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1. Introduction

The representation theory and its applications
had been studied widely in Refs.[1-12]. But, the in-
termediate coordinate-momentum representation for
a multi-particles system has not been published yet.
In this paper, the new intermediate coordinate-
momentum representation of a multi-particles sys-
tem is proposed and applied to a general n-mode
quantum harmonic oscillators system with coordinate-
momentum coupling. First, we construct 2n interme-
diate coordinate-momentum operators Xl, Xg, Xg,
ceey Xn and ]51, ]527 Pg,,..

tem as follows

., P, for a n-particles sys-

X = Nidi + vipi, Py = 7mipi + 03,
1=1,2,3,...,n, (1)

where \;, v;, 7; and o; are real numbers. If
)\iTi — O;V; = 1, (2)

it is easy to see that 151, 152, 133, ceey b, are linearly
independent, and Xl, XQ, Xg, ..
dependent, which satisfy the following relations

., X, are linearly in-

(X, P =10y, 4,5 =1,2,3,...,m. (3)
We are challenged to search for the com-
mon eigenvectors (11, M2, 193,...,Mm) = [n), o0f

the intermediate coordinate-momentum operators
{Xy, X2, Xs,...
of integration within an ordered product (IWOP) of

,)A(n}. By virtue of the technique

operators!'l, we show that 7). makes a complete
representation and can be used for solving some new

n-particles dynamic problems.

of

intermediate coordinate-

2. Common
the
momentum operators {Xl, Xz,

eigenvectors

We begin with introducing the n-mode Fock space
spanned by
1, I, Ig,. ., 1) = (al al> alls aftn )

\/ll'lgllg'ln')|0000>7 where [&7, CAL-jr] = 5,;]'7

[000...0) = |0) is the ground state, a; and Ez;r are
related to z; and p; by
| N
N a; + a; . a; — ay;

V2T W2

We shall prove that the common eigenvectors [n), ,,
of {Xl, XQ, Xg, ..
space by

., X, } are given in n-mode Fock
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In fact, acting a; on |n), ,, we have
)\i — il/i
i=1,2,3,...,n. (6)

a; |77>,\,y = |77>>\7,/ )

The equation (6) leads to

X’i |77>/\,y:77i |77>/\’y? 1=1,2,3,...n. (7)

Thus we know that |n), , is the common eigenvector
of {Xl, XQ, X37 PN ,Xn}

//_oo (ﬁdm> )30 A (0

Jeoen] ™ ] L (Ten) e

iv; .9

3. The completeness relation of
‘7’>)\,V

We now examine if |n), , satisfies a completeness
relation. By virtue of IWOP technique and the normal
ordering form of the n-mode vacuum projector

00 =en{ -3 . ®)

we can easily perform the following integration:

.\ 1 )\er“w Ai — iy B
+)\i+iyiaz> 22;<>\ —iy; @ +)\1‘+1Viaz .

1=

Using Eq.(7), we can also calculate

e (01 X ), =0Daw 005, = )aw (') -

(i=1,2,...,n) (10)
which tell us that |n), , are orthonormal
o ('), = T80 —m) (11)

From Egs.(9) and (11
qualified for making up an intermediate coordinate-

), we see that |n), , are

momentum representation.

Furthermore, we can obtain

. 0 )
A,V <77| 1:)7, = _lik,u <77|7 (Z = 17273a cee 777’)'

.8771‘ (12)

4. Simultaneously squeezing uni-
tary transformation for X; i =
1,2,3,....n

We construct the following integral form unitary
operator
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oS (1)

L1 5 lsam. m2me. k3ms, - i) A (], (13)
=1

where k1, Ka,... and k, are n independent positive numbers. The unitarity of U can be seen from Eq.(11) by
calculating
o s n
uu' =( f@z) / / (H mdm) K1, 52m2, o K)o (0L 0) 5, (BU0L, Kamd, - iy |

( ) / / (Hdmdm> K11, Kama, - oo Kot (K10, K2l - s BTl | H5(m -
i=1
( ) / / (Hdm> K111, K22, - -5 Kontin) (RamLs Ktz - s K| = 1. (14)

:1:»151:1:1:

Using Eq.(7) and the IWOP technique, we can obtain

UX,\U (Hm)/ / (Hdmdm) Kam1, Kama, s i) aw (0] - X1 ')y, (R170, K2mhs - KTl
i=1
< 1T m) / / (H dmdm) K11, Kama, - s Kntn) xw (0] -0y 1) 5, (BAL, K2mhs - s By |
i=1
—<Hm) // (Hdmdng K171, K22, - KT <H5(77§ = m)> (K1, K2ms -« K|
i=1 o0 Ni=1 i=1
n fore) N
=<Hf€i> / / M (Hdm> [K1n1, Kama, - s Kptin) (K101, KM, - - - s K|
i=1 —o0 i=1
:Iil_lxla (15)
: > 7aaz2+ﬁr ﬁ
where we have used the mathematical formula xe dx = 5 e4a , Re(ar) > 0.
e !
Similarly, we have
UXoUt = k51 Xy, UXsUT = k31 X5, UX, U = 61X, (16)

From Eqs.(15) and (16), we can see that U is indeed an operator simultaneously squeezing Xl, Xg, Xg,. ..and
X,

5. The eigenvalue and eigenfunction of n-mode coupling quantum har-

monic oscillator Hamiltonian

Consider a general n-mode quantum harmonic oscillator system with coordinate-momentum coupling whose
Hamiltonian reads

A2
N n D; 1
H=> (2mZ + gmiw; & ) +;% Fipi + Pidi) = x DX, (17)

where x = (151 P2 ... Pn Miw1T1 Mowsels ... mnwnﬁ:n), v; are all real numbers,
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1
— 0o ...
2m1 1
0 — 0
2m2
0
0 0
i 1 0 ...
miwi
0o 2 9
moWwo
0
0

.0 o9 0. 0
miwi
0 0o -2 0. o0
maoWwo
0
o T 0
1 n
0 o 0 ..o0 -2
an 1 My Wn
0 —_— 0 ...... 0
2m1 1
0 — 0 . 0
2m2
0 0
1
0o " o ... .0
MpWn 2my, 2nx2n

D is a 2n x 2n symmetrical matrix of quadratic form. We construct the following concrete unitary matrix A

for H by virtue of mathematical theory

Let x' :AX’T, where X' = (]51 b ... P,

H=xDx' = x'ADAY'
/P2 1 .
=Y (55 + gmeiR?).
o \2mi 2
where
N 1 1
Xi=—F%% — —=——Pi,
V2 V2mw;
miwi

1
—=hi + — =i,
VRN

P, =

1
...... 0 — 0 ...... 0
V2
1
0 0 — 0
V2
0
o L 1
V2 . V2
0 — 0 0
V2
0 0 ;1 i
7 .
0
0 0
1 -1
0 — 0 0 0 —
\/5 \/i 2nx2n
mllel mQW2X2 e mnwan), then
\
Wi
R A S
223 zwi+2%’
(18) O =\Jw? — 432, i =1,2,3,4,...,n.
That is ¢ hoose A; = — !
at is to say, we choose \; = —, v; = ———,
Y V2 V2mw;
! %% which satisfy B (2). Sandwich
Ty — —F—=, 0 = s W . . W -
\/5 \/§ y Bq

ing Eq.(18) between » , (1| and eigenstate |E;) of H,
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we obtain tively
- 1
n
1 0 Lo o2 Ejjrgn = (ji+>h9u
; < 2u; 8772 v+ 2:“29 UB ‘PJ) Ejp;, (19) — 2
Piriain = | %3m0 #5:(m)
where ¢; = ., (n| E;) is the eigenfunction. Thus =1
the eigenvalues and eigenfunctions of the Schrédinger =Nj,exp(—a;n; ;/2)H. 5 (cami),
equation Eq.(19) in ., (1| representation are respec- Ji=0,1,2,3,...,

where o; = /p;§2;/h. To obtain the eigenfunctions in (x1, za,...,z,| representation, we now calculate the
overlap

d221
(1,29, .. :Un\n / /H‘ 1 (21,22, %y | 21,22,...,2 ><zl722,...,zn|n>)\71,
H 1 (mzwz) { <mzwz 2) . (fmzwz ) . - m;w; 2
== —Cexp § z; | —i E zin; | +1i E U
n/2 2h h 2h
(v2rh) P = P (20)

where we have used the over-completeness of n-mode coherent states and recovered Planck constant A and
omitted the complex number in the normalized coefficient whose modulus is 1. Then we obtain

0j(®1, T2, ..o, Ty) = (T1, T2, -+, T By, )

= / s / (H d7h> <.’131, L2, ..., $n|77>>\,u A\, v <77|Ej1j2-~~jn>
—00 Ng=1

n m;w; .Mmyw;
H{ \/mNjieXp<1 oF mf)Fjl(wl)}, (21)

1=1

where

0 L MW; V2mw;
Fj, () =/ dﬂiexp{l 0 — i — 7772 }Hji(aini)
— 00

2h h
dsi [ MW, V2m,w; a?
T aw / dmeXp{l on T T +2a"mt_t2}
- t=0
S P Rt i Y (22)
azh — imyw,; dtdi 2(afh? — imw;h) o
and we have used the mathematical formula Hj,(§) = dtJ }
t=0
The front three Fj,(x;) have forms as follows:
2mh —2m2w?a?
Fo(z:) = : )
()(‘T ) ulﬂz — Im;w; o {,LLL.Q h— 1mzwlh}
Fi(zi) = - . e
Wi (2 — im;w; wi (2 — im;w; wid;h — 1mlwzh
Fo(wi) = 2rh 2h(u? 22 + miw?) — 8u; Qmiw?a? —2miwiz?
2= wid2; — imgw; R 02 — imyw;)? uZ.Q h —im;w;h

(23)



4374 Xu Shi-Min et al Vol. 17
In particular, when ~; = 0, then u; = my;, 2; = w;, a; = \/m,;w;/h, we obtain
2 [Myw; m;w; o
[pol@:)|” =y /——exp| — ——a7 ),
2 [myw; 2muw; o m;w; o
lp1(z)|” = h Tf’%eXp — Z; |,
| (33>|2 _, [ L fama x; —1 2ex _ it o2
P2AEs Th 2\ n P novi)
., (24)

which is just the situation of the quantum harmonic
oscillator system without coupling.

In summary, we have found an intermediate
coordinate-momentum representation |7) Ap iDo7-
mode Fock space, which possesses orthonormal and

completeness relation, and provides a new approach
for solving some dynamic problems of n-particles sys-
The
IWOP technique plays an essential role in our deriva-

tems with coordinate-momentum interaction.

tions.
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