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The photoelectron energy spectra (PESs) excited by monochromatic femtosecond x-ray pulses in the presence of

a femtosecond laser are investigated. A PES is composed of a set of separate peaks, showing interesting comb-like

structures. These structures result from the quantum interferences between photoelectron wave packets generated at

different times. The width and the localization of each peak as well as the number of peaks are determined by all the

laser and x-ray parameters. Most of peak heights of the PES are higher than the classical predictions.
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1. Introduction

Since the successful experiment on the generation
of 650-attosecond isolated extreme ultraviolet (xuv)
pulses was reported,[1,2] direct and accurate measure-
ment of attosecond xuv has become a popular topic
in this respect.[3−10] However, measuring the tempo-
ral profile of a femtosecond (1fs= 10−15 s) soft x-ray
remains a challenge which has greatly restricted the
applications of such pulses in chemical and biologi-
cal researches. This may partly be ascribed to the
lack of the non-linear effect to be used to measure
the femtosecond x-ray pulse and the difficulty in in-
terpreting the measured photoelectron energy spectra
(PESs). Because the duration of an attosecond x-ray
pulse is less than one laser optical cycle, calculation
shows that the PES is relatively simple.[11] In contrast,
a femtosecond x-ray pulse spans many laser optical cy-
cles, and the calculated PES is more complicated. It is
interesting to theoretically investigate the PESs gener-
ated at different photon energies of femtosecond x-ray
pulses, and to compare them with their classical pre-
dictions to show how the quantum effect plays a role
in laser-assisted femtosecond x-ray photo-ionization.

In this paper, the PESs are calculated for fem-
tosecond x-ray pulses in the presence of a strong short
laser. Using a cross correlation between two light
beams in hydrogen atoms, the x-ray is temporally ad-

justed to the laser envelope, and the photoelectrons
are collected at an observation angle (θ) of zero de-
gree, i.e. θ = 0◦ (θ is defined as the angle between the
photoelectron momentum and the direction of laser
polarization).

2. Strong field approximation

In a cross correlation between a femtosecond x-
ray pulse and a dressing laser pulse, the electron mo-
tion satisfies the time-dependent Shrödinger equation
in atomic units

i
∂

∂t
Ψ(r, t) =

[
−1

2
∇2 − 1

r
− rE(t)

]
Ψ(r, t), (1)

where r = (x, y, z) denotes the space coordinates,
and Ψ(r, t) represents the electron wave function.
The electric field E(t) = El(t) + Ex(t) comprises
the contribution of a linearly polarized laser, El(t) =
El(t) cos($lt + Φ) in the x direction with Φ being
the carrier-envelope phase, and an x-ray, Ex(t) =
Ex(t) cos($xt) in the x direction, where $l and $x are
the laser and x-ray angular frequencies, respectively.
El(t) = E0F (t), where F (t) is the envelope function of
the laser electric field, and E0 is the amplitude. The
electric field is related to the vector potential A(t) by
E(t) = −(1/c)∂tA(t), where c is the light velocity in
vacuum.
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Equation (1) can be solved analytically by ap-
plying the strong field approximation (SFA).[12,13]

As a result, the Coulomb continuum eigenfunctions
may be substituted by plane waves, and Eq.(1)
is integrated by using the expression Ψ(r, t) =

eiIpt

(
|0〉+

∫
d3pb(p, t) |p〉

)
. Here |0〉 denotes the

atomic ground state with ionization potential Ip. The
plane wave is given by |p〉 = exp(ip · r), in which p is
the electron momentum, and b(p, t) is the momentum
space wave function of free electrons. Within the SFA,
the probability amplitude for the transition from |0〉
to a final state |p〉 reads

b(p) = i
∫ ∞

−∞
dtE(t)dx[p−A(t)]e−ieS(t), (2)

where S̃(t) is the quasi-classical action

S̃(t) =
∫ ∞

t

dt′
{

[p−A(t′)]2

2
+ Ip

}
. (3)

d(p) = 〈p |x| 0〉 is the atomic dipole matrix element
for the bound-free transition, and dx(p) is the com-
ponent parallel to the polarization axis. d(p) =
i27/2α5/4p/π(2Ip + p2)3 for the hydrogen bound s

state (α = 2Ip, and Ip = 13.6 eV). Physically,
Eq.(2) describes quantum interferences between elec-
tron wave packets generated at different times.

3. Photoelectron energy spec-

trum

The photoelectron momentum spectrum (PMS)
is given by |b(p)|2. Mathematically, b(p) can be ex-
panded into four terms,

b(p) = b1(p) + b2(p) + b3(p) + b4(p), (4)

where

b1(p) =
1
2
i
∫ ∞

−∞
dtEx(t)dx[p−A(t)]e−ieS1(t),

b2(p) =
1
2
i
∫ ∞

−∞
dtEx(t)dx[p−A(t)]e−ieS2(t),

b3(p) =
1
2
i
∫ ∞

−∞
dtEl(t)dx[p−A(t)]e−ieS3(t),

b4(p) =
1
2
i
∫ ∞

−∞
dtEl(t)dx[p−A(t)]e−ieS4(t), (5)

and

S̃1(t) =
∫ ∞

t

dt′
{
[p−A(t′)]2/2− ($x − Ip)]

}
,

S̃2(t) =
∫ ∞

t

dt′
{
[p−A(t′)]2/2 + ($x + Ip)

}
,

S̃3(t) =
∫ ∞

t

dt′
{
[p−A(t′)]2/2− ($l − Ip)

}
,

S̃4(t) =
∫ ∞

t

dt′
{
[p−A(t′)]2/2 + ($l + Ip)

}
. (6)

S̃j(t)(j = 1, 2, 3, 4) are the quasi-classical actions of
bj(p).

The terms b1(p) + b2(p) describe the amplitude
of x-ray-induced photo-ionization. Because the fac-
tor e−ieS1(t) varies much faster than others entering
b1(p), the dominant contribution to the integral over
t in b1(p) comes from the stationary points tst,n (n =
1, 2, 3, . . .),

d
dt

S̃1(t)
∣∣
t=tst,n

= −
{

[p−A(tst,n)]2

2
− ($x − Ip)

}
= 0. (7)

In fact, Eq.(7) is the energy conservation law
which determines initial kinetic energy of the gener-
ated electron. For an attosecond x-ray pulse which is
temporally located close to t = 0 (Φ = 0◦) and whose
duration is less than half a laser optical cycle, there
is only one stationary point (i.e. n = 1) that satisfies
Eq.(7). For a femtosecond x-ray pulse which spans
many laser optical cycles, there are many stationary
points (n > 1).

Since the factor e−ieS2(t) varies much faster than
others entering b2(p), the dominant contribution to
the integral in b2(p) comes from the stationary points
t′st,n (n = 1, 2, 3, . . .),

d
dt

S̃2(t)
∣∣∣t=t′st,n

= −
{

[p−A(t′st,n)]2

2
+ ($x + Ip)

}
= 0. (8)

However, Eq.(8) has no real solutions of t′st,n. At the
stationary points tst,n (n = 1, 2, 3, . . .), b2(p) can be
neglected as compared with b1(p).

The terms b3(p)+b4(p) describe the amplitude of
laser-induced photo-ionization. Similar to b2(p), both
b3(p) and b4(p) have no real solutions of the stationary
points. At the stationary points tst,n (n = 1, 2, 3, . . .),
b3(p) and b4(p) can be neglected as compared with
b1(p). Therefore,

b(p) ≈ b1(p). (9)

Finally, at the stationary points tst,n (n = 1, 2, 3, . . .),
we have

b(p) =
∑

n

b1(p, tst,n) + ε, (10)
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where
ε = b(p)−

∑
n

b1(p, tst,n). (11)

The first term on the right-hand side of Eq.(10) is
called the classical term, and ε is a residual term which
depicts the oscillation structure of b(p) because of the
phase factor in Eq.(2), e−ieS(t).

At the stationary points tst,n (n = 1, 2, 3, . . .),
b1(p) can be expressed as

b1(p, tst,n)

=
√

π

2id2S̃1(t)/dt2
∣∣
t=tst,n

×Ex(tst,n)dx[p−A(tst,n)]e−ieS1(tst,n). (12)

Thus |b(p)|2 can be expanded into four terms
(n,m = 1, 2, 3, . . .),

|b(p)|2 =
∑
n,m

b1(p, tst,n)b∗1(p, tst,m)

+
∑

n

b1(p, tst,n)ε∗

+
∑

n

b∗1(p, tst,n)ε + εε∗. (13)

The first term on the right-hand side of Eq.(13)
represents the classical prediction of the PMS, and the
remaining three terms describe the oscillation struc-
tures of the PMS.

Because the quasi-classical action S̃1(t) is a pulse
integral, it is difficult to have an analytical form of
|b(p)|2. The PES, n(W ), is defined as the number of
photoelectrons collected at an energy W per unit en-
ergy. n(W ) can be easily converted from PMS (the
number of collected photoelectrons per unit momen-
tum), into |b(p)|2, i.e. n(W ) =

√
me/2W |b(p)|2,

where me is the electron mass and W =
√

p2/2me.
The initial kinetic energy of the photoelectron is W0 =
~$x − Ip, where ~ is set to be 1 in the following for
simplicity. We numerically calculate PESs and their
classical predictions for comparison.

4. Calculation

In schematic calculations, a laser with a wave-
length (λl) of 750 nm, i.e.λl = 750 nm and Φ = 0◦ is
used. F (t) = exp[−4 ln 2 · (t)2/τ2

l ] is a Gaussian func-
tion with a time duration (τl) of 400 fs, i.e. τl = 400 fs
in full width at half maximum (FWHM). The peak
laser intensity is S = 1 × 1014 W/cm2. A τx = 50 fs
(time duration in FWHM) and $x = 120 eV (centre
energy) Gaussian shape x-ray pulse is temporally cen-
tred at the time point tN= 169.86 fs (falling-side laser
envelope). Figure 1(a) illustrates the cross correla-
tion between x-ray and laser, and shows laser-related
functions and the x-ray intensity profile, f(t). Figure

Fig.1. (a) Illustration of cross correlation between a 750 nm, 400 fs (FWHM) laser and a monochromatic 120 eV, 50 fs

(FWHM) x-ray pulse. The laser related functions and x-ray intensity profile f(t) are shown. (b) PES quantum-mechanically

calculated with a laser peak intensity S = 1× 1014 W/cm2. (c) and (d) Expanded areas of the PES shown in (b).
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1(b) shows the PES quantum-mechanically calculated
with Eq.(2) at θ = 0◦. It is composed of many sep-
arated peaks. From Fig.1(b), we see the asymmetry
of the whole PES particularly in low and high energy
regions. Figures 1(c) and 1(d) exhibit the expanded
areas of the PES. They clearly show local details of
the PES. Unlike the asymmetry shown in Fig.1(c), the
peak density of the PES is approximately uniform in
the middle of the PES. Physically, the comb-like struc-
tures and asymmetry of the PES reflect the quantum
interferences between the electron wave packets gen-
erated at different times.

The peak heights of Fig.1(b) are shown by open
circles in Fig.2. Solid line in Fig.2 presents the clas-
sical predictions of the PES. Obviously, most peak
heights are much higher than classical predictions, and
the symmetry of the whole PES is better than the
classical predicted one. Besides, the energy range of
the PES is almost the same as the classical predicted
one. Of course, from the quantum-mechanical point
of view, there are photoelectrons located outside the
classical predicted energy range. Calculations show
that the height and the width of each peak as well as
the number of peaks depend on the laser and the x-ray
parameters.

Fig.2. Peak heights of quantum-mechanically calculated

PES (open circles) and classical predictions (thin solid

line).

According to the semiclassical model for an atom
in a strong laser field,[11] the final energy of a pho-
toelectron moving at θ = 0◦ is W (t) = W0 +
2U0F

2(t) sin2($lt + Φ) +
√

8U0W0F (t) sin($lt + Φ),
where t denotes the photoelectron birth time, U0

is the ponderomotive energy of the laser field, and
W0 = $x − Ip is the initial kinetic energy of
the photoelectron. Therefore, the minimum energy
and the maximum energy of the PES are Wmin =
W0 + 2U0F

2(t1) −
√

8U0W0F (t1) and Wmax = W0 +
2U0F

2(t1) +
√

8U0W0F (t1), respectively, where t1 is
the start time of the x-ray pulse. Thus, the classical
predicted energy range is 2

√
8U0W0F (t1). The energy

ranges of the PESs calculated at different laser inten-
sities and x-ray photon energies (e.g. Figs.1(b) and
3(a)) accord with the above estimations.

Figure 3(a) shows the PES calculated at λl =
750 nm, τl = 400 fs, $x = 408 eV and τx = 50 fs. Fig-
ures 3(b) 3(c) and 3(d) show the expanded areas of the
PES. Here, $x = 408 eV is in the middle of the x-ray
energy at the water window (283.7–532.1 eV). From
these figures, we see that the symmetry of the whole
PES is better than that of Fig.1(b). Calculations in-
dicate that the symmetry of PES is improved as the
x-ray photon energy increases. Figure 3(b) shows the
details in the middle of the PES. The peak density is
much larger than that of Fig.1(d), and the uniformity
is better. Figure 3(b) also shows peak groups, each
with several small peaks. Different from the calcula-
tions at low x-ray photon energy in Fig.1(c), Figs.3(c)
and 3(d) show some envelopes (lines denoted by S1

and S2 in Fig.3(c) and S4 and S5 in Fig.3(d)) of side-
peaks beside the main peak (denoted by S0 in Fig.3(c)
and S3 in Fig.3(d)). From Figs.3(c) and 3(d) it fol-
lows that the main peak heights (S0 in Fig.3(c) and
S3 in Fig.3(d)) are much higher than the side peak
heights at low and high energy regions of the PES,
respectively.

In order to see how the main peak heights change
as the x-ray photon energy varies in a small range,
the expanded areas of PESs (denoted by A, B, C) are
shown in Fig.4, which are calculated at λl = 750 nm,
τl = 400 fs, τx = 50 fs, and $x = (407, 408, 409) eV, re-
spectively. Obviously, as the x-ray photon energy has
a small shift, e.g. ∆$x = ±1 eV for $x = 408 eV (see
the inset of Fig.4, where a solid Gaussian shaped line
illustrates an energy distribution of the photons), the
position of each peak is just shifted by ±1 eV. This is
an interesting feature that can be used to estimate the
diffusions of the measured PES excited by a narrow
bandwidth femtosecond x-ray pulse.
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Fig.3. (a) Solid line: PES calculated at λl = 750 nm, τl = 400 fs, $x = 408 eV and τx = 50 fs. (b), (c) and (d)

Expanded areas of (a). Solid lines in (b), (c) and (d): PES. Dashed lines in (c) and (d): envelopes of main peaks.

Dashed-dotted lines in (c) and (d): envelopes of side-peaks. Dashed-dotted-dotted lines in (c) and (d): envelopes

of side-peaks.

Fig.4. Expanded areas of PESs (denoted by A, B, C)

calculated at λl = 750 nm, τl = 400 fs, τx = 50 fs, and

$x = (407, 408, 409) eV, respectively.

5. Conclusions

Calculations show that the PES excited by a fem-
tosecond x-ray pulse is composed of a number of small

peaks. The number, the width and the density of
peaks depend on all the laser and x-ray parameters.
As the x-ray photon energy increases, the symmetry
of the PES and the uniformity of the peak density
become better. Study also shows that the heights of
main and side peaks depend on the laser and the x-
ray pulse properties. As the duration of x-ray pulse
decreases less than 0.4 fs, the comb-like structures of
PES disappear. These interesting features can be
used to reconstruct the x-ray pulse properties from
the measured PES.
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