Vol 17 No 12, December 2008
1674-1056/2008/17(12)/4614-05

Chinese Physics B

© 2008 Chin. Phys. Soc.
and IOP Publishing Ltd

Compact-like discrete breather and its stability
in a discrete monatomic Klein—Gordon chain*

Xu Quan(fk

BO®P)T and Tian Qiang(H  58)P)

a>Department of Physics, Daqing Normal University, Daqing 163712, China

b) Department of Physics, Beijing Normal University, Beijing 100875, China

(Received 12 March 2008; revised manuscript received 23 May 2008)

This paper studies a discrete one-dimensional monatomic Klein—Gordon chain with only quartic nearest-neighbour

interactions, in which the compact-like discrete breathers can be explicitly constructed by an exact separation of their

time and space dependence. Introducing the trying method, it proves that compact-like discrete breathers exist in this

nonlinear system. It also discusses the linear stability of the compact-like discrete breathers, when the coefficient (3)

of quartic on-site potential and the coupling constant (K4) of quartic interactive potential satisfy the given conditions,

they are linearly stable.
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1. Introduction

Energy localized due to nonlinearity in dynamical
system has been observed for more than one century.
Among the most important characteristics of a local-
ized excitation there are its localization length and the
spatial decay characteristics. Because the compact-
like discrete breather (CDB) has not an exponential
tail, they will not interact with each other until the
point of contact, which lead to a much weaker mu-
tual interaction between different CDB in the same
lattice. The lifetime of the CDB is thus substantially
increased and the CDB can be of interest for energy
storage.

The compact-like localized model was first pre-
sented by Rosenau and Hyman,[! afterwards Kivshar
showed that the solitons in purely anharmonic lat-
tices could be treated as compactions,?! and Dusuel et
al also proved that the generalized ¢* or double-well
model with nonlinear coupling could exhibit compact-
like solution.!®] Recently, the discussions about CDB
were found in Refs.[4-10], but many of them did not
analyse their stability. This paper investigates the ex-
istence and linear stability of the CDB in a discrete
one-dimensional monatomic Klein—Gordon chain with
soft and hard quartic on-site potential and quartic in-

teractive potential by using the trying method®—1

and the linearly stable theory.['*—19

This paper is organized as follows: in Section
2, we describe the model, a discrete one-dimensional
monatomic Klein-Gordon chain with soft and hard
quartic on-site potential and quartic interactive po-
tential, and the evolution equation. In Section 3, we
search the proof of existence of the CDB by using the
trying method. In Section 4, we analyse the linear sta-
bility of the CDB. The paper concludes with a short

summary of the main results in Section 5.

2. The model

We consider a discrete one-dimensional

monatomic Klein—Gordon system. In such a chain,
atoms with unit mass interact with their nearest-
neighbours. The Hamiltonian of the system is given

by

H = Z[ w2+ V (un) +

where u,, is the displacement of the n-th atom, K, is

un)' s (1)

4 (un+1 -

parameters controlling the strength of the nonlinear
coupling, and V' (u,,) is an on-site potential

1
V (un) = e + . )

2

The equation of motion for the displacement of
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the n-th atom from its equilibrium is
U/n = _wgun - ﬂui
K [(tng1 = wn)” = (wn = 1)) (3)

We will discuss the system by using the trying
method. These models appear in many realistic phys-
ical systems.

3. The proof of existence of CDB

In this section, we look for CDB solutions of
Eq.(3). We choose dependent variable transformation

U () = (=1)" B, G (1) (4)

Substituting Eq.(4) into Eq.(3), we can rewrite Eq.(3)
as:

G+wlG+CG* =0, (5a)
K4 [(épn—i-l + ¢n)3 + (épn + ¢n—1)3:|

+ 8P~ CP, =0, (5b)
where C' is a determined constant.
When C > 0, equation (5a) has solution
G = Goen (wt,m) , (6)

where cn is a Jacobian elliptic function of modulus
CG? )
2= WE’G%) and pulsation w = y/w3 + CG2.

When C < 0, equation (5a) has solution
G = Gosn (wt, m) , (7)
where sn is a Jacobian elliptic function of mod-
ulus m? = —7CG%
N 2w} +CG3)

Vwi + CG3/2.

To seek out the CDB solutions, we assume the

and pulsation w =

solution of Eq.(5b) to be in the following form:
@, = cos[q(n — ng)], when |n —ng| < 7/2q, (8)

and @, = 0, otherwise, where ¢ and ng are constants.
Substituting Eq.(8) into Eq.(5b), we find
6K 4 (cosq + 1)sin? ¢
+ @2 [4K4 (2 cos® q 4+ 3cos? g — 1) + ﬁ]
—C=0. (9)

Thus, we have

(2cos3q+30052q— 1) + i 0,

= 10
4K4 ( a’)

C = 6K (cosq+ 1)sin?q. (10b)

When K4 > 0,C > 0, equation (3) has the following

solution:

up, = (—1)" Go cos [q (n — ng)] en (wt, m) ,

when |n —ng| < 7/2q, (11)

and wu,(t) = 0, otherwise.
Wo =7/q.

When K, < 0, C < 0, equation (3) has the fol-
lowing solution:

The spatial width is

up, = (—1)" Go cos [q (n — ng)] sn (wt, m),

when |n —mng| < 7/2q, (12)
and wu,(t) = 0, otherwise. The spatial width is
Wo =m/q.

When 8 < 0, Eq.(2) corresponds to soft quartic
on-site potential. Equation (10a) can be written as

2cos® q+3cos®q—1—|B|/4K4 = 0, (13)

where K, > 0. This equation has real ¢ solution for
K, > |B|/16; the g can be determined by the value of
K.

When 8 > 0, equation (2) corresponds to hard
quartic on-site potential. Equation (10a) can be writ-

ten as
2cos® g+ 3cos? g — 1+ |3 /4Ky = 0, (14)

here Ky > 0. This equation has real g solution for
K, > |B|/4; the ¢ can be determined by the value of
K4, too. For K, < 0, the results are reverse.

The relations between K4 and ¢ of Egs.(13) and
(14) are shown in Fig.1.

The CDBs of Eqs.(11) and (12) are shown in
Fig.2.

From the Figs.1 and 2 we know that if ¢, K, and
0 satisfy the conditions of Fig.1, equation (5b) has the
solution Eq.(11) or Eq.(12). It indicates that the dis-
crete one-dimensional monatomic Klein-Gordon chain
has the CDB solution, indeed.
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Fig.1. The relation of ¢ with K4. (a) The relation of ¢ with K in soft quartic on-site potential, the datal denotes
that 3 = 1, the data2 denotes that 3 = 16, the data3 denotes that 8 = 32 and the K4 > 0. (b) The relation of ¢
with K4 in hard quartic on-site potential, the datal denotes that 8§ = 1, the data2 denotes that 8 = 2, the data3

denotes that 8 = 4 and the K4 > 0.
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Fig.2. (a) CDB in soft quartic on-site potential ¢ = 0.17, (b) CDB in hard quartic on-site potential ¢ = 0.427.

4. The analyses of linear stability

Next, we discuss the stability of these solutions.
The stability of discrete periodic solution of discrete
nonlinear system was discussed in many papers.['1=19]
According to Aubry’s theory" we introduce the vari-
able transformation u, (t) — uy (t) + €5, (), the lin-

earized equations of Eq.(3) is:

&, = (—wg —3Bul) en
+3K4[(uny1 — un)2 (ent1 —€n)

— (up — un—l)2 (en — 5n—1)]v (15)

where ¢, represents a small perturbation of the solu-
tion of the dynamical equations.

A solution u, (t) of Eq.(3) is said to be linearly
stable when there is no solution €, (t) of Eq.(15) which
diverges exponentially at large time. This property
does not imply that a perturbation on the initial con-
ditions will remain small for all time for the real non-

linear dynamical system Eq.(1). However, this linear

stability implies that this perturbation will not grow
exponentially as a function of time. Such trajecto-
ries have physically a significantly longer lifetime than
those which are linearly unstable.

In this case u, (t) is a real and time-independent
solution of Eq.(3) the general solution of Eq.(15) can

be written in the following form:
En (1) = ape™*, (16)

where the eigenfrequencies wy and eigenmodes a,, are
determined by the following eigenequation:

(wg + 3Buz) an — 3K4[(uny1 — Un)? (g1 — an)

— (tn — tUn—1)° (an — an_1)] = wian. (17)

Then, we note that if wy is an eigenvalue for the
eigenmodes a,, then wy is an eigenvalue for the eigen-
modes a}. As a result, linear stability is achieved
if and only if all the eigenvalues of Eq.(17) are real.

Thus, for a large but finite system with N sites, we
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should have 2N real eigenvalues w) for a linear stabil-
ity solution. The eigenequation (17) is easily solved
by introducing a wave vector k and can be written as

an = eikn- (18)

Substituting Eqgs.(18) and (11) into Eq.(17), we
have

w? = w? +36[Gocosq(n—ng)l?
—6K,G3[cos? g (n —ng) (cosq — 1)% (cosk — 1)
+sin? (n — ng) sin® ¢ (cosk — 1)
—2icosq(n —ng)sing (n —no)

X (cosq — 1) singsin k]. (19)

If wy isreal, cos ¢ (n — ng) sing (n — ng) (cosq — 1)
sin ¢ sin £ must be zero, and we obtain the following
conclusions.

Case 1: k = 2sm, s = 0,1,2..., equation (19)
can be rewritten as:

w3 =w? +38[Gocosq(n— no)]2 . (20)

|

w3 + 38[Gocosq(n — no)]2

When § > 0 (hard quartic on-site potential) wy is al-
ways real, the CDB solution of Eq.(3) is said to be
linearly stable.

When 8 < 0 (soft quartic on-site potential) wy is
real, the CDB solution of Eq.(3) is said to be linearly
stable, if and only if 3 satisfies

2
“o

6] < 3 (21)

[Gocosq (n—no))*
Case 2: k= (2s+1)7m,s =0,1,2..., equation
(19) can be rewritten as:

w3 = wi + 38[Gocos q (n —ng)]?
+12K,G2[cos® ¢ (n — ng) (cos ¢ — 1)°

+sin? (n — ng) sin? ¢]. (22)

When § > 0 (hard quartic on-site potential) and
Ky >0, wy is always real, the CDB solution of Eq.(3)
is said to be linearly stable.

When 8 > 0 (hard quartic on-site potential) and
K, <0, wy is real, the CDB solution of Eq.(3) is said
to be linearly stable if and only if § and K, satisty

| K4 <

(23)

12G3 [cos2 q(n —no) (cosq —1)* +sin? (n — ng) sin” q| .

When § < 0 (soft quartic on-site potential) and K, > 0, wy is real, the CDB of Eq.(3) is said to be linearly
stable, if and only if § and K, satisfy

38 [Go cos q (n — ng)]* — w?
12G2 {cos2 q(n —mng) (cosq —1)* +sin® (n — ng) sin® ¢

[ Kyl > (24)

When 8 < 0 (soft quartic on-site potential) and K4 < 0, wy is real, the CDB solution of Eq.(3) is said to
be linearly stable, if and only if 8 and K, satisfy

w2 — 36[Gocosq (n —no)]?

|K4| < 5 :
12G3 [cos2 q(n—ng) (cosq—1)° +sin® (n — ng) sin’ g]

(25)

Substituting Eqgs.(18) and (12) into Eq.(17), we
obtain the same results.

5. Conclusions
This paper has investigated the existence and

the linear stability of the CDB in a discrete one-
dimensional monatomic Klein—Gordon chain with soft

[

and hard quartic on-site potential and quartic interac-
tive potential, separately. Above discussion indicates
that the discrete one-dimensional monatomic Klein—
Gordon chain has the CDB solution and it is linearly
stable when @ and K, satisfy above conditions. It
also indicates that the linear stability of the CDB solu-
tion of the discrete one-dimensional monatomic Klein—
Gordon chain with hard quartic on-site potential is
higher than that with soft quartic on-site potential.
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