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On entanglement invariant for a double
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In a recent paper [Phys. Rev. A 76 042313 (2007)], Sainz and Bjork introduced an entanglement invariant E
under evolution for a system of four qubits interacting through two isolated Jaynes–Cummings Hamiltonians. This

paper proves that this entanglement invariant E is closely connected with the linear entropy between two independent

subsystems.
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Entanglement is one of the most counter-intuitive
features in quantum mechanics which results in corre-
lations stronger than those presented in any classical
systems. Over the last two decades, one has witnessed
entanglement as an useful (in many cases, irreplace-
able) resource for quantum information processing[1,2]

and quantum computing.[3] Consequently, the under-
standing of entangled states has become more and
more important. Although the general theory of en-
tanglement has blossomed enormously,[4] only bipar-
tite entanglement is well understood with a good range
of quantitative measure of entanglement available.[5]

As for multipartite entanglement, the complexity in-
creases greatly with the number of parties involved
(see, e.g., Ref.[6]). The classification and quantifica-
tion of multipartite entanglement is very complicated
and challenging. To efficiently understand entangle-
ment, we can formalize the theory of entanglement
not only from the mathematical point of view, but also
from a more practical approach in order to study its
role and manifestations in realistic systems. Recently,
many works have been contributed to understand en-
tanglement with respect to the time-dependence (i.e.,
the entanglement dynamics) for macroscopic physical
systems.[7−14] The authors of Refs.[12–14] considered
how entanglement dynamics was related to the en-
ergy transfer between the system of interest and its
environment. Particularly, Ref.[13] showed that, in
a two-qubit system coupled with a single-mode cavity
field, the entanglement of qubits (measured by concur-

rence) evolves almost in-step with their energy trans-
fer. Also, in Ref.[14], where pairs of qubits were con-
sidered, the entanglement transfer process from one
qubit pair to another was accompanied by an energy
transfer as well, i.e., entanglement and energy trans-
fer were strictly related. Ref.[9] dealt with a double
Jaynes–Cummings model (JCM) in which two initially
entangled two-level atoms A and B are independently
coupled with separate cavity fields a and b, respec-
tively, but there are no interactions at all between the
subsystems Aa and Bb. Focusing on the atomic sub-
system, depending on the type of initial A−B entan-
glement, the authors of Ref.[9] found out that the con-
currence CAB(t)[5] may or may not vanish completely
in a finite time and remains zero for some time, a
phenomenon called entanglement sudden death. They
also formulated different forms of entanglement which
are invariant for different initial atomic states.

Very recently, Sainz and Björk[15] studied entan-
glement dynamics of the same double JCM as in
Ref.[9] but used the wedge product[16] for entangle-
ment measure. The authors calculated the quantity
EAa−Bb which counts for the entire bipartite entan-
glement between the atom–field systems Aa and Bb.

However, EAa−Bb is not a universal invariant in gen-
eral. It depends strongly on the initial state as well
as on the local coupling constants (see Figs.1 and 2
in Ref.[15]). The main contribution of Ref.[15] is the
finding of an entanglement invariant E under evolu-
tion, which demonstrates that entanglement spreads
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out over all of the system’s degrees of freedom that
become entangled through the local interactions

E =2EAa−Bb + EAB−ab + EAb−Ba

− (EA−Bab + EB−Aab

+ Ea−ABb + Eb−ABa). (1)

The quantity E remains unchanged in the course of
time evolution for all system parameters. Although
some explanations were given, a detailed derivation of
the form of E was not provided in Ref.[15] (the au-
thors themselves recognized that the interdependence
of the various kinds of entanglement of the state is not
very intuitive and a rigorous derivation of E is proba-
bly rather difficult). It is worth noting, however, that
though E in Ref.[15] is time-independent it is so only
for the initial pure X states of the atoms.

In the following, we shall show that the invariant
E is strictly related to the linear entropy of the parti-
tion Aa−Bb, for an arbitrary initial state of the two
atoms A and B, no matter it is a pure X state or not.
The linear entropy is defined as[17]

EL(ρS) =
d

d− 1
[1− Tr(ρ2

S
)], (2)

where ρS is a reduced density matrix obtained by trac-
ing out the subsystem S (the complement of S) and
d = min{dimS, dimS}, where dimS and dimS are,
respectively, the Hilbert space dimension of the sub-
system S and its complement S.

The double JCM is described by the Hamiltonian

H =
∑

k=A,B

Hk, (3)

where (~ = 1)

Hk = νka+
k ak +

ωk

2
σk

z + gk(a+
k σk

− + akσk
k), (4)

with νk the field frequency, ωk the energy differ-
ence between the two states of an atom, gk the cou-
pling constant between the atom and the cavity field,
a+

k (ak) the creation (annihilation) operator for the
field, σk

z = |1〉kk 〈1| − |0〉kk 〈0| , σk
+ = |1〉kk 〈0| and

σk
− = |0〉kk 〈1| .

Instead of the pure atomic X states we consider
an arbitrary initial state of the two atoms A and B in
the general form

|Ψ(0)〉AB =
1∑

i,j=0

xij |ij〉AB , (5)

where
∑1

i,j=0 |xij |2 = 1, |ij〉AB = |i〉A ⊗ |j〉B , assume
the cavities to be in the vacuum |00〉ab = |0〉a ⊗ |0〉b.
The total initial state of the whole system is thus

|Φ(0)〉ABab =
1∑

i,j=0

xij |ij〉AB |00〉ab. (6)

At time t > 0 the state (6) will evolve into

|Φ(t)〉ABab =[C1|0000〉+ C2|0100〉+ C3|0001〉
+ C4|1000〉+ C5|0010〉.
+ C6|1100〉+ C7|1001〉
+ C8|0110〉+ C9|0011〉]ABab, (7)

where Cn are some time-dependent coefficients. After
tracing over the degrees of freedom of the subsystem
Bb in state (7), we get a mixed state of the subsystem
Aa characterized by the reduced density matrix

ρAa =




%11 %12 %13 0

%21 %22 %23 0

%31 %32 %33 0

0 0 0 0




, (8)

where

%11 =|x00|2 + |x01|2,
%12 =%∗21 = i(x00x

∗
10 + x01x

∗
11) sin gAt,

%13 =%∗31 = (x00x
∗
10 + x01x

∗
11) cos gAt,

%22 =(|x10|2 + |x11|2) sin2 gAt,

%23 =%∗32 = −i(|x10|2 + |x11|2) sin gAt cos gAt,

%33 =(|x10|2 + |x11|2) cos2 gAt. (9)

By the definition given in Eq.(2) and using the nor-
malization constraint

∑1
i,j=0 |xij |2 = 1, we obtain the

linear entropy EL(ρAa) of ρAa as

EL(ρAa) =
8
3
|x00x11 − x01x10|2. (10)

Clearly, EL(ρAa) is fully determined only by the ini-
tial conditions via the coefficients xij , i.e., it is in-
dependent of both the time t and the local cou-
pling constants gk. It is well known that the con-
currence of an arbitrary initial two-qubit state (6) is
CAB(0) = 2|x00x11 − x01x10|, so

EL(ρAa) =
2
3
C2

AB(0). (11)

In particular, if the initial states of the atoms A and
B are X states of the forms given by Eqs.(5) and (6)
in Ref.[15], i.e., x00(x01) = cos α, x11(x10) = sin α and
x01(x00) = x10(x11) = 0, then we get

EL(ρAa) =
8
3

sin2 α cos2 α =
2
3
C2

AB(0). (12)
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As shown in Ref.[15], the quantity E in Eq.(1) is also
independent of time for these two types of initial states
and the value of E in both cases is E = sin2 α cos2 α.
From this it follows an useful relation between their E
and our EL(ρAa) :

E =
3
8
EL(ρAa). (13)

In conclusion, we have studied the double JCM
and proved that the linear entropy EL(ρAa) is closely
connected to the invariant E introduced in Ref.[15]
via the relation (13). Provided that the cavities are
initially in the vacuum, the linear entropy EL(ρAa)
is conserved in time. The conservation is universal
in the sense that it is not influenced by the local
atom-field coupling constants gk and by the initial
state of the atomic system |Ψ(0)〉. It can be shown

that in the most generalized scenario of the multiple
JCM with H =

∑
k=A1, A2,...,AN

Hk the linear entropy
EL(ρA1a1) also remains a universal invariant. Quanti-
tatively, the net value of EL(ρA1a1) is determined by
the entanglement amount of the initial atomic state.
The physical reason for variation of the initial atomic
entanglement rests in the spreading out of entangle-
ment over all of the system’s degrees of freedom that
may become entangled with each other in all possi-
ble ways through the underlying local interactions.
Though the authors of Ref.[15] introduced a unique
form of entanglement invariant which is independent
of the initial (pure) atomic states, a solid derivation of
their form was not given. Hence, our study would shed
some light on the origin of entanglement invariant in
the so-called multiple JCM.
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Yöaç M, Yu T and Eberly J H 2007 J. Phys. B 40 S45

[10] Wang X and Wang Z D 2006 Phys. Rev. A 73 064302

Sun Z, Wang X and Sun C P 2007 Phys. Rev. A 75 062312

Yi X X and Wang W 2007 Phys. Rev. A 76 042109

Wang W, Fu L B and Yi X X 2007 Phys. Rev. A 75 045601

Ma Z H and Wang X G 2007 Phys. Rev. A 75 014304

Almeida M P, de Melo F, Hor-Meyll M, Salles A, Walborn

S P, Souto Ribeiro P H and Davidovich L 2007 Science

316 579
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[12] Gühne O and Tóth G 2006 Phys. Rev. A 73 052319

Yu T 2007 Phys. Lett. A 361 287

[13] Cui H T, Li K and Yi X X 2007 Phys. Lett. A 365 44

[14] Cavalcanti D, Oliveira J G Jr, Peixoto de Faria J G, Terra

Cunha M O and Santos M F 2006 Phys. Rev. A 74 042328

[15] Sainz I and Björk G 2007 Phys. Rev. A 76 042313

[16] Heydari H 2006 Quantum Inf. Comput. 6 166

[17] Manfredi G and Feix M R 2000 Phys. Rev. E 62 4665

Santos E and Ferrero M 2000 Phys. Rev. A 62 024101


