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The interaction between a wedge disclination dipole and an elastic annular inclusion is investigated. Utilizing the

Muskhelishvili complex variable method, the explicit series form solutions of the complex potentials in the matrix and

the inclusion region are derived. The image force acting on the disclination dipole centre is also calculated. The influence

of the location of the disclination dipole and the thickness of the annular inclusion as well as the elastic dissimilarity of

materials upon the equilibrium position of the disclination dipole is discussed in detail. The results show that a stable

equilibrium point of the disclination dipole near the inclusion is found for certain combinations of material constant.

Moreover, the force on the disclination dipole is strongly affected by the position of the disclination dipole and the

thickness of annular inclusion. The repulsion force increases (or the attraction force reduces) with the increase of the

thickness of the annular inclusion. An appropriate critical value of the thickness of the annular inclusion may be found

to change the direction of the force on the disclination dipole. The present solutions include previous results as special

cases.
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1. Introduction

The concept of disclination is recognized to be
very useful in condensed matter physics. It has been
developing intensively for liquid crystals, magnetics
materials, biological objects, superconductors and su-
perfliud helium, etc. Disclinations were originally in-
troduced into the mechanics of deformed solids to-
gether with dislocations as linear imperfections. A
unit disclination is a special and very strong source of
internal elastic stress and possesses an energy which is
very large in comparison with the energy of a disloca-
tion. However in the cases of self-screened disclination
configurations, such as disclination dipoles and discli-
nation loops, the energies may be relatively small and
disclinations can exist in crystalline and amorphous
materials.[!] Disclination elastic field determines many
physical properties of the deformation process of ma-
terials. As a result, considerable efforts have been
made to obtain the elastic stress fields and energies
produced by screened disclinations.[!~22l

It is well known that inclusions either unwanted or
deliberately introduced can dramatically change the

properties of materials. The elastic interaction be-

tween inclusions and dislocations disclinations is of
paramount importance in studying the mechanical be-
haviour of many composite materials.!?324] Exhilarat-
ingly, the hollow inclusions (e.g. carbon nanotubes)
not only reduce the weight of the composite materials
but also improve their mechanical properties. In the
present work, the complex variable method is intro-
duced to deal with the boundary value problem in-
volving the interaction between a wedge disclination
dipole and an elastic annular inclusion. The force on
the disclination dipole centre is calculated. The effect
of the location of the disclination dipole as well as the
material mismatch on the equilibrium position of the
disclination dipole is discussed in detail. The results
reveal that the equilibrium position has a strong de-
pendence on the mismatch of the shear moduli and
Poisson’s ratios between the matrix and the inclusion.

2. Problem statement and gen-

eral treatment

The physical problem to be considered is shown
in Fig.1. Let an infinite matrix S~ with the elastic
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properties v and ps contain an elastic annular in-
clusion ST of inner and outer radii 1/R and 1 with
the elastic properties vy and 1, where p;(j = 1,2)
is the shear modulus and v, is the Poisson’s ratio, re-
spectively. The wedge disclination dipole consists of a
positive disclination with strength w at z1 (= z1+iy; =
20 — ae'?) and a negative disclination with the same
strength at 2o(= 2 + iy2 = 20 + ae'¥) in the infinite
matrix so that the dipole arm has the length 2a. Both
disclination lines are perpendicular to the zoy-plane.
The circular interface L between the inclusion and the
matrix is perfectly bonded. All quantities with sub-
scripts ‘1’ and ‘2’ refer respectively to the region ST
and S™.

v A

S~ T

20 = xo + iyo
Z1+w

T (u2,v2)

Fig.1. A wedge disclination dipole near an elastic annular
inclusion.

For the present problem, displacement compo-
nents wj,vj(j = 1,2), stress components o;,
Oyyjs Ozy; and resultant force F; + iF,; can be ex-
pressed in terms of the analytic function ¢;(z2), ¥,(2)

with respect to z as

2G;(uj +1ivj) = kp;(2) — 2¢5(2) — ¥;(2), (1
Oxzj T Oyyj = 2[90;' (z) + 90;(2)]7 (2
Oyyj — Owaj + 2004y = 2[2¢7 (2) +95(2)], (3
Fpj +1Fy; = —ilp;(2) + 29;(2) + ¥ (2)]X- (4

)
)
)
)

A perfect bonding between dissimilar materials im-
plies continuity conditions of stresses and displace-
ments. The stress continuity can be integrated to
resultant force continuity conditions. Formally, the
boundary conditions at the interface between region

St and S~ can be expressed as follows:

le+iFy1:Fw2+iFy2a

Ul —+ i’Ul = U2 —+ i’UQ, |t| = 1, (5)

Substituting Eq.(1) and Eq.(4) into Eq.(5) yields

1(t) +tP1(t) + i (t)

= @a(t) + 1 Da(t) + (), tf=1, (6
Galrip1(t) =t (t) — ¥ (t)]

= Gilkapa(t) —tps(t) —v2(t)], |t[=1. (7)

Considering that the traction force on |t| = 1/R
is zero, from Eq.(4), we have

@1(t) +tD1(t) +i(t) =0,

it =1/R. (8)

For the convenience of analysis, the following new
analytic functions are introduced in the corresponding
regions according to the Schwarz symmetry principle,

p1:(2) = —2P1(1/2) = ¥1(1/2), 1 <|2| <R, (9)
pou(2) = —2P2(1/2) —1a(1/2), || <1, (10)

using Egs.(9) and (10), the boundary conditions
Eqgs.(6) and (7) can be finally rewritten as

@1(t) + @2 (1)1 F
Pa(t) + p1(t)] s tf=1, (11
Gar1p1(t) — Gropa. ()] *

[
=
[
= [Gikrapa(t) — Gap1(t)] ",

it =1. (12)

3. Solutions of the problem

According to Ref.[21], if a wedge disclination
dipole is located at an arbitrary point zy inside the
matrix, complex potentials ¢} (z) and ¥4 (z) in the ma-
trix can be written as

ph(2) = Go(2) + ¢ho(2), (13)
s(2) = Hy(2) + ¥o(2), (14)
o DQW

where G4(z) =

Dgw 29 Z1
— d Dy = 2m(1 —
2 (Z—ZQ z—zl>’ and Dz = Ga/2rn(1 = v2)
and @5, (z) and ¥}, (z) are holomorphic in the region
S
Combined with Eq.(10), Eq.(13) arrives at

[In(z — 21) — In(z — 29)], Hy(2) =

P2+(2) = Ga.(2) + 204(2), (15)

where Ga, (2) = 22 [(z ~ 2)In (i - z2) (e )

o(t-a)
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. . o0 oo
Neglecting the constant term representing the 1.0 Gp(z) = S awzk, Gn(z) = S bpa",
rigid displacement, ©1(z), 1.(2z) can be expanded - k=1 - k=1
into a Laurent series in the annular region, Gp.(2) = Y cxz® and Gn.(2) = Y. dpz™F, ag, by,
k=1 k=1

ck, di are complex constants.

Considering the resultant force continuity condi-

¢1(2) = Gp(z) + GN(2), tions and the jump value of sectionally holomorphic
01+(2) = Gps(2) + Gns(2), (16)  functions, the following relations can be obtained
|
[204(t) + @1 (E)]F — [p20+(1)] = Gp(t) + Gn(t), [t|=1/R, (17)
(204 () + 01(E)]F = [@12(t) + @20(t)]” = —Gax(t) + Ga2(t), [t| =1, (18)
[20(O)]F = [@14(t) + @20(t)]” = =G pult) = Gna(t), [t| =R (19)

With reference to Eqs.(17), (18), (19), the following expressions can be obtained by using Cauchy integral,
Dgw

V20+(2) = —=Gp(z) + [(z—2z1)In(z — 21) — (2 — 22) In(z — 22)] + Gp«(2), |2] <1, (20)

ea0(2) = Gr(2) + % [(z ) (i - z2> (s ) (i _ zl>] _Gau(2), JAl> 1 (@)

Similarly, considering the displacement continuity conditions and the jump value of sectionally holomorphic
functions, we can find that

Gk o1 () — Grpaon (D] — [~ Groaon ()]~ = Gara[Gr(t) + Gy ()], [t = %, (22)
[Gar1p1(t) = Grpaos(t)]F = [Grrapao(t) — Gapru(t)]” = G1Ga.(t) + GiraGa(t), [t =1, (23)
[Grrapao(t)]T — [Grrapao(t) — Gapra(t)]” = Ga[Gpa(t) + Gra(t)], [t = R, (24)

which result in
G1920+(2) = Gor1Gp(2) — G1kaGa(z) + GaGp.(2), |2z| <1, (25)
G1h2920(2) = Gak1GN(2) — G1Ga2.(2) + GaGni(2), 2| > 1, (26)

Galz) = D;“’ [(2—21) In(2—21)— (5—29) In(2—2)], G (2) = % [(z _ ) (i _ 22) —(r—z)h (i - 21>] .

Combining Eq.(20) with Eq.(25) gives

(G + Gar1)Gp(Q) + (Ga — G1)Gru(2) = Ga(1 4 k) 222 [(z = 21) In(z — 20) — (= — 22) In(z — )], (27)

Gok1 + G Ga + G1Ke
o) =2 T2 2T G,(2), 2
P20+(2) Go— Gy Gp(z) + Go G Ga(z) (28)
Substituting Eq.(21) into Eq.(26) yields
(GQKJ +G1) GQ —G1
=G + —————Gn«(2), 29
ens) = GG () + () (29)

(G1k2 — G2k1)GN(2) — (Gika + G2)G N« (2)
= 7G1(I€2 + I)D;w [(z — 22) In <i - 22) - (Z - 21) In (i - 21) ] . (30)
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From Eq.(8) and noting that on |t| = 1/R, tt = %1 (1) __E (1> — o (i) (31)
1/R%, ¢i(t) = —t¢/;1(1/R?*t) — ¢1(1/R%*t), namely, z
©1(t) and —t’{ (1/R?t) — 11 (1/R?t) get across circle

Substituting Eq.(31) into Eq.(9) yield
[t| = 1/R and extend into each other, we can deduce ubstituting Eq.(31) into Fq.(9) yields

the following expressions, B B
= o . P14(2) = %w’l (i) + 1 (%) — 2y (i) - (32)
p1(2) = —2¢y <R2Z) — <R22)
The substitution of Eqgs.(16), (27) and (30) into
and Eq.(32) respectively yields

(1; - 1) 2!y (i) +Gp (RQ) +Gn (%)

Gl(l + Hg) Dow G+ Gaky (G1I€2 — Gzlﬁ)
= ———— = —l(z—2z)In(z — —(z—29)In(z — -— G — G
AP P ) Ine - ) = (o - ) (e - )] - A G(a) + A G ()
Gi(ka + 1) Dow 1 1
+C¥1(/£22—|—G3;l(z_22)1n <z —22> —(z—2z)n (z —zl> (33)
Comparison of the coefficients of the same power terms in the Eq.(33) yields
1 Dyw . 7z 1 Dgw Dow 1 1
— 1) M 2t — (= + M| M In 2 M ——
<R2 > 1T, (R2+ 2) 4 2 479 ( 2z1+222>
B 1 2 1 : S LY 7
(32 1) <R2+M2> My
k 1 T 2k 1 k A
ﬁ — 1) Lps + (R — Ml)Lkl Lo — ﬁ -1 ( + 2)ak+2
Ag+2 e - . , b = R, , (34)
(1—R2> k(k+2) + (R* — M) (W+M2>
where
D2w 1 1
Ly =M - :
S [ G+ Dk +2)2 (k4 1)(k+2)2 ’C“]
Dgw ) zZ1 1 1
L M. — = — ,
Ty {M R DA (k)2 ’“*1}
Gire — Gakq G1 + Gakq Gl(lig + 1) Gl(]. + Iig)
M=—"—"-— My=—-"— My=—"7""—2- My=——""--.
! Gika + Gs ? Gy — Gy 57 Gika + Ga * Gy — Gy

Considering Eqgs.(13), (15), (16), (19) and (27)—(30), the complex variables can be written as
Gglil + Gl G2 - Gl G1l€2 - Gg/@l

( Z Gl I<62+]. Gl(H2+1) Gika + Go

G2 - G1 Dgw 1 _ 1 _
+M2[(Z—22)1n <Z—ZQ> _(Z_Zl)ln (Z _Zl)‘|, (35)

Gaor1 + Ga i k Gike + Gy Dow

bkz_k

wax(z) = Gaux(2) + e 2 2"+ Gy G 2 [(z—2z1)In(z — z1) — (2 — z2) In(z — 22)], (36)
2) = Z apz® + Z bz ", (37)
k=1 k=1

_ Gil+r2) Gi + Gara oy Gik — Gaky
P1x(2) = G2 — G Ga(2) Gy -Gy Z k= "Gika + Go Zbk

+%D;w {(z—zz)ln (i—zz> —(z—2z)ln (i—zlﬂ : (38)
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With R — oo, the interaction between a wedge discli-
nation dipole and a circular inhomogeneity can be cal-
culated. With reference to Eq.(34), we have
My Dow 21 1 zZ1
1 —In—,
( + My Zzg

a)p = —
zZ2

which are in agreement with the previous results of
Ref.[21].

4. Force on the disclination

dipole

In the present work, the force components per
unit length on the disclination dipole centre can be cal-

l

P5(20) = lim [Py(z) — G5(2)]

culated approximatively by using the Peach—Koehler

formulal6:19]

fa: - ify
= 2Wa cos YT 5y + 2wa sin Yo,

+i[2wa cos o .. + 2wasingpo,,],  (39)

where 0.4, 0y, and o, are the components of the
perturbation stress at the disclination dipole centre
in Cartesian coordinates. The perturbation stresses
can be calculated by the perturbation stress functions
®*(20), D7 (20) and ¥ (z) in the region S*. Refer-
ring to Qaissaunee and Santare,!** equation (39) can
be rewritten as

fo —ify = 2wae[®5(20) + 5(20)]
+2wa e [Z0 85 (20) + ¥5 (20)], (40)

where

z—20
- Gary + Gy Gy — G1 Gika — Garg —(k+1)
= — kb
I; |: Gl(lﬁ2+1) + Gl(lﬂl2+1) Gike + Go :| k%0
Gs — G1 Dow (z0—25) z1—2F 21 z2—25 2
. 2], (a)
Gike + Gy 2 (20— 2F)  20—2f 20 20—25 20
v
@5‘/(20) — zILHzIO d[(p?(z)dz Gy ()]
2 [Gakr + Gy G2 — G1 Gk — Gaka —(k+2)
= — k(k+1)b
kzzl {Gl(ﬁg + 1) Gl(:‘ig + 1) Gika + Ga ] ( + ) k20
po o D {21222 b - A 22252}, (42)
Gika + G2 2 28 20— 27 20— 25 (20— 27) (20 — 23)
¥i(0) = lim [¥5() — H(2)

Gor1 + Gy

Gy — Gy

1 oo
- Zg{,; {Gl(ﬁz-f—l) *

Gikg — G2K1:| kbkzo_(k+1)

Gl(HQ + 1) Gike + Gy

Gy — Gy Dyw {ln(zo—z§)+z1—z£_zl_22—,2%_'_22]
Gira +Go 2 (20— 2F) 20—2f 20 20—2 20
1| &[G G Gy — G Gike — G _
_ = Z [ 261 +G1 G 1 Gikg 251} k(k + 1)byzg (k+2)
20 =1 Gl(/€2 + 1) Gl(lﬁlg + ].) G1I€2 + GQ
Gy — Gi Dyw {21—22_ I 20 — 25 }
Gika + G2 2 23 20— 25 z0—2zy  (z0—21)% (20 —23)?

0\ k=1

1| & —-1) , D
+z2{2kdkz()(k 1)+;w[ln<

RICE) |
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and z5 =1/z1, 25 =1/2s.

From Eqs.(40)—(44), it is observed that the force
acting on the wedge disclination dipole is a rather
complicated function of the location of the disclination
dipole and the material properties of the two phases.
Equilibrium states of disclination dipoles are of pri-
mary importance. Here, we will mainly focus on the
effect of the material mismatch upon the equilibrium
position of the wedge disclination dipole. Without loss
of generality, we consider the case that the disclination
dipole centre lies on the z-axis (29 = x¢ = p, § = 0°).
The normalized force on the disclination dipole centre
is defined as fro, = fo/Gow?a.

Figure 2 shows the variation of the normalized
force fo versus zg with different ratios of the shear
modulus G1 /G2 at R =2, v; = 0.3, v2 = 0.5, a = 0.01
and § = ¢ = 0°. It is found that the disclination
dipole tends to pass into a soft inclusion (having a low
shear modulus). The force f.o is positive first, and
then becomes negative when the wedge disclination
dipole moves to infinity from the interface along the
r-axis under certain material property combinations
(e.g. R=2, G1/Gy =195, v1 = 0.3 and vy = 0.5).
There exists a stable equilibrium point near the inter-
face. The force f,o also achieves a negative maximum
value (attraction force) on the z-axis for this case. It
is seen that the circular inclusion always repels the
dipole if the ratio of the shear modulus G1/Gs takes
a relatively large value (e.g. G1/G2 = 2.2). In addi-
tion, the attraction force acting on the dipole centre
increases with the softening of the inclusion.

1.0
0.5 1
O -
< —— Gl/GQ =2.2
= 0.5 A
—— Gl/GQ =1.95
—A— Gl/GQ =14
—1.0 1 +G1/G2:1.1
—— Gl/GQ =0.6
—1.5 = T T T T 1
1.00 1.25 1.50 1.75 2.00 2.25

20

Fig.2. fy0 (normalized force) versus zo (position) at R =
2,v1 =0.3,v2=0.5,¢p=0,0=0, a=0.01.

The variation of f,o with respect to the ratio of
the shear modulus G1/Go with different relative po-
sition zp at R = 2, v; = 0.3, v3 = 0.5, a = 0.01 and
0 = ¢ = 0° is depicted in Fig.3. It is found that, if

G1 # Go, an appropriate critical value of the shear
modulus ratio G1 /G2 may be found to change the di-
rection of the force f,o when the disclination centre is
located near the circular interface, and the location of
the disclination dipole is an equilibrium point.

0.4

0.2

O -
g 027 20 =11
- —0.4 - —— 20 =12
—a— 2zp=1.3

706 .
v 2z0=14
—0.8 A < 20=1.5

-1.0 T T

L — T T T T — T T T
1.0 1.2 1.4 16 1.8 2.0 22 24 26
G1/G2

Fig.3. fzo (normalized force) versus G1 /G2 (ratio of the
shear modulus) at R=2,v; =0.3,v2 =0.5,p=0,6 =0,
a = 0.01.

The variation of f,y versus R with different ra-
tios of the shear modulus G1/G3 is shown in Fig.4 for
the case of zg = 1.1, v; = 0.1, v = 0.1, a/R = 0.01
and § = ¢ = 0°. It is found that, if G1/G2 > 1,
an appropriate critical value of R may be found to
change the direction of the force f.q. The repulsion
force increases (or the attraction force reduces) with
the increase of R (the thickness of the annular inclu-
sion).

o -1 - G1/Ga =15
HE" -

—21 ——G1/G2 =12
1 +G1/G2=0.8

—v— Gl/GQ =0.6
— Gl/GQ =04

—4 T T y T
1.0 1.2 1.4 1.6 1.8 2.0

R

Fig.4. fz0 (normalized force) versus R (the thickness of

the annular inclusion) at z; = 1.1, v; = 0.1, v = 0.1,
¢=0,0=0,a=0.01.

5. Conclusion

By using the complex variable method, analytical
solutions are derived for complicated potentials due to
a wedge dipole located near an annular inclusion. The
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force acting on the disclination dipole is also given.
The influence of the location of the disclination dipole
and the thickness of the annular inclusion as well as
the material elastic dissimilarity on the equilibrium
position of the disclination dipole is discussed in de-
tail. The results indicate that the equilibrium position
has a strong dependence on the mismatch of the shear
moduli and Poisson’s ratios between the matrix and

inclusion. It is found that a stable equilibrium point
may be available near the inclusion under certain ma-
terial property combinations. Furthermore, the repul-
sion force increases (or the attraction force reduces)
with the increase of the thickness of the annular in-
clusion. An appropriate critical value of the thickness
of the annular inclusion may be found to change the
direction of the force on the disclination dipole.
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