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1. Introduction

The representation theory and its applications
had been studied widely in Refs.[1–12]. But, the in-
termediate coordinate-momentum representation for
a multi-particles system has not been published yet.
In this paper, the new intermediate coordinate-
momentum representation of a multi-particles sys-
tem is proposed and applied to a general n-mode
quantum harmonic oscillators system with coordinate-
momentum coupling. First, we construct 2n interme-
diate coordinate-momentum operators X̂1, X̂2, X̂3,
. . ., X̂n and P̂1, P̂2, P̂3, . . . , P̂n for a n-particles sys-
tem as follows

X̂i = λix̂i + νip̂i, P̂i = τip̂i + σix̂i,

i = 1, 2, 3, . . . , n, (1)

where λi, νi, τi and σi are real numbers. If

λiτi − σiνi = 1, (2)

it is easy to see that P̂1, P̂2, P̂3, . . . , P̂n are linearly
independent, and X̂1, X̂2, X̂3, . . . , X̂n are linearly in-
dependent, which satisfy the following relations

[X̂i, P̂j ] = iδij , i, j = 1, 2, 3, . . . , n. (3)

We are challenged to search for the com-
mon eigenvectors |η1, η2, η3, . . . , ηn〉 ≡ |η〉λ,νof

the intermediate coordinate-momentum operators
{X̂1, X̂2, X̂3, . . . , X̂n}. By virtue of the technique
of integration within an ordered product (IWOP) of
operators[11], we show that |η〉λ,ν makes a complete
representation and can be used for solving some new
n-particles dynamic problems.

2. Common eigenvectors of

the intermediate coordinate-

momentum operators {X̂1, X̂2,

X̂3, . . . , X̂n}
We begin with introducing the n-mode Fock space

spanned by

|l1, l2, l3, . . . , ln〉 = (â†l11 â†l22 â†l33 . . . â†lnn /√
l1!l2!l3! . . . ln!) |000 . . . 0〉 , where [âi, â†j ] = δij ,

|000 . . . 0〉 ≡ |0〉 is the ground state, âi and â†i are
related to x̂i and p̂i by

x̂i =
âi + â†i√

2
, p̂i =

âi − â†i
i
√

2
. (4)

We shall prove that the common eigenvectors |η〉λ,ν

of {X̂1, X̂2, X̂3, . . . , X̂n} are given in n-mode Fock
space by
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|η〉λ,ν =
[
π

n∏

i=1

(λ2
i + ν2

i )
]−n/4

exp

{
−1

2

n∑

i=1

η2
i

λ2
i + ν2

i

+
√

2
n∑

i=1

ηi

λi − iνi
â†i

− 1
2

n∑

i=1

λi + iνi

λi − iνi
â†2i − i

1
2

n∑

i=1

λiσi + τiνi

λ2
i + ν2

i

η2
i

}
|0〉 . (5)

In fact, acting âi on |η〉λ,ν , we have

âi |η〉λ,ν =
[√

2ηi − (λi + iνi)â
†
i

λi − iνi

]
|η〉λ,ν ,

i =1, 2, 3, . . . , n. (6)

The equation (6) leads to

X̂i |η〉λ,ν = ηi |η〉λ,ν , i = 1, 2, 3, . . . n. (7)

Thus we know that |η〉λ,ν is the common eigenvector
of {X̂1, X̂2, X̂3, . . . , X̂n}.

3. The completeness relation of

|η〉λ,ν

We now examine if |η〉λ,ν satisfies a completeness
relation. By virtue of IWOP technique and the normal
ordering form of the n-mode vacuum projector

|0〉 〈0| =: exp
{
−

∑n

i=1
â†i âi

}
:, (8)

we can easily perform the following integration:

∫
. . .

∫ ∞

−∞

( n∏

i=1

dηi

)
|η〉λ,ν λ,ν 〈η|

=
[
π

n∏

i=1

(λ2
i + ν2

i )
]−n/2 ∫

. . .

∫ ∞

−∞

( n∏

i=1

dηi

)
: exp

{
−

n∑

i=1

η2
i

λ2
i + ν2

i

+
√

2
n∑

i=1

(
ηi

λi − iνi
â†i

+
ηi

λi + iνi
âi

)
−1

2

n∑

i=1

(
λi + iνi

λi − iνi
â†2i +

λi − iνi

λi + iνi
â2

i

)
−

n∑

i=1

â†i âi

}
:= 1. (9)

Using Eq.(7), we can also calculate

λ,ν 〈η′| X̂i |η〉λ,ν =(η′i)λ,ν 〈η′|η〉λ,ν = (ηi)λ,ν 〈η′|η〉λ,ν ,

(i =1, 2, . . . , n) (10)

which tell us that |η〉λ,ν are orthonormal

λ,ν 〈η′|η〉λ,ν =
n∏

i=1

δ(η′i − ηi). (11)

From Eqs.(9) and (11), we see that |η〉λ,ν are
qualified for making up an intermediate coordinate-
momentum representation.

Furthermore, we can obtain

λ,ν 〈η| P̂i = −i
∂

∂ηi
λ,ν 〈η| , (i = 1, 2, 3, . . . , n). (12)

4. Simultaneously squeezing uni-

tary transformation for X̂i, i =

1, 2, 3, . . . , n

We construct the following integral form unitary
operator
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U =
∫

. . .

∫ ∞

−∞

( n∏

i=1

dηi

)√√√√
n∏

i=1

κi |κ1η1, κ2η2, κ3η3, . . . , κnηn〉 λ,ν 〈η|, (13)

where κ1, κ2, . . . and κn are n independent positive numbers. The unitarity of U can be seen from Eq.(11) by
calculating

UU † =
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηidη′i

)
|κ1η1, κ2η2, . . . , κnηn〉 · λ,ν 〈η| |η′〉λ,ν 〈κ1η

′
1, κ2η

′
2, . . . , κnη′n|

=
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηidη′i

)
|κ1η1, κ2η2, . . . , κnηn〉 〈κ1η

′
1, κ2η

′
2, . . . , κnη′n|

n∏

i=1

δ(η′i − ηi)

=
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηi

)
|κ1η1, κ2η2, . . . , κnηn〉 〈κ1η1, κ2η2, . . . , κnηn| = 1. (14)

Using Eq.(7) and the IWOP technique, we can obtain

UX̂1U
† =

( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηidη′i

)
|κ1η1, κ2η2, . . . , κnηn〉 λ,ν 〈η| · X̂1 |η′〉λ,ν 〈κ1η

′
1, κ2η

′
2, . . . , κnη′n|

=
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηidη′i

)
|κ1η1, κ2η2, . . . , κnηn〉 λ,ν 〈η| · η′1 |η′〉λ,ν 〈κ1η

′
1, κ2η

′
2, . . . , κnη′n|

=
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞

( n∏

i=1

dηidη′i

)
|κ1η1, κ2η2, . . . , κnηn〉 · η′1

( n∏

i=1

δ(η′i − ηi)
)
〈κ1η

′
1, κ2η

′
2, . . . , κnη′n|

=
( n∏

i=1

κi

) ∫
. . .

∫ ∞

−∞
η1

( N∏

i=1

dηi

)
|κ1η1, κ2η2, . . . , κnηn〉 〈κ1η1, κ2η2, . . . , κnηn|

=κ−1
1 X̂1, (15)

where we have used the mathematical formula
∫ ∞

−∞
xe−αx2+βxdx =

β

2α

√
π

α
e

β2

4α , Re(α) > 0.

Similarly, we have

UX̂2U
† = κ−1

2 X̂2, UX̂3U
† = κ−1

3 X̂3, . . . , UX̂nU† = κ−1
n X̂n. (16)

From Eqs.(15) and (16), we can see that U is indeed an operator simultaneously squeezing X̂1, X̂2, X̂3,. . . and
X̂n.

5. The eigenvalue and eigenfunction of n-mode coupling quantum har-

monic oscillator Hamiltonian

Consider a general n-mode quantum harmonic oscillator system with coordinate-momentum coupling whose
Hamiltonian reads

Ĥ =
∑n

i=1

(
p̂2

i

2mi
+

1
2
miω

2
i x̂2

i

)
+

n∑

i=1

γi(x̂ip̂i + p̂ix̂i) = χDχ†, (17)

where χ =
(

p̂1 p̂2 . . . p̂n m1ω1x̂1 m2ω2x̂2 . . . mnωnx̂n

)
, γi are all real numbers,
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D =




1
2m1

0 . . . . . . 0
γ1

m1ω1
0 0 . . . 0

0
1

2m2
0 . . . 0 0

γ2

m2ω2
0 . . . 0

... 0
. . .

...
...

... 0
. . .

...
...

...
...

...
. . . 0

...
... . . . . . . 0

0 0 . . . 0
1

2mn
0 0 . . . 0

γn

mnωn
γ1

m1ω1
0 . . . . . . 0

1
2m1

0 . . . . . . 0

0
γ2

m2ω2
0 . . . . . . 0

1
2m2

0 . . . 0

... 0
. . . . . .

... . . .
. . . . . . . . .

...
...

...
...

. . . 0 . . . . . . . . .
. . . 0

0 . . . . . . 0
γn

mnωn
0 . . . . . . 0

1
2mn




2n×2n

.

D is a 2n × 2n symmetrical matrix of quadratic form. We construct the following concrete unitary matrix Ã

for Ĥ by virtue of mathematical theory

Ã =




1√
2

0 . . . . . . 0
1√
2

0 . . . . . . 0

0
1√
2

0 . . .
... 0

1√
2

0 . . .
...

... 0
. . . . . .

...
... 0

. . . . . .
...

...
...

. . . . . . 0
...

...
. . . . . . 0

0
... 0

1√
2

0
...

. . . 1√
2

1√
2

0 0
−1√

2
0 0

0
1√
2

0 . . .
... 0

−1√
2

. . . . . .
...

... 0
. . . . . .

...
... 0

. . . . . .
...

...
...

. . . . . . 0
...

. . . . . . 0

0 0 . . . 0
1√
2

0 0 . . . 0
−1√

2




2n×2n

.

Let χ† = Ãχ′†, where χ′ =
(

P̂1 P̂2 . . . P̂n m1ω1X̂1 m2ω2X̂2 . . . mnωnX̂n

)
, then

Ĥ =χDχ† = χ′ADÃχ′†

=
n∑

i=1

(
P̂ 2

i

2µi
+

1
2
µiΩ2

i X̂2
i

)
, (18)

where

X̂i =
1√
2
x̂i − 1√

2miωi

p̂i,

P̂i =
1√
2
p̂i +

miωi√
2

x̂i,

µi =mi
ωi

ωi + 2γi
,

Ωi =
√

ω2
i − 4γ2

i , i = 1, 2, 3, 4, . . . , n.

That is to say, we choose λi =
1√
2
, νi = − 1√

2miωi

,

τi =
1√
2
, σi =

miωi√
2

, which satisfy Eq.(2). Sandwich-

ing Eq.(18) between λ,ν 〈η| and eigenstate |Ej〉 of Ĥ,
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we obtain

n∑

i=1

(
− 1

2µi

∂2

∂η2
1

ϕj +
1
2
µiΩ2

i η
2
i ϕj

)
= Ejϕj , (19)

where ϕj ≡ λ,ν 〈η| Ej〉 is the eigenfunction. Thus
the eigenvalues and eigenfunctions of the Schrödinger
equation Eq.(19) in λ,ν 〈η| representation are respec-

tively

Ej1j2...jn
=

n∑

i=1

(
ji +

1
2

)
~Ωi,

ϕj1j2...jn
=

n∏

i=1

ϕji
(ηi), ϕji

(ηi)

=Nji
exp(−αiη

2
i /2)Hji

(αiηi),

ji =0, 1, 2, 3, . . . ,

where αi =
√

µiΩi/~. To obtain the eigenfunctions in 〈x1, x2, . . . , xn| representation, we now calculate the
overlap

〈x1,x2, . . . , xn|η〉λ,ν =
∫

. . .

∫ ∏n
i=1 (d2zi)

πn
〈x1,x2, . . . , xn | z1, z2, . . . , zn〉 〈z1, z2, . . . , zn | η〉λ,ν

=

√∏n
i=1 (miωi)

(
√

2π~)n/2
exp

{
i

n∑

i=1

(
miωi

2~
x2

i

)
− i

n∑

i=1

(√
2miωi

~
xiηi

)
+ i

n∑

i=1

(
miωi

2~
η2

i

)}
,

(20)

where we have used the over-completeness of n-mode coherent states and recovered Planck constant ~ and
omitted the complex number in the normalized coefficient whose modulus is 1. Then we obtain

ϕj(x1,x2, . . . ,xn) = 〈x1,x2, . . . ,xn|Ej1j2...jn〉

=
∫

. . .

∫ ∞

−∞

( n∏

i=1

dηi

)
〈x1,x2, . . . ,xn|η〉λ,ν λ,ν 〈η|Ej1j2...jn

〉

=
n∏

i=1

{√
miωi√

2π~
Nji

exp
(

i
miωi

2~
x2

i

)
Fji

(xi)
}

, (21)

where

Fji
(xi) =

∫ ∞

−∞
dηiexp

{
i
miωi

2~
η2

i − i
√

2miωi

~
xiηi − α2

i

2
η2

i

}
Hji

(αiηi)

=
dji

dtji

∫ ∞

−∞
dηiexp

{
i
miωi

2~
η2

i − i
√

2miωi

~
xiηi − α2

i

2
η2

i + 2αiηit− t2
}∣∣∣∣∣

t=0

=

√
2π~

α2
i ~− imiωi

dji

dtji
exp

{
(2αi~t− i

√
2miωixi)2

2(α2
i ~2 − imiωi~)

− t2
}∣∣∣∣∣

t=0

, (22)

and we have used the mathematical formula Hji
(ξ) =

dji

dtji
exp{2ξt− t2}

∣∣∣∣
t=0

.

The front three Fji
(xi) have forms as follows:

F0(xi) =

√
2π~

µiΩi − imiωi
exp

{ −2m2
i ω

2
i x2

i

µiΩi~− imiωi~

}
,

F1(xi) =

√
2π~

µiΩi − imiωi

−i2
√

2µiΩi/~miωixi

µiΩi − imiωi
exp

{ −2m2
i ω

2
i x2

i

µiΩi~− imiωi~

}
,

F2(xi) =

√
2π~

µiΩi − imiωi

2~(µ2
i Ω

2
i + m2

i ω
2
i )− 8µiΩim

2
i ω

2
i x2

i

~(µiΩi − imiωi)2
exp

{ −2m2
i ω

2
i x2

i

µiΩi~− imiωi~

}
,

. . . . (23)
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In particular, when γi = 0, then µi = mi, Ωi = ωi, αi =
√

miωi/~, we obtain

|ϕ0(xi)|2 =
√

miωi

π~
exp

(
− miωi

~
x2

i

)
,

|ϕ1(xi)|2 =
√

miωi

π~
2miωi

~
x2

i exp
(
− miωi

~
x2

i

)
,

|ϕ2(xi)|2 =
√

miωi

π~
1
2

(
2miωi

~
x2

i − 1
)2

exp
(
− miωi

~
x2

i

)
,

. . . , (24)

which is just the situation of the quantum harmonic
oscillator system without coupling.

In summary, we have found an intermediate
coordinate-momentum representation |η〉λ,ν in n-
mode Fock space, which possesses orthonormal and

completeness relation, and provides a new approach
for solving some dynamic problems of n-particles sys-
tems with coordinate-momentum interaction. The
IWOP technique plays an essential role in our deriva-
tions.
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