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Based on the Bécklund method and the multilinear variable separation approach (MLVSA), this paper finds a

general solution including two arbitrary functions for the (241)-dimensional Burgers equations. Then a class of new

doubly periodic wave solutions for (2+41)-dimensional Burgers equations is obtained by introducing appropriate Jacobi

elliptic functions, Weierstrass elliptic functions and their combination in the general solutions (which contains two

arbitrary functions). Two types of limit cases are considered. Firstly, taking one of the moduli to be unity and the

other zero, it obtains particular wave (called semi-localized) patterns, which is periodic in one direction, but localized

in the other direction. Secondly, if both moduli are tending to 1 as a limit, it derives some novel localized excitations

(two-dromion solution).

Keywords: (2+1)-dimensional Burgers equation, mutilinear variable separation approach, periodic
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1. Introduction

Solitons, chaos and fractals are three most im-
portant aspects of nonlinear science.!~5 They are
widely applied in many branches of natural science
such as chemistry, biology, mathematics, communica-
tion and particularly in almost all branches of physics
like the fluid dynamics, plasma physics, field theory,
optics, condensed matter physics, etc.[6=8] Usually,
these three aspects are treated independently since
one often considers that solitons are the basic exci-
tations of the integrable models while the chaos and
fractals are the elementary behaviours of the noninte-
grable systems. In other words, one does not analyse
the possibility of the existence of chaos and fractals
in a soliton system. However, the above considera-
tion may not be complete especially in some higher di-
mensions. In recent study of soliton systems, one has
found that some characteristic lower-dimensional ar-
bitrary functions are existed in the exact excitations of
some two-dimensional integrable models. This means
that any lower-dimensional chaotic and fractal solu-
tions can be used to construct the exact solutions of
the higher dimensional integrable models, which imply

that any exotic behaviour may propagate along this
characteristics. In order to solve higher-dimensional
nonlinear evolution equation, two kinds of ‘variables
separating’ procedure, which are an extension of the
variable separation method in the linear case, have
been established recently. The first kind of method is
called the symmetry constraint or nonlinearization of
the Lax pairs because this type of procedure is used
only for integrable models which possess Lax pairs so
that it is called equivalently the ‘formal variable sep-
aration approach’ (FVSA).[g] The independent vari-
ables of a reduced field in FVSA have not totally
been separated though the reduced field satisfies some
lower-dimensional equations. The second kind of vari-
able separation method is established first by Lou and
Lu early in 1996.1'% Lou and Lu successfully applied
a kind of variable separation method firstly for the
Davey-Stewartson (DS) equation.'%) Quite recently,
the method, now called multilinear variable separa-
tion approach (MLVSA), has been revisited and devel-
oped well for various (2+41)-dimensional models!* 2]
including the differential-difference equations.l?!! As
a matter of fact, a nearly systematic process of the
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MLVSA to solve (241)-dimensional non-linear partial
differential and differential-difference equations has
been established. Furthermore the MLVSA is still in
progress, it aims at obtaining more general solutions
in the sense that it admits more arbitrary separation
functions entering into the solutions.[22:23]

Recently, the doubly periodic wave solutions in
terms of the Jacobi elliptic functions for the nonlinear
partial differential equations (PDEs) attract consider-
able interest>=34 because of the elegant properties

of the elliptic functions. The Jacobi elliptic functions

sng = sn(¢lm), cng = cen(§lm), dng = dn(¢|m),

where m (0 < m < 1) is the modulus of the elliptic
function, are doubly periodic and possess properties

of trigonometric functions, namely,

sn?¢ 4+ cn?¢ =1, dn%¢ + m?sn’€ =1,

(sng)’ = enédn,
(cng)” = —snédng,
(dné)’ = —m?snécné.

When m — 0, the Jacobi elliptic functions degenerate

to the trigonometric functions, i.e.,

sné — siné, cné — cos§, dnf — 1.

When m — 1, the Jacobi elliptic functions degenerate
to the hyperbolic functions, i.e.

sné — tanh &, cnf — seché, dn& — sechf.

Detailed explanations about Jacobi elliptic functions
can be found in Refs.[35] and [36]. However, the inter-
action properties of the Jacobi elliptic waves have not
yet been reported in the literatures. In order to obtain
the Jacobi elliptic wave solutions for a given nonlin-
ear PDE, some elegant techniques are invented, e.g.,
Legendre polynomial and Lamé equation method,?”!
theta function method,/?®! the (modified) mapping
method, 29734 ete.

One of our topics in the present work is devoted
to demonstrating that MLVSA, such a power method
for obtaining the solutions of the nonlinear PDEs, can
also be used to obtain the doubly periodic wave solu-
tions for the nonlinear PDE under consideration. And
another is devoted to studying a class of new doubly
periodic wave solutions and the interaction properties
of the Jacobi elliptic waves. Especially, we consider
the (2+41)-dimensional Burgers equation as a simple

illustrative example in this paper. The structure of

this paper is elucidated as follows. In Section 2, a

general solution including two arbitrary functions is
obtained for the Burgers equation by means of the
MLVSA. By choosing appropriately these arbitrary
functions, a class of doubly periodic wave solutions
for the equation in question are given in Section 3.
Section 4 is devoted to studying the interaction prop-
erties of the periodic waves by virtue of the numerical
method. Some conclusions and discussion are given in

the last section.

2. A general solution to the Burg-

ers equation

Let us consider the (241)-dimensional Burgers
equation

Ut = Uy + AVUg + Dty + abugy, (1)

Uy = Uy. (2)

An equivalent form of the Burgers equations is derived

from the generalized Painlevé integrability classifica-

tion in Ref.[37]. One can obtain some special solutions

of Egs.(1) and (2) by introducing the Bécklund trans-

formation

u=2b(In f), + uo, (3)
v =2b(In f), + vo, (4)

where ug, vg are two arbitrary seed solutions. For sim-
plicity, we fix the seed solutions as ug = 0, v = ¢(z, t).
Substituting Eqgs.(3) and (4) into Eqgs.(1) and (2)

one arrives at

(= fyt + avofuy + bfyyy + abfuay) f + fyfe
_avofwfy+bfyyfy _abfmmfy =0, (5)

which can be changed into bilinear form as follows:

[-DyD; + avoD,D,\f - f
+b[D} +aD2D,)f - f=0.

Here, mark D is a bilinear operator under the Hirota
significance

DDy DEgf =02 — o)™ 0y — 3"
x (Ot — 8t/)kg flla=ar =y t=1")-

Then the following equation can be obtained:

(fy - fay)(ft - CWsz - bfyy - abfmc) =0.
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With the help of the above equation, Eq.(5) can
be simplified into a linear PDE

ft_avofm_bfyy_abfwwzo' (6)

By Eq.(6) the equation (5) is satisfied identically.
Because of Eq.(6) being a linear PDE, one can use
linear iteration principle such that f takes the form

N
f:)"i‘zpk(xvt)(ﬂc(yvt)v (7)
k=0
where X is an arbitrary constant, pg(z,t) = pr and
qr(y,t) = qx are variable separation functions of {x,t}
and {y,t} respectively.
Substituting Eq.(7) into Eq.(6) one can derive the
following variable separation system of equations

N M
Pkt — QUOPkz — AbPkax + Z Z Tupk =0,  (8)
k=0 1=0
N M
Tt — by — Z ZTkZQk =0, (9)
k=0 1=0

where 7y (k=1,2,...,N;l=1,2,..., M) are all arbi-
trary functions of variable t.

The corresponding variable separation solutions
of the (2+1)-dimensional Burgers equations (1) and
(2) are given by

N
u= k=0

N
A+ D Prak
k=0

N
20 3 PraPr
k=0
V= — N + vg,

A+ D prak
k=0

where vo, pg, g satisfy Eqgs.(8) and (9).

Now we shall discuss two special cases.

Casel M =N=1,{p1,q1} = {p, ¢}, 711 = 7(¢).
Equations (7), (8) and (9) can be changed into

f=A+pg,
Pt — aVoPx — abpxx + T(t)p = 07
qi — bgyy — 7(t)g = 0. (10)

Because of v being an arbitrary function of {z, t},
we can take p as an arbitrary function of {x,t}. Then
the seed solution vy can be determined by Eq.(10),

_ Pt — abpzz + T(t)p
ape '

Vo

The variable-separable solutions of Egs.(1) and
(2) possess the form

_ 2bpgy
u = )
A+ pq
_ 2bpeq | pr — abpee + Tip
= + )
A+ g apey
Case 2 M = 1,N = 3.\ = ao, {p1,1} =
{p(I,t),CLl}, {anQ2} = {G’Q;q(yvt)}; {p37Q3} =
{p(z,t),a3q(y,t)}, Ti(t) = 0, where a; (i = 0...,3)
are arbitrary constants.

Equations (7), (8) and (9) can be transformed into

f = a0+ a1p+ a2q + aspq, (11)
Pt — avopy — abprr = 0, (12)
gt — bgyy = 0. (13)

According to Eqs.(11)—(13), we can yield another
variable-separable solution of Eqgs.(1) and (2):

" 2b(az + asp)qy
ag + a1p + azq + azpq’
~ 2b(a1 + azq)p.
ao + a1p + azq + aspq
Pt — abpww
ape

+ (14)

3. New periodic wave solutions

The arbitrariness of functions p(z,t) and q(y,t)
included in the above solutions implies that the phys-
ical quantities u and v possess rich structures. For
example, based on the variable separation solutions of
Case 1, one can find abundant stable localized exci-
tations such as dromions, breathers, lumps, peakons,
campactons and foldons, as well as fractal patterns
and chaotic patterns, etc., which are neglected in the
present paper since some similar situations have been
reported in proceeding literature. In terms of the vari-
able separation solutions of Case 2, we will discuss
some significant localized excitations derived from
the variable separation solutions, namely Eq.(14), by
choosing appropriately the arbitrary functions p and
@, one can obtain a diversity of exact solutions to the
(241)-dimensional Burgers equation.

However, we are only interested in the periodic
wave solutions in terms of the Jacobi elliptic functions
in this paper. It is worth while noticing that the Ja-
cobi transformation dn(¢|m) = cn(¥mé|lm=1)?4 im-
plies that any solution found by the dn-function may
be transformed into an equivalent one which can be
obtained by cn-function. Moreover, since other Jacobi
elliptic functions have singularities, we consider only
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the periodic wave solutions in terms of sn-functions
and cn-functions. There are several cases to be con-
sidered.

Case 1 For p = sn®(kz — vit) = sn3¢ | ¢ =
sn3(ly — vot) = snn, we have

B 6b(ag + azsn3¢)sn?nenndnn
" ag + aysn3€ 4 agsndn + azsndsndy’

(15)

whose typical spatial structure is shown in Fig.1. This
is a periodic wave solution and the parameters are
ag = —6,a1 = —1l,a0 = —-1,a3=05,b=1,k=1,l=
1,v1 =0,v2 =0,m; =0.9,my = 0.6 and t = 0.

Fig.4d. m1 =1, ma =1, t=4.

Asm; — 1and mg — 0,0or m; — 1 and my — 0
we can obtain a half package of defined structures to
Fig.1. m1 = 0.9, ma = 0.6, t = 0. Eqgs.(1) and (2), which is illustrated in Figs.5 and 6.

As my; — 1 and my — 1, equation (15) degener-
ates to

B 6b(az + as tanh® €) tanh? nsech?n
ao + a1 tanh® € + ay tanh® 1y + as tanh® € tanh®

The solution is plotted in Figs.2, 3 and 4. It is a

new solution to Eqgs.(1) and (2). Fig.5. my = 0. ms =1, £ = 0.

Fig.2. m; =1, ma2 =1, t = —4. Fig.6. m; =1, me =0, t =0.
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Case 2 For p = cn®(kx — v1t) = cn3¢ | ¢ =
sn3(ly — vot) = sn3n, with the help of Eq.(14), we ob-
tain a doubly periodic wave solution to Egs.(1) and
(2)

—6b(az + azen®¢)en?nsnndnny
~ag + ayen3é + asendn + agen3éendn’

(16)
Its typical spatial structure is depicted in Fig.7.
As m; — 1 and mo — 1, equation becomes

—6b(ag + agsech®¢)sech®n tanh n
ap + alsechgf + as tanh® n+ agsechgfsechgn ’

which is illustrated in Fig.8. It is another novel solu-
tion to Egs.(1) and (2). In the same way, as m; — 1
and mg — 0, or m; — 1 and mgo — 0 we can also get
half package of defined structures to Eqgs.(1) and (2).

ﬂy e,

Gl

h 3 ‘;,"‘\“‘&‘ \\!/ JELE
A "

b“@‘i‘\\

-10

<

Fig.8. m1 =1, ma =1, t =0.

Case 3 For p = sn3(kx — v1t) = sn3¢ | ¢ =
en®(ly — vat) = cnn, the exact periodic wave solution
to Egs.(1) and (2) is

—6b(az + azsn3¢)en?nsnndny

= , 17
“ ap + a1sn3¢ + asendn + agsn3éeny (17)

which is shown in Fig.9, a new multisoliton solution
with two pits and two peaks. As m; — 1 and ms — 1,
one has

—6b(ag + az tanh® £) tanh® nsech’n
ag + ay tanh® &+ as tanh® n+as tanh® ftanh3 n’

u =

which is illustrated in Fig.10.

il

il

Nw&?
il

B 4l g

Fig.10. m; =1, m2 =1, t =0.

Case 4 For P = P(kx - ’U1t792,93) = P(é) )
q = P(ly —vat, g2, 93) = P(n), it follows from Eq.(14)
that
6b(az + azP(£)) P’ ()

U T aP©) T P+ aPOPE

where P(£) is Weierstrass elliptic function, real pa-
rameters go,g3 are called invariant.?®) And P(¢)
should satisfy the following equation:

P(g) = 4P(€) — g2 P(€) — g3,
1

P'(&) = 6P%(¢) — 392 (19)

where P'(€) = dP(¢)/d¢, P"(€) = AP2(¢)/dé%. The
solution (18) is a doubly periodic wave solution.
Case 5 For p = P(kx - vlt7927g3) = P(é-) )
q = P'(ly — vat, g2, 93) = P'(n), we have
6b(az + asP(£))P" ()

U TP f P )t aPOP W

It is also a doubly periodic wave solution. Using
the combination of Jacobi elliptic function and Weier-
strass elliptic function, we can change Eqs.(18) and

(20) into the form of Jacobi elliptic functions.
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4. Localized excitations and their interaction for (2+1)-dimensional

Burgers equation

Case 1 p = sn?(kix — vit) + sn?(kax — vat) = sn3¢; + sn3&y , ¢ = sn®(ly — vst) = sn3n. It follows from
Eq.(14) that
B 6b(as + az(sn3&; + sn3&y))sn2nenndnn
ap + a1(sn3&; +sn38y) + agsndn + az(snd¢; + sndéy)sndn’
Its typical spatial structure is shown in Figs.11, 12 and 13, the parameters are ag = —6,a; = —1,a2 = —1,a3 =
0.5, = 1,k = 1,ky = 2,1 = 1,v1 = 2,v2 = 0,v3 = 0,m; = 0.9,my = 0.8, mg = 0.6, and they are valid
throughout this section, unless explicitly stated otherwise. The plot represents the interaction between the

(21)

Jacobi elliptic wave with different speeds. As m; — 1, mg — 1, and m3 — 1, equation (14) degenerates to

B 6b(az + az(tanh® & + tanh® &)) tanh? nsech®y
ap+a; (tanh3 & + tanh?® &) + as tanh® 7 + a3 (tanh3 & + tanh?® &) tanh® 7’

u

which is a new two-dromion solution to Egs.(1) and
(2). The evolution of the two dromions is depicted in
Figs.14, 15 and 16. As m; — 1 and mg — 0, we can
obtain a half package of defined structures to Eqs.(1)
and (2), which is illustrated in Figs.17, 18 and 19.
When m; — 1 and me — 0 a half package of defined
structures to Egs.(1) and (2) can also be obtained.

Fig.13. m1 = 0.9, m2 =0.8, m3 =0.6, t = 4.
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Fig.11. m1 = 0.9, ma = 0.8, m3 = 0.6, t = —4.
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Fig.12. m;1 = 0.9, m2 = 0.8, m3 =0.6, t =0. Fig.15. m1 =1, ma =1, mg=1, t=0.
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Fig.18. m; =0, mg =0, mg =1, t=0.

Fig.17. m1 =0, mg =0, mz =1, t =—4. Fig.19. m1 =0, ma2 =0, mg =1, t =4.

Case 2 p = cn?®(kyz — v1t) + cn?(kow — vot) = e3¢y + enéy |, ¢ = en®(ly — v3t) = cn®n. It follows from
Eq.(14) that

B —6b(az + az(cn3&; + en3éy))en®nsnndnn
~ag + a(en3éy + end&y) 4 azendn + az(en3é; + cndéy)endn’

(22)

which is another new two-dromion solution to Eqs.(1) and (2). As m; — 1, mg — 1, and m3 — 1, equation
(14)degenerates to

—6b(ay + as(sech®¢; + sech®&,))sech®n tanh 7
ao + a1 (sech3§1 + sech?’fz) + agsech?’n + as (sech3§1 + sech3§2)sech317'

u =

It is a new dromion solution to Egs.(1) and (2). The evolution of the new dromion solution is shown in Figs.(20),
(21) and (22).

TR
b
E il 19

Fig.20. m1 =1, mg =1, mg =1, t = —4. Fig.21. m1 =1, ma =1, mg=1, t =0.
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Fig.22. m;1 =1, ma =1, mg =1, t =4.

Case 3 p = sn(kyz — v1t) + sn®(kox — vot) = sn3¢; +snéy |, ¢ = en®(ly — v3t) = cny. It follows from
Eq.(14) that
—6b(az + az(sn3¢; + sn3&))en?nsnndny

u = . 23
agp + a1 (sn3&; + sn3&s) + azendn + asz(snd&; + snd&s)endn (23)

This is periodic wave solution, too. As m; — 1, mga — 1, and mg — 1, equation (14) degenerates to

" —6b(ag + as(tanh® & + tanh® &)) tanh nsech®n
ao 4 a1 (tanh® £, + tanh® &) + agsech®n + as(tanh® £, + tanh® &)sech®n’

which is depicted in Figs.23, 24 and 25. It is another new dromion solution to Egs.(1) and (2).

{
» » 7 ‘\\'Eizgg‘o"
D

LXK N =<
SN\~
“«:s\!\\))"

X

-10

Fig.25. m1 =1, ma =1, mg =1, t=4.

Case 4 p = cn®(k1z — vit) + cnd(kex — vot) = cn3&; + en3&y , ¢ = sn3(ly — vst) = snn. It follows from
Eq.(14) that
B 6b(as + as(cn3&; + cn&y))sn?nsnndnn
~ag + a1(cn3&; 4 endEy) + agsndn + az(en3é; + cn3és)sndn

This is also a periodic wave solution. As m; — 1, mg — 1, and m3 — 1, equation (14) degenerates to

(24)

B 6b(az + as(sech®¢; + sech®€,)) tanh? nsech®n
ap + a1 (sech®¢; + sech®€s) + ag tanh® i + as(sech®¢; + sech®&,) tanh® 1’

u
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whose typical spatial structure is shown in Figs.26, 27, and 28. This is also a new dromion solution to Eqgs.(1)

and (2).

Fig.26. m1 =1, mg =1, mz =1, t=—4.

Fig.28. m1 =1, mg =1, mzg =1, t=4.

5. Conclusion and discussion

In conclusion, using the MLVSA for the (2+1)-
dimensional Burgers equations, we can construct
many new types of the multisoliton solutions. The
method here used is standard and simple, so these
types of multisoliton solutions may exist for other
(241)-dimensional nonlinear evolution systems. Fur-
Based
on the quantity u, some novel interactions are inves-

ther studies on this method are worthwhile.

tigated both analytically and graphically. The inter-
action between two special dromions possesses novel
property, that is, there exists a multi-valued foldon
in the process of their collision, which is different
from the reported cases in previous literatures. Sim-
ilarly, based on the quantity v, we may obtain many
For the
sake of saving space, we do not discuss them here.

localized excitations and their interaction.

In our future work, we will be devoted to generaliz-
ing this method to other (2+1)-dimensional equations,
(141)-dimensional and (3+1)-dimensional non-linear
systems, and the differential-difference equations. Al-
though experimental physicists have not yet found
real dromion-type excitations (some patterns local-
ized exponentially in all directions) in any real phys-
ical systems, we still believe that there exist many
possible applications for this interesting phenomenon.
Anyway, we hope these localized excitation patterns
and their interaction related to Jacobi functions and
Weierstrass functions, etc., would be helpful to some
applications in reality.
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