recently, Kontos et all?” studied differential conduc-
tance spectra in Al/AloO3/NM/Nb tunnel junctions
with the thickness of NM fixed (5nm), where NM is
a paramagnetic metallic film, such as Ag, Pt, Pd or
Pd;_,Ni, (z <0.024). The observed normalized con-
ductance also exhibits a subgap with nonzero LDOS
around Fpg, and the subgap width decreases with in-
creasing susceptibility of NM. Although the Usadel
equations were used to fit the experimental data, since
there is a crossover from a clean metal to dirty ones,
it is highly desirable to develop a theory in the clean
limit but including impurity scattering.

In the NM/I/F/1/S (I = insulator, F = ferromag-
net, and S = superconductor) structure under consid-
eration, the thin ferromagnet film between two junc-
tions is a typical mesoscopic conductor and NM is an
electrode for measurements. In the presence of scat-
tering processes in the ferromagnet layer, a fraction
of electrons (holes) transmit coherently while the re-
mainder gets scattered inside the ferromagnet and ef-
fectively leaks out of the coherent stream. The trans-
port lies in an intermediate regime between the clean
and dirty limits, so that both coherent and sequen-
tial processes need to be taken into account. In this
work we extend the scattering matrix approach suit-
able for metallic double tunnel junctions?® to the
NM/I/F/1/S structures by including the coherent and

sequential components of the tunnelling conductance.
In consideration of electron-like and hole-like quasi-
particles (ELQ and HLQ) in the superconductor and
the spin degree of freedom in the ferromagnet, the
original 2 x 2 S-matrices should be extended to 8 x 8
ones. If the spin—flip scattering is neglected, however,
the 8 x 8 S-matrix may be decoupled into two sets of
4 x 4 matrices for the spin-oc ELQ and spin-¢ HLQ.
The tunnelling conductance of the NM/I/F/I/S struc-
tures is obtained as a function of thickness L of the
middle ferromagnet film. Its expression is given by
reflection and transmission coefficients of two inde-
These coefficients in the F/I/S
junction can be obtained using the Bogoliubov—de

pendent junctions.

Gennes (BdG) equation!®”! and the theoretical ap-
proach developed by Blonder et all*) Our calcula-
tions show that the complete coherent transport leads
to a fully opened minigap in the LDOS while the se-
quential component makes the LDOS peaks lower and
the LDOS within the minigap rise up. For the case of
ho = 0 in the ferromagnet film, with increasing L, the
distance between two peaks of the minigap decreases
and the amplitude of gap-like structures decays, ac-
companied by a dephasing between the wavefunctions
of electrons and holes. For the case of hg # 0, the
LDOS displays a damped oscillation with the thick-
ness of ferromagnet or exchange energy hg, exhibiting
a transition from ‘0’ to ‘w’ state. We conclude that the
exchange energy can induce the transition from ‘0’ to
‘w’ state. The presence of scattering which breaks up
the phase coherence provides an explanation for the
nonzero LDOS within the minigap observed widely in
experiments except that the ferromagnet film is thin
enough. Our calculated results may reproduce main
features of the abnormal minigap in the LDOS ob-
served in the experiments.[26:27]

2. Model and theory

We first consider the coherent transport of quasi-
particles in the middle ferromagnet region for current
flow through an NM/I/F/I/S double-barrier struc-
ture. For such a structure, if the middle ferromagnet
region between two tunnel barriers is a few nanome-
tres in length, the coherent transport plays a dominant
role. We extend the scattering matrix approach used
in the NM/I/NM/I/NM structurel?®! to the present
double-junction including the ferromagnet and super-
conductor. Since the superconductor has two types of
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quasiparticles (ELQ and HLQ) and the ferromagnet
has the spin degree of freedom, the 2 x 2 S-matrix
should be extended to an 8 x 8 matrix. If the spin-
flip scattering is neglected, the spin-dependent 8 x 8
S-matrix may be decoupled to the 4 x 4 S-matrix. Let
us first consider the right F/S junction in Fig.1, in
which as and b} (da and ¢f) indicate the incoming
wave amplitudes for the ELQ (HLQ) from both sides,

al as ag az
_ .
b b A b
L P I 3 o rr| 22
c1 c3 ch co
P tl t?l »»»»»»»» A e —————————® & & 8 & 8 & - t2 t‘é »»»»»»»» -
!
d1 ds dy ds
........ - - e PR

Fig.1. Schematic diagram of NM/I/F/S junction in which
two potential barriers are placed in series with a coherent
distance L. The problem is to find the scattering S-matrix
of the composite structure.

and by and af (c2 and d} ) indicate the outgoing wave
amplitudes for the ELQ (HLQ). They satisfy the fol-
lowing relation: via a 4 X 4 S-matrix.

af Tee2 The2 tee2 thes 3
ds [ | Ten2 Thn2 teno thne ¢ (1)
b2 tcc? thc2 T'(an 71]/1'32 a2
Co ten2 thh2 Tono Thho da

Here the subscript 2 of the matric elements stands
for the right (second) junction. For an ELQ incident
on the interface from left (right), ree2 (rL.e) is the
normal-reflection amplitude and rena (77;5) is the AR
amplitude; teea (th.o) is the amplitude of transmission
within the same branch and teh2 (t);,) is that between
the ELQ and HLQ branches. For an HL(Q incident on
the interface from the left (right), rune () The2

l

Re. = |7'CC‘2

(t21 — chlrécl)[rflhlrghz — (Thn2”pg

o ezikgL)

(The2)s thn (tho), and thea (t,,2) have the similar def-
initions. All the S-matrix elements in Eq.(1) can be
obtained in an F/S single junction by using the BTK
approach,®) whose expressions will be given in the
Appendix. We then consider the left NM/I/F tunnel
junction of Fig.1. Similarly, we have

by Teel 0 they O a1
a | _ 0 rm 0t dy . @)
b3 teer 0 7l O as
cs3 0 twn1 0 74 ds

Here subscript 1 of the matric elements stands for the
right (first) junction, and all the AR coefficients and
transmission amplitudes between the ELQ and HLQ
branches vanish due to the absence of the supercon-
ductor. All the S-matrix elements in Eq.(2) are ob-
tained in an NM/I/F single tunnel junction, their ex-
If the
quasiparticle transport is coherent, the wavevector of

pressions being also given in the Appendix.

the quasiparticle remains unchanged, so that as (bs,
cs, dg) is related to af (b}, ¢, di) by a phase differ-

ence, i.e.,

ah = aze FL bl = byelhe L

! —ikZ L U ikl L
Cg =cze hT, d3:d36 b (3)

where kJ is the perpendicular component of Fermi
wave vector for spin-o electrons in ferromagnet and
k{ for spin-c holes. It is straightforward to eliminate
as, ak, bs, by, c3, ¢k, d3 and df from Egs.(1)—(3) to
obtain

b1 Tee The tée i}e aj

cr [ | Ten Thn ty, thy dq (1)
b2 tee the Tée rllqe a .

C2 ten tun Téh T{lh dy

The normal reflection and AR probabilities for the co-
herent tunnelling can be obtained as

5 2
/ 2iky L —2ik? L
Tee2] — (Thh2Thpy — €770 " )Teere™ e

/

C

/ _ A2ik°L _ a—2ikZL\ _ ./ / 2
(rhh?rhhl €™ )(Te61T992 e ¢ ) reelrhhlrehQ

/
tee1 Teh?thhl

2

2
eh — |reh| = /

/ 2ik? L —2iko L T 2
(Thhaipy — "0 %) (reerTeez — €72REE) —rf 1l 7800

Next, we consider the sequential tunnelling case in which the quasiparticle in the middle ferromagnet undergoes

scattering. In this case, we can obtain Rg, and R, by summing up the probabilities for the direct normal
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reflection at the left NM/I/F interface, and for the normal reflection and AR with one reflection at the right
F/S interface, with two reflections, three reflections and so on.[?8 Since there may be either normal reflection
or AR at the F/S interface, the situation is relatively more complicated. Taking into account all the possible

reflection processes and after lengthy algebraic calculation, we obtain

s __
Ree_

(Te2€1 - ReelRéel)[Rﬁthgm - (thQRilhl — 1)Ree2] - (th?Rghl - 1)Reel

!
Teel RehQThhl

(th2R£1h1 - 1)(R/ Reea — 1) - R,

eel

; (7)
eel Rilhl Rgh2

ch (th?Rf}hl - 1)(Rée1Ree2 - 1) - RéelRﬁthzhz,

where Tpe1 = |tee1|27 and the others in Egs.(7) and
(8) can be obtained in the same way. Alternatively,
R, and R} given above can be obtained by remaking
Eqgs.(1), (2) and (4). Each component of the column
matrices is redefined as either an incoming or outgoing
quasiparticle flow, and the S-matrix element s(m, n) is
replaced by either reflection or transmission probabili-
ties |s(m,n)|>. From the current continuity conditions
in the middle ferromagnet layer for each spin channel:
ah = az, by = b3, c¢§ = c3 and dj = ds3, Egs.(7) and (8)
can be confirmed.

In the following, we consider a combination of
the coherent tunnelling with the sequential one. For
a fraction of the quasiparticle flow due to sequen-

l

Ree = RS, +

Ry R2yo — (R Run2 — 1) Reea] Tioy

(8)

tial transport, a quasiparticle first tunnels into the
middle ferromagnet and then, after losing memory of
its phase, tunnels out of the ferromagnet. We intro-
duce the phase-coherence length [, in the ferromag-
net and replace kZ (k{) in the exponents by kZ +1/ly
(k7 —1i/ls), where 1/l, is much smaller than the Fermi
wave vector kZ or k. For the fully coherent transport
(lyg — o0), we have RS, + RS, + TS, + TS, = 1. For
finite Iy, we define a = 1 - Rg, — RS, — TS, — T3, as the
weight per cent of the sequential transport, « should
be a function of both L and hg, and a = 0 for L < Iy
and a = 1 for L > ls. Using o to replace Tee; in
Eqgs.(7) and (8), we obtain the total probabilities of
the normal reflection and AR

(thzRilhl - 1)(R261Re62 - 1) - R‘;elRﬁthzh27
aRena Ty,

Reh - Rgh +

where the coherent components RS, and RS, have
been given in Egs.(5) and (6). Finally, the tunnelling
conductance is given by

2¢?
G= Z 7(17R00+Rch)' (11)
o=T1.1

3. Results and discussions

We have studied first the tunnelling conductance
of the NM/I; /NM/S double junctions by letting ho =
0 in NM/I;/F/S junctions, in which the NM/S in-
terface is in ohmic contact. The parameters used in
The dimen-
sionless potential strength of barrier I; is Z; = 4.0,
Zy = 0 for the NM/S ohmic contact, the Fermi en-

the calculations are taken as follows.

(Runo Ry, — 1)(Rley Ree2 — 1) — RL R}, R,

(10)

ergy EFp = 1.4eV, and the superconducting energy
gap Ag = 1.4meV, Iy = 4€g with & = hvp/24, the
coherent length in superconductor. Figure 2 shows the
energy dependence of conductances for different thick-
ness L. The conductance is normalized by its value at
E = 34y, beyond which the conductance is almost
constant. They exhibit BCS-like minigap behaviour.
For the smallest thickness (L = 0.1&s), the sequential
component has only a small effect, and the normal-
ized conductance exhibits two peaks at £ = +Aq and
a gap nearly appears at |E| < Ag, which is very close
to that in the bulk superconductor. With increasing
L, the sequential component plays an important role.
The normalized conductances within the minigap in-
crease, which are strikingly different from zero even
for E = 0. At the same time, the distance between
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the two peaks becomes small and the peak height de-
creases. It is interesting to note that there are two
small dips at E = £A4, which actually imply that a
larger thickness of NM cannot influence significantly
the superconducting gap in the bulk superconductor.
These calculated results are consistent with those in
Ref.[26].

Normalized conductance

E/Ao

Fig.2. Normalized conductance with hg = 0 as a function
of energy for different thickness L.

Next, we consider the NM/I; /F/S junctions. Fig-
ure 3(a) shows the normalized conductance as a func-
tion of the thickness of ferromagnet at £ = 0 (solid
line) and E = 1.14, (dotted line) with ho/Er = 0.01
and [y = 4&F, and the other parameters are the same
as in Fig.2. Owing to the superconducting proxim-
ity effect, a few Cooper pairs are injected into ferro-
magnet from superconductor and these Cooper pairs
can survive for a time corresponding to a travelling
length on the order of &p. Together with the inter-
ference between the electron (hole) and the AR hole
(electron) in the ferromagnet. The normalized con-
ductance displays a damped oscillation with a period
of L = m&r. When the thickness L is smaller than &y,
the normalized conductance at £ = 0 is smaller than
the value at £ = 1.14, which corresponds to the ‘0’
state. When L is larger than &p, the case is reversed
and it corresponds to ‘m’ state. Further increasing L,
the sequential component increases gradually and the
normalized conductance exhibits a damped oscillation
and finally it becomes equal to unity with a dephas-
ing between the wavefunctions of electrons and holes.
These calculated results are well consistent with many
experimental and theoretical works. Now, we plot the
normalized conductance as a function of the exchange

energy hg for L =5nm in Fig.3(b). The coherent

Normalized conductance

0 10 20 30 40 50
Fig.3. Normalized conductance as a function of (a) thick-
ness of the ferromagnet layer with hg = 1049, (b) ex-

change energy in ferromagnet with L = 5nm, where solid
lines stand for £ = 0 and dotted lines for £ = 1.1A¢.

length &p ~ 5nm for the exchange energy hg = 94,
so L < &p for hg < 949 and L > &g for hg > 9A4,.
The normalized conductance also displays a damped
oscillation from ‘0’ state to ‘m’ state with increasing
exchange energy hg, and the period is hg = 7(940),
as shown clearly in Fig.4. We plot the energy de-
pendence of normalized conductance for different ex-
change energy hg in Fig.4. The normalized conduc-
tance for hg = 0 is shown in Fig.4(a). There are two
peaks at the energy gap edges F = +A4 and nearly
appears a gap between two peaks, which is similar
to that in the bulk superconductor, corresponding to
‘0’ state. In Figs.4(b)-4(j), the exchange energies hy
equal 3A¢, 440, 5A0, 1040, 1340, 154, 18A¢, 204,
and 284, respectively. At first, the peaks move grad-
ually towards the centre (E = 0) with increasing ex-
change energy hg and there are two dips at £ = £A4,.
As shown in Figs.4(b), 4(c) and 4(d), peaks occur at
E = +0.84¢ for hg = 34y, E = £0.74Aq for hy = 44
and F = +£0.64, for hg = 54¢. At the same time,
the conductance between the two peaks increases and
the amplitude of them decreases. These calculated re-
sults are in agreement with the experimental results
in Ref.[27]. For hg = 104, as shown in Fig.4(e), the
two peaks arrive at zero energy (E = 0), exhibiting
two dips at the energy gap edges (E = +4¢) and a
maximum at zero energy (E = 0), which corresponds
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(a)

ho = 3.04¢ (b)

ho = 4.04¢

Normalized conductance

ho =5.0A¢

(d)

ho = 10.0A¢ (e)

ho = 13.04¢

| ho = 15.04¢

| ho = 18.040

| ho = 20.04¢

| ho = 28.04¢

E/Ag

Fig.4. Energy dependence of normalized conductance for different exchange energies. It is gradually reversed

[t}

from ‘0” to ‘n” state and then from ‘n” to

to ‘m’ state. Further increasing the exchange energy
hg, the dips at E = +A4; increase and the maxi-
mum at zero energy splits into two peaks, as shown
in Figs.4(f) for hg = 1340, and then, the two peaks
move gradually away from the centre and the con-
ductance between the two peaks decreases, as shown
in Figs4(g), 4(h) and 4(i), the exchange energies
equal 154, 184, and 204, respectively. The case of
ho = 284 is shown in Fig.4(j). There are two peaks
at £ = +Aq and the minimum at E = 0, which is
similar to Fig.4(a), corresponding to ‘0’ state, but its
variation amplitude is very small compared with that
in Fig.4(a). Finally, we compare our results with the
experimental data in Ref.[27]. As shown in Fig.2 in
Ref.[27], the normalized conductance for Ni concentra-
tion of 2.4% exhibits two dips at the energy gap edges
and the two peaks are situated near £ = £0.64,.
This is somewhat like our Fig.4(d).
Ni concentration of 5.5% is the same as our Fig.4(j).

The figure for

There are no experimental line between Ni concentra-
tion of 2.4% and 5.5%.

‘0’ state with increasing hg.

4. Conclusion

The 2 x 2 scattering matrices for double junctions
are extended to the 4 x 4 ones for the case of supercon-
ductor and ferromagnet. In the NM/I; /NM/S double
junctions, due to the superconducting proximity ef-
fects, the energy dependence of the normalized con-
ductance exhibits a minigap and its width decreases
with increasing L, while the nonzero normalized con-
These fea-
tures are in agreement with the experimental results
in Ref.[26]. For the NM/I; /F/S double junctions, the
normalized conductance displays a damped oscillation

ductance near the Fermi level increases.

from ‘0’ to ‘m’ state with not only the thickness of fer-
romagnet layer but also the exchange energy. We have
given the detailed process of the transitions from ‘0’
to ‘7’ state with increasing exchange energy for a fixed
thickness of ferromagnet layer, and we have compared
our calculated results with the experimental data in
Ref.[27] and wish that the transition from ‘0’ to ‘n’
state induced by the exchange energy can be observed
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in future experiments.
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Appendix: Expressions for the S-

matrix elements in Eqgs.(1) and
(2)

Consider a planar semi-infinite geometry of
Fig.5(a) with a superconductor to the right of x = 0
The F/S interface
at * = 0 is described by a J-type barrier potential

and a ferromagnet to the left.

Va(x) = Zshvp where Zs is the dimensionless barrier
strength. The effective single-particle Hamiltonian
is used to describe electrons (holes) in ferromagnet,
while superconductor is assumed to be s-wave pairing
and described by a BCS-like Hamiltonian. There are
four types of quasiparticle injection processes at the
F/S interface: electron and hole injection from ferro-
magnet to superconductor, and ELQ and HLQ injec-
tion from superconductor to ferromagnet, as shown

|

o 0 k% .5
elkc ¥+ Teh2 1 k_%elkhw + Tee2
h

(a) Va(z)

............

...........

D R EEE T S PP

Fig.5. (a) Schematic illustration of an F/I3/S structure
and (b) four types of quasiparticle injection processes in
this structure. The solid-line arrow stands for the electron
in the ferromagnet or ELQ in the superconductor, while
the dotted-line arrow stands for the hole in the ferromag-
net or HLQ in the superconductor.

in Fig.5(b).
incident on the interface at * = 0 from ferromag-

As an example, for a spin-o electron

net, there are four possible trajectories: normal re-
flection (Tee2), Andreev reflection (ren2), transmission
to the superconductor as a ELQ (fee2) and trans-
mission as a HLQ (teh2). Using the Bogoliubov—de
Gennes (BdG) equation?®! and the method developed
by McMillan, 3! we can write the wavefunctions in the
ferromagnet and superconductor regions as

e’ikogﬂ, for z < 0;

wla(x) = k . (Al)
U g . s v g s
teeQ 2e 2 elqex + teh2 2e 2 e_lqhxa fOI‘ €T 2 0
v g2(ful™ = [v[7) u @ (Jul” = [v[%)
\
o _ 1.0 21.0 o _ .0 __ 21.0 d . d .
Here, k¢ = ki + mE/(h*kg), ki = ki — mE/(h°kg), dv10(z) ls=0_ = dro(z) lz=0, — 2kpZ21p15(0).
kg = kp\/1+7,/Ep with n, = 1 for ¢ =1 and dz dz (A2)

e = —1 for o =|, ¢¢ = ke +mQ/(PPke), ¢ =
ke — mQ/(BPkp), v = J(1+0/E)/2, and v =

(1-R2/E)/2 with 2 = \/E? — A3. Coefficients
Teh2, Tee2; leez and tepa correspond to the probabil-
ity amplitudes for the AR, normal reflection, trans-
missions within the same branch and those between
All the coefficients
can be determined by matching boundary conditions

different branches, respectively.

at x = 0:

¢10(07> = ’(/}10'<0+)7

The wavefunctions for the other three types of quasi-
particle injection processes can be obtained in the sim-
ilar way. We obtain the S-matrix elements in Eq.(1)
as

Tee2 = Dl/Da
Thh2 = Do/ D,

Ten2 = —2uvy/ kK (¢5 + q2)/ D,
toe2 = *Qng(qf] + kg — QIkFZQ)/D7
tene = 2Uk‘g(—q2 + k'g — 21]€'1:‘Z2)/l)7
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where For the NM/I; /F junction, due to the absence of the
) superconductor, all the AR and transmission between
D= —gqi(u® —v*) — (gu® + ghv°) (k] — 2ikp Z2) the ELQ and HLQ branches disappear. In a similar
— (2 + giu?) (kS + 2ikp Zo) way, we obtain the S-matrix elements in Eq.(2) as
_ (u2 — 1;2)(/<:g + 21]{1FZ2)(]€€ - QikFZQ), . B —2kp 71 + i(kg _ q(r;) (All)
(A8) U kpZy —i(kg +q0)
D1 = ¢3¢} (u? — v?) + (¢u® + ¢v?) (K — 2ikp Za) , 2kpZy +i(k —q2)
. el T Tokp Zy + (kT + qv)’ (412)
— (g0 + ) (kS — 2ikr Zo) P e T
— (u? — v?) (kS — 2ikp Zo) (k¥ — 2ikp Zs), tool = 2 k de ) (A13)
(A9) —2kpZy +1(kZ + q2)
—2kpZy —i(kf — ¢»
Moy = e ZHR Z ) )
and 2kpZy — (k] + q})

Dy = ¢iqi(u® = v%) — (qSu® + q5v*) (k] + 2ikp Z2)

+(g2v° + qyu®) (K + 2ikp Z2)
— (u? = v?) (kS + 2ikp Zo) (kS + 2ikp Zs).
(A10)

VLT (A15)

tll - N = 9
BT 9ke Zy +i(kT + )

where Z; is the dimensionless barrier strength for
the NM/I; /F junction, ¢@ = kr + mE/(h%kg), and
@ = krp — mE/(hkp).
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