Vol 17 No 12, December 2008
1674-1056/2008/17(12)/4554-08

Chinese Physics B

© 2008 Chin. Phys. Soc.
and IOP Publishing Ltd

The effect of surface roughness on rarefied
gas flows by lattice Boltzmann method*

Liu Chao-Feng(XIi##l4) and Ni Yu-Shan({it £ 1l1)f

Department of Mechanics and Engineering Science, Fudan University, Shanghai 200433, China

(Received 1 February 2008; revised manuscript received 30 June 2008)

This paper studies the roughness effect combining with effects of rarefaction and compressibility by a lattice

Boltzmann model for rarefied gas flows at high Knudsen numbers. By discussing the effect of the tangential momentum

accommodation coefficient on the rough boundary condition, the lattice Boltzmann simulations of nitrogen and helium

flows are performed in a two-dimensional microchannel with rough boundaries. The surface roughness effects in the

microchannel on the velocity field, the mass flow rate and the friction coefficient are studied and analysed. Numerical

results for the two gases in micro scale show different characteristics from macroscopic flows and demonstrate the

feasibility of the lattice Boltzmann model in rarefied gas dynamics.
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1. Introduction

Surface roughness is identified as an important
factor in liquid or gas flows. The well-known Moody
diagram.[!l have successfully served countless engi-
neers over the last many decades. In the Moody dia-
gram, the relationship between the Darcy friction fac-
tor and the Reynolds number over various values of
5% or less!?l of the relative roughness (the ratio of the
roughness height to the channel height) in a macro
fluid flow system is plotted. However, the value of the
relative roughness is taken frequently beyond 5% when
the effect of surface roughness is enhanced in a mi-
cro fluid flow system.[?) As the development of Micro-
Electro-Mechanical Systems (MEMS), more and more
industrial problems require a deep understanding of
the effects of surface roughness on the micro flow sys-
tems.

It is known that the micro gas flows (generally the
rarefied gas flows) can be divided into four areas by
the Knudsen number: (a) Kn < 0.001, the continuum
region; (b) 0.001 < Kn < 0.1, the slip flow region; (c)
0.1 < Kn < 10, the transition region; (d) Kn > 10,
the free molecule region. The finite Knudsen numbers
in (b) and (c) are commonly used in MEMS. In the
above two regions, slip boundary condition must be
applied or the kinetic Boltzmann equation needs to

be solved, while the Navier—Stokes equation with the
non-slip boundary condition is not directly applied.
Thus, molecular-based models including molecular dy-
namics simulations, Boltzmann equation and direct
simulations Monte Carlo are used in modelling the
flows at high Knudsen numbers.[3! Recently, Turner et
all¥l measured the friction coefficient of slip flows of
air and helium in microchannels and observed that the
surface roughness might cause a larger friction than
the theoretical prediction. Mala and Li.l®! experimen-
tally investigated water flow through microtubes with
diameters ranging from 50 to 254um. Shen et all®
did experiments to investigate liquid flow and heat
transfer in 26 rectangular microchannels of 300um
width and 800um depth. By computational simula-

tions, Sugiyama et all”l

investigated the free-molecule
and near-free-molecule flow conductance through mi-
crochannels using Monte-Carlo method. Sun and
Faghril® performed a direct Monte-Carlo simulation
to find the increase of the friction coefficient with in-
creasing roughness height and decreasing distance be-
tween the roughness modules. Ding et all) investi-
gated nitrogen gas flow characteristics through four
trapezoidal silicon microchannels with different hy-
Cao et all'®~1% studied the ef-

fect of surface roughness on the boundary conditions

draulic diameters.

and the friction characteristics by molecular dynamic
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simulation. The above experiments and simulations
exemplified the significance of understanding surface
roughness effects in microchannels.

The lattice Boltzmann method provides a new
effective way to study micro flow systems from the
pioneer lattice Boltzmann models for micro flows de-
signed by Nie et al[*3 and Lim et al.'] However, Shen
et al'® pointed out that Nie’s model was not feasible
for a large negative deviation of pressure distribution
when Kn > 0.1. Recently, Succi et al,['6~19 Ansumali
and Karlin.[?>21 and some other authors422=27 de-
veloped the method and studied micro flows using lat-
tice Boltzmann method in microchannels with smooth
boundaries. The above researches have indicated that
the results by lattice Boltzmann method were con-
sistent with the theoretical studies and experiments.
Compared with molecular dynamic simulation, direct
Monte-Carlo simulation and other related methods,
the lattice Boltzmann method gains the advantages of
computational efficiency and the flexibility for com-
plex boundary geometries.

Few lattice Boltzmann researchers up to now have
concentrated on the micro gas flows in rough bound-
aries even though the roughness effect becomes more
Thus, to understand the
effect of surface roughness on the micro flow systems,

significant in micro scales.

we here design a lattice Boltzmann model which can
simulate rarefied gas flows at high Knudsen numbers,
deduct the expression of relaxation time as a func-
tion of the dynamical viscosity and the density, and
discuss the influence of the tangential momentum ac-
commodation coefficient on the slip velocity at the
rough boundaries. Finally, we study and analyse the
effects of relative roughness on the velocity field, the
mass flow rate and the friction coefficient of the micro

flows of helium and nitrogen.

2. Theory and deduction

2.1. Lattice Boltzmann model at high
Knudsen number

The starting point of the rarefied gas dynamics
is the kinetic Boltzmann equation. In the Boltzmann
equation, the state of a single gas is described by the
distribution function f(x,t,v), where x is the spatial
coordinates vector, t is the time and v is the veloc-
ity of molecules. Defining the distribution function,

we get the Boltzmann equation without an external

force:
0 0
i) 1)

where Q(f f.) is the collision integral and it obeys the
conservation equations and the principle of increase of

entropy:
/¢ Q(ff.)dv =0,
(v) =1, muv, imvz, (2)
/QUﬂﬂmﬁvSO (3)

The computational complexity does not allow us
to calculate the collision integral directly in the Boltz-
mann equation; therefore a number of approximate
methods of solving the Boltzmann equation were de-
veloped. Among these model equations, Bhatnagar,
Gross and Krook?®! (BGK) model simplify the colli-

sion integral as:

Q(ff*) = -

(f(m,t,v) _feq(azat))v (4)

1
7(x,t)
where 7 is the relaxation time and f°? is the equi-
librium distribution function of local Maxwellian. In
Eq.(4), 7 and f°® are assumed to be independent of
the molecular velocity via the macroscopic quantities:
density p and velocity w. Here we can verify that the
BGK model (4) obeys the fundamental laws of Eq.(2)
and Eq.(3).

The pioneer applications of the lattice BGK equa-
tion for microflows were proposed by Nie et all'3) and

(14] Nie’s model with a bounce-

Lim et al. However,
back boundary condition is argued to be flawed for
numerical artificial. ') Ansumali and Karlin?%21 de-
signed an improved scheme of isothermal entropy lat-
tice BGK model as follows:

fi(@+6, 145 fi(a, t) = -2t

—ot
T+2

where dx and Jt are the space step and the time step
respectively. The local equilibrium f;%,i =0,...,1.8
in Eq.(5) is the conditional minimization of the en-
tropy function which is defined in Refs.[20, 21] and
the expression for the D2Q9 model is the well-known
local equilibrium of Qian:[29!
u)? — 2%13 ,
(6)
where ¢; is the particle velocity and ¢ = V3RT (for
the D2Q9 model), R is the gas constant and T is
the gas temperature. The weighting coefficients are:
wo = 4/9; w; = 1/9, i = 1,2,3,4; w; = 1/36,

o 3
Ft=wip |1+ S (e
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1 ="5,6,7,8. The pressure in the D2Q9 model is given

by
P= 1c p- (7)

3

In Eq.(5), 7 is the only undetermined parameter
which depends on the properties of the investigated
gas. Specifically, it can also be defined as a function
of the dynamic viscosity and the pressure in the lattice

Boltzmann model:[29]

1
T=5 (8)

Equation (8) implies the physical characteristic
that the relaxation time is in direct proportion with
viscosity and in inverse proportion with pressure. As
is known, the Knudsen number is defined as Kn =
A/H, where H is the characteristic length and X is
the mean free path of the gas flow. Here we take H as
the height of the channel. To deduce the relationship
between 7 and Kn in the lattice Boltzmann model,
the alternative expression in terms of the mean free

path can be used:[30—32]

T = 07*7 (9)

where cx is a certain microscopic velocity to be de-
termined. It is noted that the choice of c¢x is rather
diverse in the present literatures. The lattice veloc-
ity ¢ is widely applied!**18:19:23] and the mean ther-
8RT
7r
adopted. However, Guo et all3931 pointed out that

mal velocity of gas molecules ¢ = 22,33] i5 also

the choice of cx should satisfy the ‘consistent require-
ment’ as Kn — 0 in the lattice Boltzmann scheme.

T
With the choice of cx = %, the Knudsen number

as a function of the relaxation time is obtained:[39:31]

T T

Kn=—cx = — ﬂ

H HY 2 (10)

By determining the value of the relaxation time
and the Knudsen number of the investigated gas, the
lattice Boltzmann model simulating micro rarefied

flows has been ascertained completely.

2.2. Discussions for the treatment of
rough boundary

To simulate the rarefied gas flows or the gas flows
in a microchannel, the following two aspects need to
be studied in the lattice Boltzmann model: deciding
the relaxation time and choosing a suitable boundary
condition. The former indicates the state equation of

the investigated gas and the latter describes the gas-
wall interaction. Hence the treatment of the bound-
ary conditions is a very important aspect in the lattice
Boltzmann method. In the present lattice Boltzmann
methods the bounce conditions show great advantages
when dealing with flows in complex geometries.[!8:34]
The bounce-back (bb) rule and the bounce-forward
(bf) rule are the two familiar bounce wall bound-
ary conditions as illustrated in Fig.1.3%! The bb col-
lision rule has the approximate physical effect of no-
slip boundary, namely the tangential velocity u = 0
(macro flow system) and normal velocity v = 0 close
to the wall. The treatment of bb boundary is simple
and direct in the lattice Boltzmann method, namely
the incident particles bounce back along the incident
direction. The bf collision rule has the approximate
physical effect of full slip boundary, namely the tan-
gential velocity u = const and the normal velocity
v = 0. The treatment of bf boundary in the lattice
Boltzmann method is that the incident particles slip
forward along the specular direction.

0, Y
bounce back bounce forward
7 4 8

Fig.1. The bounce-back boundary condition and the
bounce-forward boundary condition on the wall.

The actual slip boundary in microchannels should
comprise partial bb rule and partial bf rule. To cap-
ture the physical slip velocity component on the wall,
the tangential momentum accommodation coefficient
o is used to measure its integral characteristics. The
accommodation coefficient can be defined as the pro-
portion of diffuse reflected particles (the slip-reflection
mode).['834 On a constant temperature wall, the ex-
pression of slip velocity deduced by Maxwell from ki-
netic theory of rarefied monatomic gases is!>®

2—0 . Ou
o on

. (11)

wall

Uslip — Uwall =

Further, the second order slip boundary condition pre-
sented by Hadjiconstantinou®” for a hard sphere gas
in the condition of fully-diffusive reflection is

ou 0%u
slip = 1.1466\ — 2% 0.31\2 — 12
v on wall - anz wall ( )
Zhang et all2234 introduced the coefficient —— 7 into

o
the first term of Eq.(12), the expression of velocity
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profile in the Maxwellian scattering model is obtained
as

Uslip

dP H? (2—0

dz 2u

x 1.1466 Kn + 2 X O.31Kn2> )
(13)

Since our aim is to study the effect of surface
roughness in micro flow domain, a two-dimensional
self-affine fractal boundary should be created at the
beginning of the simulation. The independent division
method in Ref.[38] is employed to create the surface.
Suppose the function for the boundary surface is y(x),
the amplitude of the rough surface can be defined as

42 = ([y(@) ~ (y(@)))

fQ(xayvt—’_ 5t) = f4(x7y + 6y7t)v

1 L
— ¢ [ @) - e aa)
0
Then the relative roughness of the boundary surface

is defined as:

A= (15)

| =~

Irregular obstacles will appear in the internal
nodes of the lattice Boltzmann model when treating
the fractal tips with rectangular grid. And the accom-
modation coefficient is implemented into the irregular
wall. As shown in Fig.2, the bounce rule in the lattice
Boltzmann model of D2Q9 which is proposed by Succi
et all'%34 is given on the bottom wall:

f5($,y7t+5t) = O'f7(.1‘ +(5l‘,y+5y,t) + (1 - O')fg(]) - 5.13,2/—’- 5yat)7
fﬁ(xayvt—’_ 6t) = O'fg(.’E - 5$7y + 6y7t) + (]' - O')f7(l' + 5$7y + 6y7t) (16)

And the bounce rule on the left wall is

fl(xayat—’_dt) = f3(x+5x,y,t),

f5(1‘,y7t+5t) = O'f7(.73 +(5$,y+(5y,t) + (1 - O')fs(ﬂ? - 5'7333/ - 5yat)7
fS(‘rayvt—’_ 5t) = O'f(;(.’b - 5$7y - 5y7t) + (]' - O')f7(1' + 5xay + 5y7t) (17)

Similar procedures can be applied on the top wall and the right wall, respectively.

L

incident

bounced

bottom left

top right

Fig.2. The bounce rules on the irregular wall.

An accurate determination of the value of the ac-
commodation coefficient ¢ is the most important as-
pect in a lattice Boltzmann simulation to describe the
wall interaction with gas particles. Figure 3 shows the
velocity profiles at the position of x = L/2 at various
It is noted that the limit of ¢ = 0 in
Fig.3 corresponds to the case of bf boundary and the

values of o.

limit of o = 1 corresponds to the case of bb bound-
ary in the lattice Boltzmann simulation. We can see
in Fig.3 that ¢ = 0 indicates the limit of no friction

in z-direction on the wall. Thus, a plug like veloc-
ity in the channel will appear and the flow tends to
diverge.l'22] Tt is also noted that the slip velocity for
bb boundary condition is not zero for micro flows in
the lattice Boltzmann model at ¢ = 1. We consider
that the bb condition does not give a stick boundary
in the model of micro gas because the slip velocity ac-
tually depends on 7 but 7 is not equal to zero for a real
gas. Comparing with the Hsieh’sl?9 results, we find
that the numerical result is the best at o = 0.7 under
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the smooth boundary condition, which is the same as

1.126] As the roughness increases,

the result of Tang et a
compared with Cao’s!'% results, the accommodation
coeflicient becomes ¢ — 1. This is also supported by
the experiment of Sazhin et all*”! in which ¢ = 0.71
for the surface of clean silver and o = 0.935 for the
surface of glass work for Helium gas. Generally, the
accommodation coefficient ¢ depends on the geome-
try of the solid wall and the species of the gas. As
mentioned above the value of the accommodation co-
efficient is o € (0.7,1) when the relative roughness is
A €10,0.078], it is approximately taken as o = 0.9 in

our simulations for the convenient comparability.

e o=0 —-— =07
| -e- 0=0.1 _c=1.0 ]
0.05 — =03 —%— Hsieh’s (smooth)
— o0=0.5 —&— Cao’s (rough)
O SIIINIIIIIIII T 1
© .
> 0.03 f.--
0.02
0.01 p
0 . . . .
0 0.2 0.4 0.6 0.8 1.0
y/H

Fig.3. The effect of o on slip velocity at x = L/2 and
Kn = 0.055.

3. Effects of surface roughness

3.1. Gas parameters and computational
condition

There are two methods to handle the inlet and the
outlet of the channel in the lattice Boltzmann model
for micro Poiseuille flows, i.e. the velocity driven flow
and the pressure driven flow.[*!] We assume that micro
flows are driven by a constant pressure gradient, and
the difference of pressure is given by the pressure of
the inlet and the outlet of the channel. The pressure
boundary condition introduced by Zou and Hel*! is
applied to handle the inlet and the outlet of the mi-
crochannel. From the continuity equation, it is clear
that u increases steadily. Thus the density constantly
drops along z-direction and the Knudsen numbers of
the inlet and the outlet are different. The Knudsen
number at the outlet of the microchannel is employed
for the consistent expression.

The outlet pressure is taken as a standard atmo-
sphere, the pressure ratio of the inlet to the outlet is
Py, /Py = 2. Nitrogen and helium will be investi-
gated, which are two familiar noble gases in MEMS
and represent a larger molecule gas and a smaller
molecule gas respectively. Their physical parameters
of the two gases are listed in Table 1.

Table 1. The physical parameters of nitrogen and helium.

gas T/K R/(J/kg-K)  pout/(kg/m-s)  pout/(kg/m>) A/m
nitrogen 314 296.8 1.75x107° 1.0883 0.066x10~6
helium 314 2076.9 1.92x10~° 0.1553 0.192x10~6

3.2. The influence of fractal levels and
grid resolution

The fractal characteristic makes the simulation
complicated over other models of regular boundary
obstacles. To investigate the influences of the fractal
levels and grid resolution on the numerical results, we
design a microchannel with H = 1.2 uym, L =5 H and
A = 0.048 to investigate influence of the fractal levels
The dimen-
sion of the fractal boundary curve is about D ~ 1.2,

and grid resolution on the simulation.

which agrees with the experimentally measured rough-
ness in Ref.[42]. The space step of the model is taken
as 60nm, 40nm, 30nm and 24nm so that the resolu-
tion of the system is Nz x Ny = 101 x 21, 151 x 41,

201 x 41 and 251 x 51, respectively. Figure 4(a) shows
the fractal levels in different system sizes and Fig.4(b)
shows the maximum velocity Uy, at © = L/2 in the
microchannel. We find that Uy, does not converge to
a fixed value but decreases gradually as the used grid
resolution increases. This reason can be explained by
the energy dissipation in the more and more tips of the
fractal curve as the grid resolution increases. Compar-
ing with a square wave type boundary, we find that
the relative errors of the four above grid resolutions
are all less than 5% in the aforementioned computa-
tional conditions. The best-matching grid resolution
of 201 x 41 will be used in the following simulations to
study the roughness effects on the mass flow rate and
the resistance coeflicient.
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Fig.4. (a) The fractal levels and grid resolution. (b) The effect of the grid resolution on velocity at z = L/2.

3.3. Roughness effect on the velocity
field

Figure 5 magnifies the velocity field in a self-affine
fractal. It is shown that the velocity vectors turn
around and the streamlines is distorted in the vicinity
of the rough wall. It means that there is additional
momentum loss near the wall. There exists significant
deviation from the conventional theory in the previ-
ous experimental data of water flows.[>6! The surface
roughness may be one of the main attributed factors.
Mala and Lil®! introduces a roughness viscosity of lig-
uid to account for this additional momentum transfer,
namely the viscosity near the rough wall is no longer
taken as a constant. This interpretation is also appli-

cable for gas flows.

Fig.5. The velocity field in rough boundary with a self-
affine fractal surface of A = 0.048.

3.4. Roughness effect on the mass flow
rate

The micro flows are very sensitive to the nature
of the boundary interaction but the interaction cannot
be directly measured. Thus it is of great importance
to study the mass flow rate and the resistance coeffi-
cient through the microchannel to analyse the bound-

ary interaction.!*3] The relations between the relative
mass flow rate and the roughness are plotted in Fig.6,
in which relative mass flow rate is defined as m/m, m
is the mass flow rate of nitrogen or helium under the
smooth boundary condition. In the macro flows, the
mass flow rate is independent of the surface rough-
ness when the relative roughness is less than 5% due

to the ‘hydraulic smooth’.['%!

However, the roughness
effect in micro flows becomes significant. It is shown in
Fig.6 that the relative mass flow rate descends greatly
as the relative roughness increases. The relative mass
flow rate of nitrogen drops 6.7% at A = 0.025 and
24.7% at A = 0.078. It can be explained by the fact
illuminated in Fig.5 that reverse flow or small eddies
appear in the vicinity of the wall and additional energy

is dissipated when the roughness is enhanced. Under

1.00
—— N2(Kn = 0.055)
0.95 —&— He (K'n = 0.16)
0.90
g
B
0.85
0.80
0.75 - - -
0 0.02 0.04 0.06 0.08
A

Fig.6. The mass flow rates at various relative roughnesses
for nitrogen and helium.
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the condition of a same roughness, the ratio of the
relative mass flow rate of nitrogen is decreased, the
decrease is larger than that of helium. The relative
mass flow rate of nitrogen at smaller Knudsen num-
bers nearly descends linearly, whereas that of helium
at higher Knudsen numbers drops rapidly.

3.5. Roughness effect on the resistance
coefficient

The relation between the pressure gradient and
the velocity of the flow is denoted by the resistance
coefficient: 4

Cr = _47 ﬁ (18)
dz pu?

where P is the pressure and u is the velocity. The
relative resistance coefficient Cy/C/q is considered to
investigate the deviation of the resistance coefficient
from the smooth boundary, where C'yq is the resistance
coefficient at the outlet of the channel with a smooth
boundary. Figure 7 shows the relative resistance coef-
ficient distributions of nitrogen at various roughnesses.
The effects of the roughness and the rarefaction on the
relative resistance coefficient are strongly coupled in
the microchannel, namely the relative resistance coef-
ficient will lessen as the velocity increases due to the
compressibility of the gas, whereas the relative resis-
tance coeflicient will enhance as the relative roughness
The ratio
molecular dy-

increases due to the effect of roughness.
is Cra—0.0a8/Cra=o = 2.8 in Cao’s!l¥
namic simulation in which the boundary is described
by random triangular wave, and the other parame-
ters are H = 0.1uym, A = 4.8nm (namely the relative
roughness A = 0.048) and Kn = 0.055. The ratio
is Cfa=0.05/Craz001 = 2.1 in Rawool’s.[*”! three-
dimensional simulation, in which the surface rough-
ness is described by rectangular and triangular ob-
structions spaced 200 — 300pum, and the system size is
100pm x 100pm x 1000pum, Re = 40. The result of
Cra=0.048/Cra=o = 1.6 as shown in Fig.7 is consis-
tent with the simulations of Cao and Rawool.

Cy/Cro
w

0 0.2 0.4 0.6 0.8 1.0
x/L

Fig.7. The relative resistance coefficient distributions of
nitrogen (Kn = 0.055).

4. Conclusions

The roughness effect combining with effects of rar-
efaction and compressibility is studied by a lattice
Boltzmann model at high Knudsen numbers for the
two-dimensional microchannel gas flows of nitrogen
and helium. To realize this task, a self-affine frac-
tal boundary microchannel is modelled and then the
relaxation time and the tangential momentum accom-
modation coefficient are discussed. By this model,
we study and analyse the effects of surface roughness
on the velocity field, the mass flow rate and the fric-
tion coefficient. The relative mass flow rate descends
rapidly as the Knudsen number increases. It can be
explained by the fact that reverse flows or small ed-
dies appear in the vicinity of the wall and additional
energy is dissipated when the roughness is enhanced.
The effects of the roughness and the rarefaction on
the relative resistance coefficient are strongly coupled,
namely the resistance coeflicient lessens as the velocity
increases due to the compressibility of the gas, whereas
resistance coefficient enhances as the roughness in-
creases. These phenomena differing from macroscopic
flows are of great importance in understanding the
characteristics of the rarefied gas flows.
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