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This paper is devoted to the study of consensus problems for the second-order multi-agent systems with external

disturbances, switching topology and communication time-delay. Firstly, we perform a model transformation and

separate the agreement states from the disagreement states. Secondly, according to this system, we derive a sufficient

condition for consensus problem without disturbances by using the Lyapunov-based approach. Furthermore, we give a

design criterion in terms of bilinear matrix inequality for the control protocol in the presence of disturbances. Finally,

numerical simulations are provided to show the effectiveness of our strategies.
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1. Introduction

Distributed coordinated control of multiple agents
has attracted a great number of researchers in re-
cent years. This is partly due to recent technologi-
cal advances in communication and computation, and
important applications, including unmanned vehicles,
automated highway systems, formation control, mini-
satellites, etc.

In a multi-agent system, agents are usually cou-
pled and interconnected with some simple neighbour
rules. Generally, all agents need to agree on certain
quantities of interest, such as the location and the
speed. This problem is usually called consensus prob-
lem.

During the past decade, many researches have
dealt with consensus problems.'~'2! Vicsek et all'
introduced a simple model for phase transition of a
group of self-driven particles and numerically demon-
strated complex dynamics of the model. Jadbabaie
et all? focused on attitude alignment for network
of agents with an undirected graph in which each
Re-
cently, one has investigated the stability properties for

agent had a discrete-time integrator dynamics.

second-order multi-agent systems. For example, Tan-
ner et all®l introduced a set of control laws that en-
abled the second-order agents to generate stable flock-
ing motion. Ren et al!* proposed a second-order pro-
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tocol and provided sufficient conditions in the case of
fixed topology. Olfati-Saber!® considered a group of
mobile second-order agents moving in a plane and in-
troduced a set of control laws that enabled the group
to achieve a common velocity while avoiding collisions.

In engineering practice, multi-agent systems may
not be able to be measured accurately due to vari-
ous disturbances, such as time-delay, external distur-
bances and the variation of network topology.[—16!
Lin and Jial'l

first-order multi-agent systems with external distur-

considered consensus problems for

bances and model uncertainty in fixed and switching
topologies. By investigating recent results, little work
has addressed the effects of external disturbances for
second-order multi-agent systems. It is a challenging
task to solve the agreement problems for the second-
order systems, because of external disturbances of the
position vector and the velocity vector which might
cause the system to diverge or oscillate. Moreover,
once time-delay and switching topology are involved,
the analysis of second-order agent stability becomes
much more complex. However, it is of great signifi-
cance to improve the robustness of the second-order
multi-agent systems in practical application.

With this background, we investigate consen-
sus problems of second-order multi-agent systems in
undirected graphs with external disturbances, switch-
ing topology and time-delay. In doing the analysis,
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we perform a model transformation for second-order
multi-agent systems and separate the agreement states
from the disagreement states first. A new model is ob-
tained for the disagreement dynamics. Then, accord-
ing to this system, we derive a sufficient condition for
the state consensus of the system in the absence of
disturbances by using the Lyapunov-based approach.
Finally, we analyse the case where there exist the dis-
turbances and present a design rule in terms of bilinear
matrix inequality to make all agents reach consensus
with a desired H,, performance.

The remainder of the present paper is organized
as follows. We introduce some basic concepts and no-
tation in algebraic graph theory in Section 2. In Sec-
tion 3 we present the multi-agent system model and
define the problem addressed. The main results of the
second-order multi-agent systems are brought forth in
Section 4. The numerical simulations are given in Sec-
tion 5. Finally, some conclusions are drawn in Section
6.

2. Graph theory

Let G(V,e,A) be an undirected graph of or-
der n with a set of nodes V. = {s1,...,s,}, set of
edges ¢ € V x V, and a weighted adjacency ma-
trix A = [a;;] with nonnegative elements a;; for all
i,j7 € x = {1,2,...,n}. An edge of G is denoted
by ei; = (si,5;).
ated with the edges of the graph are positive, i.e.

The adjacency elements associ-

eij € € & a;; > 0. Moreover, we assume a;; = 0 for
all i € x. The set of neighbours of node s; is denoted
by N; = {s; € V : (si,s;) € €}. A diagonal matrix
D = diag{ds,...d,} is a degree matrix of G, whose
a;; for ¢ € x. Then the
Laplacian of the weighted graph G is defined as

diagonal elements d; = Z;L=1

L=D - AcR™™. (1)

Correspondingly, the graph Laplacian with the
undirected graph is defined as L = [I;;], where l;; = d;
i # 7.

is that all the row sums of L are zero and thus

and l;; = —ay, An important fact of L
1, =[1,1,...,1]T € R" is an eigenvector of L associ-
ated with the eigenvalue A = 0, and for an undirected
graph G, L is symmetric and positive semi-definite.
A path is a sequence of ordered edges of the form
(8iys 8is)s (Siy, 8i3), ..., where s, € V. An undirected
graph is called being connected if there is a path be-
tween any distinct pair of nodes.

Lemma 1 If the undirected graph G is con-
nected, then its Laplacian L satisfies!!?]

1) rank(L) = n — 1, zero is an eigenvalue of L,
and 1,, is the corresponding eigenvector, i.e. L1, = 0.

2) The remaining n— 1 eigenvalues are all positive

and real.

3. Problem description

We consider a network system composed of n
agents. Each agent is regarded as a node in an undi-
rected graph G. Each edge (s;,s;) € €(G(t)) corre-
sponds to an available information link between agent
¢ and agent j at time t. Moreover, each agent up-
dates its current state based on the information re-
ceived from its physical or logical neighbours.

In addition, we assume that the dynamics of each

agent is

mii}i(t) = uz(t) —|—wi(t),i =1,...,n (2)

with initial condition z;(¢) = z;(0) and v;(t) =
v;(0), t € (—00,0], where z;(t) € R™ is the position
vector of agent i, m; > 0 is its mass, v;(t) € R" is
its velocity vector, u;(t) € R™ is the control input (or
protocol) and w;(t) € R"™ is the external disturbance
input that belongs to L3[0, 00) at time ¢. Without loss
of generality, we assume m; = mg = ...
We refer to G = (G, z,v) with = [z, ..
.,vn]T as a network (or algebraic graph) G.
Our objective is to find appropriate protocols

=m, = 1.
., wp]T, and
v=[v,..

which make all agents reach agreement with a com-
mon speed in the presence of external disturbances.
Considering communication time-delay, we use the fol-

lowing control protocol for agent :

w(t) = kY au(®a =) —ait =)

+k2 ZSjeNi Q4 (t) (Uj (t — T)
—vi(t — 7)) (3)

where 7 denotes the time-delay, and a;;(¢) is the
weight of each edge.

Given the dynamical system in (2), the protocol
u; is said to asymptotically solve the consensus prob-
lem, if the states of agents satisfy

lim |[a;(t) —2;(8)[] = 0,

t——+o0

lim _|[v;(t) —v; (@) = 0 (4)

t——+o0
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for all 7,5 € x.

A natural way to combine the relative informa-
tion is to define output functions z;(t) computed from
an average of the relative displacements of all agents
as follows:

let

g(t) = [xl(t),v1(t),x2(t),vg(t), e 7xn(t)7vn(t)]T ’

and
() = &(t) — %Z@(m i=1,....n
i=1

then expression (4) will be equivalent to

tl}IEOOHZ’(t)H =0, i=1,...,2n. (5)
Denote
01 0 0 0
A= 1= 5 BQ* ’
00 ki ko 1
and
n—1 1 1
"on
C = n n n ,
1 1 n—-1
n n n

and use control protocol (3), the network dynamics
will be

£(t) = (I ® A)E(t) — (Lo © By)E(t — )
+(In ® Ba)w(t)
2(t) = (C® I2)¢(t) (6)

with w(t) =

[21(t), ..., z2n(t)]-
Note that L, is the Laplacian of the graph G,

o denotes the switching signal that determines the

[wi(t),...,wn(t)], and =z(t) =

topology, and ® is the Kronecker product.

In this paper, we design the nonzero entries a;; of
L, for the state consensus of the multi-agent systems
with a given H., performance index. To do this, we
define the following performance index:

sw) = [ T 00) — o (u(dt < 0, (7)

where 7 is a given positive constant.

4. Stability analysis of network

dynamics

In this section, we provide the convergence and
performance analysis of the consensus problem in
undirected second-order networks with external dis-
turbances, switching topology and time-delay. Before
presenting the main theorems, we first introduce some
lemmas.

Lemma 2 Consider the matrix

n—1 -1 -1

-1 n—-1-1
M =

-1 ... -1n-1

The following statements hold:[!]

1) The eigenvalues of M are n with a multiplicity
of n — 1, and 0 with a multiplicity of 1. The vectors
1} and 1,, are the left and the right eigenvectors of M
associated with the zero eigenvalue, respectively.

2) There exists an orthogonal matrix U such

nIn—l O(n—l)xl

that UTMU = and U is the

O1%(n—1) 0
matrix of eigenvectors of M. For the Laplacian
N € R™" of any undirected graph, UTNU =
* O(n—1)x1
O1x(n-1) 0

Lemma 3 For any z,y € R" and any positive
matrix Q € R™*", 22Ty < 2TQx + yTQ1y.

Lemma 4 (Schur Complement)!'” For a given
symmetric matrix S with the form S = [S;;], S11 €
R™", 819 € R™("=7) "and Spy € R()X(=7) then,
S < 0 if and only if either S;; < 0 and Say —
851871815 < 0or Sy, < 0and 811 — 81285, 82 < 0.

In the following theorems, we are interested in
finding design rules for the weight of each edge to guar-
antee that all agents asymptotically achieve consensus
while satisfying the H., performance index (7).

= o 1n .
We denote U = [U, U, |, where Uy = 7n is the
last column of U and Uj is the rest part. It is easy to
check that UTU; = 0.

Let

Wi(t) = ;; / ' / " (s)dsds,

n T
Wa(t) = %Z /O w(s)ds,
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5(t) = (Uy @ L) (1), We can see that z(t) does not comprise 6(¢), which

q means that the consensus problem for systems (6) is
an

3(t) = (U1 ® I) & (),

where W7 (t) is an average disturbance of the position
vector, and Ws(t) is an average disturbance of the ve-
locity vector of all agents. «f (t) denotes the states of all
agents, which takes out the average of external distur-
bances. 0(t) describes the average state (or agreement
state) of all agents, while (¢) depicts the disagreement
states of all agents.

In view of Lemma 2, we have

2(t) = (C @ L)1)

= (C® L)E(t)

_ 4(t)

= (CeLL)(U®I,) 5(6)

= (U1 ® I2)é(1). (8)

l

irrespective of the average position and velocity.

In doing the analysis, we discuss the dynamics as

follows:

(U @ I,)"¢(t)

N weny (1. | M@
_5(t)_ Wa(t)

O2n—2

- - 1 n t

e = w;(s)ds

“ i | 1—14 ¥
S NP w;(t)

From the assumption, we have L,1, = 0, then, from
Eq.(6), it is evident that

(U L)) = (U L) (I, A) (é(t) 10 @ [ Wi () Walt) ]T)

UL (Le®B)(t—1)+1,® [Wl(t ) Wt T)}T) + (UT @ By)w(t)

UeL)"(I,2 A)(U® L) §t) §t)]" — (U L) (L, ® By)

(U@ L) 6t —7) 3t —7)]"+ (U L) (I, A) (1, @ [Wy(t) Wa(t)]")

+(U" @ By)w(t)
I, 1®A0 5(t)

O2x2(n—1)

(U LoUp) @ By Og(5—1)x2

022

0 A |6@)
[ (UT © Ba)u(t)
1 < [t
o(t—1) — Z
. S(t - T) - \/ﬁ =1 no

From Eqs.(9) and (10), it is easy to see that

6(t) = (In_1 ® A)d(t) — (Ly ® By)d(t — 1)
+(U @ Bo)w(t),
5(t) = As(t) (11)

where L, = UELUUl.

We separate the average state §(t) from the dis-
agreement states 6(¢), and the component 6(t) is com-
pletely dependent on the initial condition but not 6(t).

0(t) and 0(¢t) are independent of each other in dynam-
ics, and the external disturbance w(t) affects only the
disagreement states 0(t). At the same time, we can
see that z(t) = (U; ® I2)d(¢) from expression (8). No-
tice that if lim;— o d(¢) = 0, then lim;—, ;o 2(t) = 0;
that is, consensus is achieved. So we know the stabil-
ity of systems (6) is irrelevant to the component 6(t).
Then, we can only analyse the effects of external dis-
turbances for the disagreement states to improve the
consensus performance of the network system. Hence,
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we obtain a new second-order model as follows:
0(t) = (In—1 ® A)5(t) — (Ly ® B1)8(t — 7)
+(UT ® Bywl(t)
2(t) = (Ur ® L)o(t) (12)

And system (12) is equivalent to system (6). In
this case, we can address the robust H, problem for
the second-order network system (12) instead of sys-
tem (6).

First, by using the Lyapunov-based approach, we
consider the consensus problem in networks of second-
order agents in the absence of disturbances.

Theorem 1 Consider an undirected network of
agents with switching topology and constant time-
delay 7. Assume that the communication topology
G, is kept connected. System (12) is globally asymp-
totically stable with w(t) = 0, i.e. consensus can be
achieved in the absence of disturbances, if there exist
positive definite matrices P, Q, R € R2>(n—1)x2(n—1)
satisfying

Hy, H;, H3
H= | Hj Hy, O2(n—1)x2(n-1) | <0,
H; O3(n0—1)x2(n—1) -
(13)
where
H,, =PI,.12A)+ (I, 1®A)TP
—P(L, ® B;) — (L, ® B))"P
+7(I-1 ® A)"R(I,-1 ® A) + Q,
Hyy = —7(I,_1 ® A)TR(L, ® By),
H,3 = P(L, ® By),
and
Hy=-Q+7(L, ®» B))"R(L, ® By).
Proof We define a common Lyapunov—

Krasovskii function for system (12) as follows:

/5T )Q4(s

/ / 6T (s)Rd(s)dsd, (14)
—7 Jt+0

where P,Q, R € R>"~1)x2(»=1) are symmetric posi-
tive definite matrices.

_5T

Calculating V along the solution of the system
(12), it follows that

V = 25T () Po(t) + 6T (£)Qd(t)

8T (4 RE(t) — / t 5T (5)Ré(s)ds. (15)

— 6Tt —1)Qs(t — 1)

From the dynamics of system (12), we have

26T (t)PS(t) = 20T (1) P(I,_1 ® A)d(t)
—20T()P(Ly @ B1)S(t — 1)
+25T () P(UL ® Bo)w(t).  (16)

Owing to the fact that o(t — 7) =

ftt_T 4(s)ds, and from lemma 3, we obtain

—26"(t)P(L, ® B1)d(t — 7)
= —25T(t)P(L, ® By)(t)
+ [ 2 © BP0 s

—26T(t)P(L, @ B1)6(t)
+76T(t)P(L, ® B;)R™!

IN

(-EO' ® Bl)T

t
x P§(t) + / 6T (s)Ré(s)ds. (17)
t—1
And we find that

5T (t)RA(1)
= 6" (t)(I—1 ® A)TR(I,—1 ® A)S(t)
+87(t = 7)(Ly @ B1)" R(Ly @ B1)d(t — 7)
+wT (#)(U! @ B2)T R(UT @ Ba)w(t)
—26T(t)(I,-1 ® A)TR(L, @ By)d(t — 1)
—26"(t — 7)(L, @ B1)"R(U; ® Ba)w(t)
+26T(t)(In—1 ® A)TR(UT ® Bo)w(t). (18)
Now, we consider the system with w(t) = 0, and

system (12) is exponentially stable. Consequently, we
have that

T
S(t H,, H S(t
(t) Tu Hiy (t) <0, (19)
(5(t—’7’) H’1I‘2 H22 (S(t—’T)
where
Hy = P(l,_1®A)+ (I,_1® A)"P — P(L, ® By)
~(Ly ® B1)"P+7(I,-1® A)TR(I,,.1 ® A)
+Q+7P(L, ® B;)R (L, ® B;)" P,
and
H; = Hyy, Hoy = Hao.

Then, a sufficient condition for V' < 0 holds if and
only if H < 0. On the second thoughts, from Schur
Complement Formula 4, H < 0 holds if and only if
H < 0. This completes the proof.
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In Ref.[6], Lin et al tried to analyse the states all
together for the stability of the second-order agent sys-
tems without disturbances, and the analysis was com-
plex. In this paper, we first perform a model trans-
formation and separate the agreement states from the
disagreement states. Then, we study the states related
to the consensus problem instead of all the states, so
our theoretical results are much more comprehensible
and obvious.

Next, according to the results obtained in Theo-
rem 1, we discuss the performance of the second-order

The follow-
ing theorem provides a sufficient condition in terms

network systems with disturbance w(t).

of bilinear matrix inequality, under which all agents
asymptotically achieve consensus with the desired H,
performance.

Theorem 2 Assume that the switching topol-
ogy G, is kept connected. For system (12) with w(¢),
consensus can be achieved with ||Ty.||co < 7, if there
exist positive matrices P,Q, R € R2(n=1)x2(n—1) gat_

isfying

11+ (U ® L) (U ® 1) P12 ©13 P14
T
O 1) w2
6= <P1T2 (’Df ¥23 2(n—1)x2(n—1) <0, (20)
P13 ¥23 ¥33 Onx2(n—1)
Pl O2(n-1)x2(n—1) O2(n—1)xn o
\
where +V(1))dt — (V(T) = V(0))
T
13 = PUL @ By) + 7(I_1 ® A)TR(UT @ By), < / 0" (H)Mn(t)dt — V(T), (21)
_ 0
¢2s = —7(Lo ® B))"R(U[ ® By),
9 T T T where
w33 = =y I +7(U; ®B2) R(U; @ By),
w11 = Hi1,p12 = Hiz,p14 = Hiz, 22 = Haa, Hy + (U @ L)Y (U ® I,) Hiz Hys
M = 7T 3 ]
H,,, Hy», Hi3, Hy; are as defined in Theorem 1. }NIIQ I~{22 P~I23 ’
.. _ HT HT H33
Proof Similar to the proof of Theorem 1, calcu 13 23

lating V, we have

V(t) < 8" ()Hi6(t) + 26" (1) Hiad(t — 7)

+6T(t — 7)Hyd(t — 7)

+26T () P(U] @ Ba)w(t)

+276T () (1,1 @ A)TR(UY @ Ba)w(t)

—278T(t = 7)(Ly ® B1)"R(UT ® Ba)w(t)

+7w" (1) (U] ® By)"R(U} ® By)uw(t)
Consider the following cost performance for T° >
0, Jr fOT [2T(t)2(t) — y?wT ()w(t)]dt for nonzero
w(t) € Ly[0,00),t € [0,00), and zero-valued initial
condition 6(t) = 0,t € (—o0,0]. Because §(t) = 0,t €
(—00,0], we can obtain V' (0) = 0. And

T
= ZT z — 2’LUT w
Jr = / T (1)2(t) — T (Ew()dt

/ 2T ()2(t) -
0

vw

T(tyw(t)

I:IIS = 901331:123 = 90237[:[33 = 33,
T

)

n(t)

ﬁ117 fIlg, I:122 are defined as in Theorem 1.

From Lemma 4, M < 0 is equivalent to
¢ < 0. Furthermore, we know V(T) > 0.
So, if ¢ < 0 holds, then J(T) < 0, ie.
OT 2T (#)z(t)dt < ~2 fOT wr(H)w(t)dt. Let T — o0,
then we will have |[|z()]3 < ~?|w(®)]|3, ie.
[|Twz(8)||oo < 7. Thus, this completes the proof.

5(t) 6(t —7) w(t)

Next, we investigate whether all agents converge
to a limited value in the presence of disturbance w(t).
From Eq.(11), it is easy to see that the external dis-
turbance w(t) does not affect the agreement state 6(t).

Denote 6(t) = {51 (1) Sz(t)]T, we have
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As we have defined,

S

i ln tw-ss
n_ﬁ+£%zm. (23)

Observing that W;(0) = 0, and W3(0) = 0, then
. - 2:(0 7 ;{0
5.(0) = %’ and 3,(0) = w

. Notice that

the component §(t) describes the average state of all
agents at time ¢ in the new system after the model
transformation, and the component 6(¢) is indepen-
dent of disturbance. Thus, the agreement state 6(t) is
related only to the initial condition 6(0). However, the
real average state of all agents in the original system

Swt) Sout) ]

is the state . From expression
n n
(23), we can see that whether all agents converge to a

limited value is related to external disturbance, which
fits well to the engineering practice.

5. Simulation results

Numerical simulations will be given to illustrate
the theoretical results obtained in the previous sec-
tions. Figure 1 shows three different graphs each
with n = 4 nodes. Moreover, all graphs in this fig-
ure are undirected and connected. In Fig.2, a finite
state machine is shown with three states {G,, Gp, G}
which represent a second-agent network with switch-
ing topology and time-delay as a hybrid system. The
hybrid system starts at the state G,, and switches
every 0.01 s to the next state according to the state
machine as shown in Fig.2. Suppose that all initial
conditions are set to be zero.

EPIY

Fig.1. Three examples of connected undirected graphs.

Fig.2. Finite automation with three states representing
the states of a second-agent network with switching topol-
ogy.

Now, we present simulation results for the con-
sensus problems of second-order multi-agent systems
in the presence of external disturbances in undirected
graphs with switching topology and time- delay, and
these simulations are performed with three states
{G.,Gy,G.}. By choosing the performance index
v =1 and applying Theorem 2, it is obtained that for
the communication time-delay 7 = 0.1s and switching
topology, a feasible solution is P = Q = R = I and
the weights of the edges (1,2), (2,3), (3,4), (1,4), (1,3)
and (2,4) are all 0.6. So we get the Laplacians of the
three graphs in Figure 1, which are respectively

06|

1.2 —06 0
—06 1.2 —0.6 0
La - 5
0 —06 1.2 —0.6
|06 0 —06 12 |
[ 12 —06-06 0 |
06 1.2 0 —06
Lb - 3
—06 0 1.2 —06
| 0 0.6 -06 12 |
(12 0 —0.6—06]
0 12 —06—-06
L, =
—06 -06 1.2 0
|06 06 0 12 |

Figure 3 shows the state error trajectories with distur-
1152 1] @(0), while Fig4 shows
the corresponding energy trajectories for the second-

bance w(t) =

order multi-agent systems, where

1, 0<t <1,

)

0, otherwise.

Clearly, from Fig.3, consensus is asymptotically
achieved, and from Fig.4 it follows that the energy of
the output signal z(¢) is smaller than that of the ex-
ternal disturbance w(t). In other words, consensus is
achieved with the performance ||Ty.(s)||oo < 7-
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4 4
> >
- -
8 g 2
) <
B £
- -
2 2 0
g 3
] [
g &
17 B -2
=) =)
) S
+ =
[ o —4
0 4 8 12 16 20 0 4 8 12 16 20
Time Time
(a) The trajectories of position error (b) The trajectories of velocity error
Fig.3. State trajectories of the second-order agent network with switching topology and constant time-delay.
s 6. Conclusions
200¢ the energy of disturbance signal
In this paper, we investigate the consensus prob-
150 . .
lems in undirected networks of second-order agents
100 with switching topology and time-delay in the pres-
ence of external disturbances. The convergence anal-
the energy of z(t)
- ] ysis is carried out based on the Lyapunov Theory.
Moreover, a stability criterion in terms of bilinear ma-
0 e trix inequalities is established under which all agents
0 4 8 12 16 20

Time

Fig.4. The energy trajectories of z(¢).

reach consensus while satisfying a desired H,, per-

formance. Finally, we demonstrate its practicability

through computer simulations.
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