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This paper presents theoretical computations of the ionization rate of Rydberg lithium atom above the classical

ionization threshold using semiclassical approximation. The yielded random pulse trains of the escape electrons are

recorded as a function of emission time such that they can be related to the terms of the recurrence periods of the

photoabsorption. This fact illustrates that it is ionic core scattering processes which give rise to chaos in autoionization

dynamics and this is verified by comparison of our results with the hydrogen atom situation. In order to reveal the

chaotic properties in detail, the sensitive dependence of the ionization rate upon the scaled energy is discussed for

different scaled energies. This approach provides a simple explanation for the chaotic character in autoionization decay

of Rydberg alkali–metal atoms.
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1. Introduction

The autoionization phenomena of the highly ex-
cited Rydberg atoms in external fields have been stud-
ied extensively over the past decade. Most experimen-
tal studies on the ionization dynamics focused on the
recurrences of alkali–metal atoms in an electric field
excited above the classical ionization threshold.[1−3]

In 1996, Noordam et al studied autoionization of ru-
bidium atom in a static electric field of 2.0 kV/cm at
scaled energy ε = −1.54 by experiment, in which ru-
bidium atom was excited from the ground state to an
energy above the classical saddle point by a short (few
picoseconds) laser pulse. The resulting electron flux
striking a detector was then measured as a function of
emission time. This ionization signal revealed a ran-
dom train of electron pulses, rather than an exponen-
tial decay as believed previously.[4] In 2003, Mitchell
and Delos theoretically discussed the escape rates of
hydrogen atom in external fields by using semiclas-
sical method.[5] In the following year, they illustrated
the transport and escape mechanism concerning to the
chaos-induced pulse trains in the ionization of hydro-
gen atom by a homoclinic tangle technique.[6]

However, the theoretical description of the au-
toionization property of non-hydrogen atom in ex-

ternal fields is not well developed. Some works[7−9]

have declared that the ionic core induces important ef-
fects which cannot be seen in hydrogen atom, whereas
the quantitative connection between the recurrence
and autoionization is still obscure. In this paper, we
present theoretical computations of the ionization rate
of lithium atom in an applied electric field, and anal-
yse the structure of the pulse trains of the emitting
electrons. In contrast to the Rydberg hydrogen atom,
where the pulses of the emission electrons are caused
by applied external magnetic field, while at present
the pulse trains for lithium atom case are created
through core scattering. Using semiclassical method,
we achieve a simple yet obvious improvement under-
standing the autoionization property. This work pro-
vides a quasi-quantitative explanation for raising the
complicated chaotic behaviour. And the conclusions
can be directly compared with those of hydrogen atom
as well as the future experimental results.

2. Theoretical computations of

the ionization rate

The Hamiltonian of lithium atom in an applied
electric field directed along the z axis is given in cylin-
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drical coordinates (ρ, z) and atomic units (e ≡ ~ ≡
m = 1) by

H =
1
2

(
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ρ

)
+ V (ρ, z) + Fz, (1)

where F is the electric field strength and the model
potential V (ρ, z) has the explicit form,[8]
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with Z the atomic number and a the parameter of
the model potential, which is chosen to give the mea-
sured quantum defect. For the case of lithium, Z =
3，the optimized value of the parameter is given by
a = 1/2.13.[10]

As is common,[11] we transform the original vari-
ables to the scaled ones r̃ = rF 1/2, P̃ = PF−1/4, t̃ =
tF 3/4, ε = EF−1/2 and the effective Planck constant
~eff = F 1/4, then the classical motion is governed by
the scaled Hamiltonian

H̃ = HF 1/2
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2
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×
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)1/2

a

]}
+ z̃. (3)

Strictly speaking, the scaled law is not available
for multi-electron atom due to the existence of the
ionic core. However, in semiclassical scheme the clas-
sical limit only is valid far away from the nucleus one
might ignore the small inner region near the nucleus,
thus the scaled property is still a good approxima-
tion for non-hydrogen atom under consideration here.
From Eq.(3), we find that the scaled Hamiltonian
does not depend on the energy E and electric field
strength F separately but only on the scaled energy
ε = EF−1/2.

In order to eliminate the Coulomb singularity in
the Hamiltonian which is important in describing the
motion of the electron wave packet, following standard
practice,[12] we introduce semi-parabolic coordinates,

(u, v)

u = (r̃ + z̃)1/2, v = (r̃ − z̃)1/2, (4)

pu = p̃ρv + p̃zu,

pv = p̃ρu− p̃zv,
dt̃

dτ
= u2 + v2, (5)

where τ is the scaled time and its scaled unit equals
52 picoseconds in a static electric field of 19 V/cm in
this paper. Moreover, the angle θ between the z axis
and the trajectory in cylindrical coordinates is twice
the value of the angle Θ between the u axis and the
trajectory in parabolic coordinates.

We define an effective Hamiltonian h = 2r̃(H̃−ε),

h (u, v, pu, pv)

=
1
2

(
p2

u + p2
v

)
+ Vuv (u, v)− 2, (6)
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(
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)
+

1
2

(
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−4
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exp
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)

2a

]}
. (7)

Using a short laser pulse we can excite the ground
state or low-energy state s electron of a lithium atom
to an energy above the classical saddle point, Ec =
−2
√

F , where F is the applied static electric field. In
the scaled variables, the scaled energy ε = E/

√
F ,

ε = 0 stands for the zero field ionization limit and
ε = −2 is the so-called classical ionization threshold
or classical saddle point energy. Considering the define
bandwidth of the short laser pulse, we find that a co-
herent superposition of several Stark states is excited,
creating an outgoing radial wave packet in all direc-
tions which consists of the initial outgoing Coulomb
wave[9]

Φ0(r0, θ
j
i )

= −iπ1/223/4r
−3/4
0 ei(

√
8r0−3π/4)y(θj

i ), (8)

where y(θ) is the angular distribution.
Because the radially outgoing wave far away from

the nucleus can be expressed by an ensemble of clas-
sical trajectories, we calculate the ionization rate by
integrating an initial ensemble of radial outgoing tra-
jectories with a single fixed scaled energy ε = −1.3
and precise launch time t = 0 from the core to the
position z̃ = −4, where the detector is located. The
total number of trajectories striking the detector per
unit time (i.e. the ionization rate) is then recorded
as a function of time. The ionized electron flux gives
rise to a pulse train seen in the detector plane, which
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is shown in Fig.1(a). Figure 1(b) shows the time tak-
ing a trajectory (with fixed energy ε = −1.3) to strike
the detector as a function of its initial launched angle
θ. The dashed lines connect the escape segments (i.e.
icicles[13]) in Fig.1(b) to their corresponding pulses in
Fig.1(a). Each peak conforming to an escape segment
(icicle) implies that a different ensemble of electron
trajectories reached the detector at different time in-
tervals: for example, the trajectory which heads di-
rectly downhill (θ = π) reaches the detector first. As
θ decreases, the initial velocity is further and further
away from the downhill direction, and the trajectory
takes longer and longer time to reach the detector.
Eventually a critical angle θc is achieved, at which the
trajectory takes an infinite time to escape. This tra-
jectory is bounded forever. The ionization curve with
exponential tail in Fig.1(a) is also equal to the slope
dθ/dt of the escape-time plotted in Fig.1(b), weighted
by the initial angular distribution |y (θ) |2 sin θ. The
angular distribution is an s wave, and we choose the
angular distribution |y (θ) |2 = 1 for theoretical conve-
nience, since it weights all directions evenly. Following
Ref.[13], we use the term ‘icicle’ standing for the pulse
in Fig.1(a) that starts at the earliest escape time in
Fig.1(b) and then trails off to zero as θ approaches the
critical angle and dθ/dt goes to zero.

Fig.1. (a) The ionization rate for lithium atom above the

classical saddle point with ε = −1.3, N = 80 and F =

19V/cm is plotted as a function of time after atomic excita-

tion. (b) The time taking a trajectory to strike the detector

is plotted as a function of the initial launch angle θ.

3. Results and discussions

Exploring classical escape dynamics requires a de-
tailed understanding of the structure of the electron

pulse train in escape-time plot. At first glance, it is
completely random either in the pulse strength or in
the pulse pattern. The fact that the peak-to-peak
spacing is roughly the recurrence time hints strongly
that the autoionization mechanism should be inti-
mately related to the closed orbit with multiple core
scattering.

In order to show the important role of core
scattering in raising chaos, we draw the ionization
rate curve of hydrogen under identical conditions
in Fig.2.[6] We can see distinctly from the case of
lithium that there stands only a single electron pulse
in Fig.2(a). Consequently, in Fig.2(b), only one criti-
cal angle appears. These results are expectable since
pure Coulomb scattering does not bring about any
chaotic behaviour and there is no chaos for Rydberg
hydrogen in an external electric field, only one electron
pulse decayed at exponential rate is reasonable.

Fig.2. (a) The ionization rate is plotted as a function of

time after atomic excitation for hydrogen atom in an elec-

tric field, with the scaled energy ε = −1.3, N = 80 and

F = 19V/cm. (b) The time taking a trajectory to strike

the detector is plotted as a function of the initial launched

angle θ.

These distinct phenomena can be qualitatively ex-
plained by the semiclassical analysis. After the atom-
exciting part of the wave packet slipping over the clas-
sical barrier is drawn downhill by the applied electric
field and strikes the detector which measures the ion-
ization rate as a function of time, the rest which ei-
ther initially heads uphill or has larger launched an-
gles than the critical angle θc is turned around by the
field, a fraction of which returns to the core where
it is scattered in all directions, and that part which
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fortunately heads downhill creates a second pulse of
electrons. Subsequent multiple non-Coulomb scatter-
ing events create additional more complicated pulses.

We examine in detail peak–peak spacing in an
escape-time plot and reveal that it is coincident with
the recurrence period of Rydberg lithium in the same
conditions.[14] Some shorter closed orbits that stand
for the central trajectory of the electron wave packet

are displayed in Fig.3(a), (b), (c) in the semi-parabolic
coordinates, their scaled recurrence times are 1.45,
4.36, 3.77 and their initial launched angle θ are 0.0,
1.31, 1.55, respectively. Figure 3(d) shows the di-
rectly downhill trajectory which takes the scaled time
of 2.162 to strike the detector. Therefore, the corre-
sponding angle Θ in Fig.3 are 0.0, 1.57, 0.66, and 0.78,
respectively.

Fig.3. (a), (b), (c) depict some closed orbits which stand for the central trajectory of the ensemble of the electron

trajectories. And (d) presents the directly downhill trajectory in the semi-parabolic coordinates, where ε = −1.3,

N = 80, F = 19 V/cm.

The explicit comparison is as follows: the first
pulse in Fig.1 is the initial prompt pulse induced by
the electron trajectories heading directly downhill and
reaching detect plane. The other pulses could be at-
tributed to the contribution of some combinatorial
closed trajectories arisen from the core scattering. For
example, the forepart of the second pulse begins at the
scaled time of 6.54, which can be considered as the fact
that the electron first travels along the closed orbit in
Fig.3(b) and then is scattered to the direct downhill
trajectory in Fig.3(d) through core scattering. Simi-
larly, the origination of the third peak at scaled time
of 7.38 can be seen as the sum of two core scatter-
ing from the closed orbits in Figs.3(a) to (c) and then
enters directly downhill trajectory in Fig.3(d). Other
pulses can be analysed in the same way.

In the framework of semiclassical theory, the
scaled energy dominates the dynamic behaviour of
the system particularly for the irregular motion in
the chaotic region. Any small variation of the scaled
energy will dramatically affect the state of the ini-
tial outgoing electron wave packet including its ini-
tial launched angle and velocity, thus might signifi-
cantly alter the shape of the closed orbit and conse-
quently notably change its recurrence time and recur-
rence strength. So we calculate the ionization rate
of lithium at scaled energy ε = −1.4 and ε = −1.2,
and the results are presented in Figs.4(a) and 5(a) re-
spectively, while the corresponding escape time as a
function of the initial launched angle θ is shown in
Figs.4(b) and 5(b). For the sake of conciseness, we
only list part of the results of earlier time here.
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Fig.4. (a) The ionization rate of lithium atom in an ap-

plied electric field with ε = −1.4 is plotted as a function

of time after atomic excitation. (b) The time taking a

trajectory to strike the detector is plotted as a function of

the initial launched angle θ.

Fig.5. (a) The ionization rate for lithium atom in an ap-

plied electric field with ε = −1.2 is plotted as a function

of time after atomic excitation. (b) The time taking a

trajectory to strike the detector is plotted as a function of

the initial launched angle θ.

Comparing Fig.1(a) with Figs.4(a) and 5(a), we

can easily see that the lower the scaled energy is, the
later every electron pulse begins. It is easy to under-
stand the underlying physical reason for this: as the
energy decreases, the time required by a trajectory
from origin to the detector becomes longer. Also, both
the pattern and the strength of each corresponding
peak in these figures are completely different, which
reveal chaos depending sensitively on the initial con-
ditions. Examining Figs.1(b), 4(b) and 5(b), we find
that the value of corresponding critical angle signifi-
cantly decreases with the increase of energy, which can
be explained by the fact that the smaller the launched
angle is, the more energy it requires for the trajectory
to turn backward to strike the detector.

4. Conclusion

By using semiclassical method, we theoretically
computed the ionization rate of lithium atom in an
electric field at the scaled energy ε = −1.2, ε = −1.3
and ε = −1.4, which are all above the classical saddle
point value ε = −2, and also discussed the dynamical
behaviour. The results reveal that the chaotic prop-
erty of lithium atom is reflected in the structure of
the electron pulse trains and measured as functions of
electronic emitting time and the initial launched an-
gle, which can be explained in terms of the recurrence
periods through multiple core scattering, therefore, in-
dicate that under suitable energy and external fields
two kinds of different dynamic processes, autoioniza-
tion and recurrence, are related each other. This work
provides a quantitative elucidation for the complicated
chaotic property in autoionization of the Rydberg non-
hydrogen atoms. In this paper we concentrate our at-
tention on the classical density of electron flux without
taking the interference between electron pulses into
account. For shorter time and sufficiently high excita-
tion (large N), it should yield a reasonable approxima-
tion to the intensity seen at the detector plane. The
investigation would also provide a convenient labora-
tory tool for studying chaotic transport and escape.
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