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For a Birkhoffian system in the event space, this paper presents the Routh method of reduction. The parametric

equations of the Birkhoffian system in the event space are established, and the definition of cyclic coordinates for the

system is given and the corresponding cyclic integral is obtained. Through the cyclic integral, the order of the system

can be reduced. The Routh functions for the Birkhoffian system in the event space are constructed, and the Routh

method of reduction is successfully generalized to the Birkhoffian system in the event space. The results show that if

the system has a cyclic integral, then the parametric equations of the system can be reduced at least by two degrees

and the form of the equations holds. An example is given to illustrate the application of the results.
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1. Introduction

For a holonomic conservative mechanical system,
the Lagrangian equations of the system can be reduced
by cancelling the cyclic coordinates through the con-
struction of Routh function using cyclic integrals, and
the form of Lagrangian equations holds after reduc-
tion, which is the famous Routh method of reduction
in analytical mechanics.[1:?l In last 20 years, more at-
tentions have been paid to the Routh method of re-
duction for constrained mechanical systems, and there
have been some important results of research on Routh
reduction.>=8 But the research on Routh reduction
for Birkhoffian systems in the event space has not been
reported yet. In this paper, the Routh method of re-
duction for Lagrangian system is successfully general-
ized to the Birkhoffian system in the event space. By
construction of a series of new dynamical functions
called Routh functions of the Birkhoffian system, we
study the reduction problem for Birkhoffian systems
in the event space.

2. The

Birkhoffian system in the event

cyclic integral for a

space

We consider a Birkhoffian system which is de-
termined by the Birkhoff variables a* (u = 1,...,2n).

Now we construct an event space of (2n+1) di-
mensions.  The coordinates of space points are
a*(uw=1,...,2n) and ¢, which may be regarded as
totally independent variables. Introducing the nota-

tion
(u=1,...,2n) (1)

we can give all the variables z, (a = 1,...,2n + 1) as

z1 =1t Tuqr =a,

functions of some parameter 7. Let z, = z, (7) be
some curves of class C? such that
dz, ,

= 2
=, @)
are not all zero at the same time, and we have
. dz, 2,
Cde x) ®)

For a given Birkhoffian B = B (t,a”) and given
Birkhoff’s functions R, = R, (t,a”)(p=1,...,2n),
the Birkhoff’s functions B, (z3) (o = 1,...,2n+ 1) of
parametric form in the event space are defined by the
equalities

Bl (.Z'ﬁ) =-B (mla T2ywn- ax2n+1) 3

B#+1 (l’ﬁ) = RH (.’El,l'g, .. ..’E2n+1) y

(n=1,...,2n). (4)

The parametric equations in the event space for

the Birkhoffian system can be written in the following
form

0Bs 0B.\ , _ _
<8xa_3zg)$ﬁ_o’ (a=1,....,2n4+1). (5)
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If the Birkhoff’s functions B, do not explicitly in-  Substituting Eq.(10) into Eq.(11), we have
clude some variable z (1 < k <2n+ 1) in the event
. . A 0 (4 N
space, i.e. B =B, — E (ijj) = B} (zg,cx),
B, =1,... ; j
‘3 =0, (a=1,....2n+1;1 <k <2n+1), (6) (@=1....2n+ ;5 #k,j) (12)
Lk
. . . ) From Eq.(12), we get
then zy, is called a cyclic coordinate of the Birkhoffian
system in event space. 5 [ A
Since zj is a cyclic coordinate, the k-th equation OB, _ 0Ba. 9 (ijj) (13)
of the parametric equations (5) takes the form Oz Oz Odxo0xp
0B\ Since
“owy )00 (7) A
’ 0B, 0B, 9B. 0f;
that is Org  Org  Oxj Oxg’
(a,B=1,....2n+ 1,8 #k,j), (14)
B 5
dr 7 substituting Eq.(14) into Eq.(13), we have
therefore
o (7
0B, 0B, 0B, of; 9 (ijj)
By, ) P -1 gy m = ) 9 Oz: & > 2
k(71,22 Ph—1) Tkl Tan+1) = ck 9) 0z 0z dxj Oxp 0r,0xg
here ¢ is an arbitrary constant. Obviously, the in- (0, 86=1,....2n+1;8#k,j). (15)

tegral (9) is a first integral of Eq.(5), called a cyclic
integral corresponding to the cyclic coordinate xj, for
the Birkhoffian system in the event space.

3. The Routh method of reduc-
tion for a Birkhoffian system in

the event space

In 1877, Routh presented a method for reduction
of the Lagrange equations which may cancel cyclic
variables by using cyclic integrals.'"2l The Routh
method not only realize the aim of reduction but also
make the reduced equations to keep the form of La-
grange equations. Now we try to generalize the work
of Routh to the Birkhoffian system in the event space.

If z is a cyclic coordinate, then the system has
a cyclic integral (9). Assume that some z; can be
expressed as a function of variables zg (8 # k,j), c
from Eq.(9), that is

zj = fj(wg,cr), (B#E,J). (10)

Now we construct the Routh functions of the
Birkhoffian system in the event space as

0

B =B, — —
@ 0Tq

(ijj)a (0[:1,,27’L+1)(11)

Using Eq.(15), and considering the relation (10), we

0Bs  0B. o
Oro Oz ) "
0B; 0B 0B, [ 0f;
_ B8 _ o / a (Y915 o
B <8xa 8xg>x5+ Ox; (&mxﬁ x]>
_ 91 (9Bs
al’a 8xj s
0B}  9B* of; (0B
_ B _ « /I B
- <8aja 0z ) T8 Bz <8mj * > - 16

From Eq.(11), we get

obtain

9B, _ 0*f;

B _ 0B, 9f;
dex, 1 9z, 0ck,

Oz Ocy,

(17)

Multiplying both sides of Eq.(17) by «/,, and summing

up relative to «a, we have

oB; , o*f; , 0B;Of; ,

Ocy, Toa = —B; Oz, 0cy, Yo ™ Oz, 37%9[;“
_d of;
- dr <B] 8ck) ' (18)

Taking notice of Eq.(11) and Eq.(9), we have

Substituting Eq.(19) into Eq.(18), we get
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d af 8B* 2 1 3 2 4 2
= _ — (B, 2L ) — a B:aJrf[a + (a },
Tk dT( Tdex) o 3 (@) + ()
(a=1,....2n+ 1,0 #k). (20) Ry =d’, Ry =a",R3 = Ry = 0. (25)
Integrating Eq.(20) with respect to the parameter 7, Firstly, we establish the parametric equations of
we obtain the system in the event space. Equation (4) gives
af; 0B
m’@:_Bjaij_ Dep ZodT Loy s
Ck C Bl = —T3 — = (1'4 + 1'5) s BZ = T4,
(a=1,....2n+1; a#k). (21) 2
Bg = X5, B4 = B5 =0. (26)

From Egs.(5), (16) and (21), we can obtain the
following proposition.

Proposition 1 For a Birkhoffian system (5) in
the event space, if z; (1 <k <2n+ 1) is a cyclic co-
ordinate, and satisfies the following conditions

9fi (9Bs ,\ _ _
8$a(8szﬁ =0, (a=1...2n+1), (22

then the (2n + 1) Birkhoffian equations (5) can be re-
duced to (2n — 1) equations as follows:

0B} 9B
8 o r_
(8xa Oz ) 75 =0,

(a=1,....2n+L;a#k,j), (23)

where B are determined by Eq.(12). Equation (23)
may be called Routh equations of the Birkhoffian sys-
tem in the event space. In the meanwhile, x;, z; are
given by Eq.(10) and Eq.(21) respectively.

From Proposition 1, we can obtain the following
propositions.

Proposition 2 For a Birkhoffian system (5) in
the event space, if z; (1 <k <2n+ 1) is a cyclic co-
ordinate, and from the cyclic integral By = c; some
x; can be expressed as

zj = [ (), (24)

then the (2n + 1) Birkhoffian equations (5) can be re-
duced to (2n — 1) Routh equations (23), and xj is
given by Eq.(21).

Proposition 3 For a Birkhoffian system (5) in
the event space, if xy, x; are cyclic coordinates, then
the (2n + 1) Birkhoffian equations (5) can be reduced
to (2n — 1) Routh equations (23), and x;, z, are given
by Eq.(10) and Eq.(21) respectively.

4. Example

As an example, we study the reduction problem of
a fourth-order Birkhoffian system in the event space,
whose Birkhoffian and Birkhoff’s functions arel

The parametric equations represented by Eq.(5)

give

/ / /
Tg + x4y + T5T5 = 0,
! ! /!
—.1‘4207 —:L‘l _.'175 :O7
/ /
—x427 + 25 =0,

—x52) + 2 = 0. (27)

Obviously, x5 is a cyclic coordinate, therefore, the
system has a cyclic integral

By = ¢ = const. (28)

From Eq.(28), we get
Ty = f4 = C3. (29)

From Eq.(12) we have

* 1 2 2
B = —x3— 3 (02+x5),

B; =c¢3, By =uwz5, By =DB=0. (30)
Hence the Routh equations represented by Eq.(23)

give

rh + xsws = 0,

—ry — 25 =0,

—z52) + 2 = 0. (31)
Equation (31) is a set of three first order differential
equations, comparing with Eq.(27), we find that the

number of equations is reduced by 2.
According to Eq.(21), we get

To = /ch’ldT = comw1 + ¢, (32)

where c is an arbitrary constant. The motion of the
system is given by Eqgs.(31), (29) and (32).
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