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This paper studies the Lie symmetry and Hojman conserved quantity of the Nambu system. The determining

equations of Lie symmetry for the system are given. The conditions for existence and the form of the Hojman conserved

quantity led by the Lie symmetry for the system are obtained. Finally, an example is given to illustrate the application

of the results.
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1. Introduction

The conservation laws for a dynamical system
play an important role in the fields of mathemat-
ics, mechanics and physics. A recent development
direction is to study the conserved quantities by us-
ing symmetrical methods of the systems in analyti-
cal mechanics, which is very important to learn the
physical states and properties of the systems. There
are three main symmetrical methods used to seek the
conserved quantity of the dynamical system: Noether
symmetry,[! Lie symmetry,[? and Mei symmetry.!3—5]
Recently, many important achievements have been ob-
tained in this popular research field.[3—11]

In 1973, Nambu proposed a generalization of
ordinary Hamilton mechanics which is now called
Nambu mechanics.['? Mukunda et al studied the con-
nections between the Nambu system and Hamilton
system.l13=15 Ogawa et al presented a Lagrangian
formulation for Nambu mechanics and advanced an
application Euler equation.'®! Now, Nambu mechan-
ics system is widely used in particle physics, cosmog-
raphy, string theory, hydrodynamics, mathematical
physics, and computational mathematics, etc.

The symmetries and conserved quantities of the
Nambu system with high dimensions has been rarely
studied so far. In this paper, we study the Lie sym-
metry and Hojman conserved quantity of the Nambu
system. We construct the determining equations of
Lie symmetry for the Nambu system. The conditions
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for existence and the form of the Hojman conserved
quantity led by the Lie symmetry for the system are
obtained.

2. The Nambu mechanical sys-

tem

Suppose that the configuration of a mechanical
system in n-dimensional phase space is determined by
n generalized coordinates ¢; (i = 1,2,...,n). For
any functions A4;(qg), we define the Nambu-Poisson
bracket:

{Al(q)a AZ(q)7 SRR An(q)}
0A1 044 0A;

aql 3(]2 o aQH
0As 0As 0A,

= dq1 0ge o 0qn . (1 )
8f4n 6An aAn

o1 Oqz " Ogn
Introducing n — 1 Nambu—Hamilton functions
Hi(q) (k =1,2,....,n—
tions of motion of the Nambu mechanical system as

1), we can write the equa-

G; = {(Jqu(Q)a . '7Hn71(q)}a
(i=1,2,....n). )

For any function F(q,...,¢n,) in which the time

is invariable, we have
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dF _ O(F Hy,...,Hy 1) 4. The Hojman conserved quan-
dt a(qlaq27"'7qn) o
— (F.Hy,... Hy ). tity of Nambu system

The action of Nambu mechanical system is

/ .Q(n_l) = / qldqg/\.../\dqn
Cn_1 Chn-1

—HidHo A ... ANdH,,—1 AdE. (3)

Apparently, when we take n = 2, this system de-
generates to a Hamilton system.

3. Lie symmetry of Nambu sys-

tem

The Lie symmetry is an invariance of differential
equations under the infinitesimal transformations.!”

Introducing the infinitesimal transformations

t"=t+At, g (t") = q(t) + Ag,
(i=1,2,...,n), (4)

we get the expanded formulae

=t + E€O(t7 q)a
q; (t") = qi(t) + €&i(t, q), (5)
where ¢ is an infinitesimal parameter, and &g, §; are

the generators of infinitesimal transformations.
Expanding Eq.(2), we get

Qi:gi(tvq)a (i:172""7n)' (6)

According to the invariance of differential equa-
tions under the infinitesimal transformations, the in-

variance of the Nambu differential equations (6) is

XO(g—gi(t,q) =0, (i=1,2,...,n), (7)

dg  d&) 0
(dt gldt)aq.i, ®)
d_ 3+ 0

a ot Toq

Equation (7) can be expanded as

where

XU =g +5Z

A& dfo 891 g
dt 50 5 8qj7
(i,j:1,2,...,’ﬂ). (9)

We call Eq.(9) the set of determining equations of Lie
symmetry of the Nambu system.

The Lie symmetry of the Nambu system can lead
to the Hojman conserved quantity under certain con-
ditions.

Theorem In the Nambu system, if the genera-
tors &g, & satisfy the conditions

(€ - 91600 =0, (ij=12...n), (10)
7 joaqjaql ) ) 9Ly ey )
the system possesses the following Hojman conserved
quantity:
Iy = i(f — £o0gi) = const (11)
H — aqi % 09i) = .

Proof We have

(_iﬂ é afi afo ¢ 0g;
dt dt 8qi 8q1 05’%‘
(o oy ddg
dt \9¢; Ot dt dt
d 09;
-5 (052) (12)

Noticing the following equations:

08 _ 9 (A% 9 oy,
dt ot ot \ dt 0q; Ot
dt 0g;  Og; \ dt dq; 0qs’

we get

(0 o
dt ot 6qi

o @ %0 0 (&) 05 0y
ot dq; Ot 8ql dt dq; 0qs

. 8 ng dgz agz 891
~ i () *an ()~ (05 +550)

9? gi 5292’
toggat T 500

_ déo o (dg o (d& déo
_8t( )+3qi(dt)_8qi(dt_gdt>

o 9i 329i
+§Oa 0t TS 8000

_ déo 9gi ( 9% 9&o
W ( >+ 9q; (at t 95 5,
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8291‘
g0t

A8

dg; 0%g;
+gs (50 g) gsﬁoa gq

3291’
* 53 aqz aQS

agz 6291’
(50 ) —& 90,0t

2 8297;
+§0 8(]7at & aQZaQS

_d (d& dgi
T at ( dt ) (50 )
82 i
+(€.s _9850) aq gq_'

Using Eq.(14) and the conditions (10), we can ob-
tain

(14)

dIy
=" _o. 1
g Y (15)

5. Argument

The Hojman conserved quantity of the Nambu
system has more generalized significance. It can de-
generate to the Hojman conserved quantity of the
Hamilton system.

When the dimension of the Nambu system is two,
equations represented by Eq.(2) are just the canoni-
cal equations of the Hamilton system, and equations
represented by Eq.(6) become

OH OH

gS:aT?s’ hs:—aiqs' (16)

The variables ¢; of the Nambu system (i = 1,2)
include the canonical variables ¢, and ps of Hamil-
ton system, and &; include the generators &; and 7.
So, in Hamilton system, the conditions represented
by Eq.(10) for the existence of the Hojman conserved
quantity for the Nambu system become

0%g;
(5 gng)aqjan
6 gy (2, O
= (& gjfo)aqj (5615 + 3;05)
o [0 (oH 9 (_0H
= (& —gjfo)aqu [aqs <8ps) * op, (_3%”
o (17)

For the Hamilton system, we can see that these
conditions can always be achieved no matter what the

generators are chosen. So Lie symmetry can always
lead to the Hojman conserved quantity for Hamilton
system. Then the Hojman conserved quantity (11) of
the Nambu system becomes

06  On, 0% _ d&% (18)

Iy =
17 9g, + Op, Ot dt’

which is just the Hojman conserved quantity led by

Lie symmetry of the Hamilton system.!!?)

6. Example

Suppose that the two Nambu—Hamilton functions
of the Nambu system with three dimensions are:

1
Hl = 5(‘%‘% —‘rl‘%),
1
Hy; = 5(35% — 2+ x3). (19)

We get the equations of motion of the system:

i.l = T2,
ij = —T,
Zi’3 = —4!171$2. (20)

The determining equations of Lie symmetry are:

d& df

0
at g = = &,
d§2 . d§0 - 7&-
Elt 92 1,
dé- d
§ _ 933 = —dao& — 4a16o. (21)

Using Eq.(20), we can obtain the following solu-

tions:

fo =& =& =0,& = In(227 + 23). (22)

Apparently they satisfy the conditions Eq.(10). Sub-
stituting them into Eq.(11), we can get the Hojman
conserved quantity led by the Lie symmetry of the
Nambu system

Iy=-———= t. 23
H 27 o cons (23)
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