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Electromechanical property of a p-type single-crystal silicon nanoplate is modelled by a microscopic approach

where the hole quantization effect and the spin–orbit coupling effect are taken into account. The visible anisotropic

subband structures are calculated by solving self-consistently the stress-dependent 6×6 k · p Schrödinger equation with

the Poisson equation. The strong mixing among heavy, light, and split-off holes is quantitatively assessed. The influences

of the thickness and the temperature on the piezoresistive coefficient are quantitatively investigated by using the hole

concentrations and the effective masses from the complex dispersion structure of the valence band with and without

stresses. Our results show that the stress determines the extent to which the band is mixed. The hole quantization effect

increases as the thickness decreases, and therefore the valence band is strongly reshaped, resulting in the size-dependent

piezoresistivity of the silicon nanoplate. The piezoresistive coefficient increases almost 4 times as the thickness reduces

from the bulk to 3 nm, exhibiting a promising application in mechanical sensors.
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1. Introduction

Since the discovery of the piezoresistive effect in
silicon,[1] there have been conducted a lot of the-
oretical and experimental studies on the piezoresis-
tive effect.[2−10] With the advance of the nanotech-
nology in recent years, there is an increasing inter-
est in the piezoresistive effect in nanoplates[11−14] or
nanowires.[15,16] The purpose of recent work tends to
use nanoscale silicon as an active material for mechan-
ical sensors, especially ultrasensitive sensors for ultra-
fine resolution applications. For instance, the high-
sensitivity piezoresistive cantilevers (nanoplates) un-
der 100 nm thick, which are used for atomic force mi-
croscopy, have been constructed.[17] They constitute
a promising approach as sensors for detecting chemi-
cal and biological interactions. Recently, the piezore-
sistance in p-type single-crystal silicon nanowires has
been investigated experimentally and found that its
piezoresistive coefficient could increase up to 50%
compared with the classical value,[18] which has cre-
ated a new degree of freedom for improving the perfor-
mance of mechanical sensors without considerably in-

creasing the cost and complexity of fabrication. More
recently, a theoretical model[19] was introduced to the
study of the piezoresistive properties of the silicon
nanoplate. They applied the analytical solution to
a four-band k · p Hamiltonian[20] for eigenvalues and
eigenfunctions. However, in this way, the complete
band structure of the silicon nanoplate was not given,
and the warping of the energy surface in the valence
band and the spin–orbit coupling effect on the valence-
band structure were neglected. This leads to the over-
estimated enhancement of the piezoresistive coefficient
obtained by considering only the heavy and light hole
couplings.

In this paper we present a detailed theoretical
analysis of subband structure and electromechanical
property of a p-type single-crystal silicon nanoplate by
using a full six-band k ·p model where the hole quanti-
zation effect, the effect of band mixing, the spin orbit
interactions as well as the mechanical stress are taken
in to account quantitatively. It shows that the silicon
nanoplate has qualitatively enhanced the piezoresis-
tive property, which is due to the interaction of the
piezoresistive effect with the hole quantization effect.
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2. Theory model

In our theoretical approach, a p-type single-
crystal silicon nanoplate is considered，whose orien-
tation is taken to be along [110], and the wafer is
(001) surface-oriented with a doping concentration of
1 × 1017cm−3. To describe the valence-band struc-
ture and compute the hole concentration, the follow-
ing wavefunction equation has to be solved:

[
_

Hh(kx, ky, kz =− i∂/∂z) + IV (z)] ·ψn,kx,ky
(z)

=En(kx, ky)ψn,kx,ky
(z), (1)

where I is the 6×6 identity matrix, and V (z) is the
electrostatic potential for holes along the z direction.
In all cases computed, it is assumed that holes are
almost completely confined to the nanoplate (the bar-
rier potential is set to be 4.6 eV such that the wave
functions decay strongly outside the silicon nanoplate
surface.). ψn,kx,ky

(z) is a six-vector subject to the
Dirichlet boundary conditions ψn,kx,ky

(0) = 0 and
ψn,kx,ky

(Lz) = 0 (Lz is the effective thickness of the
silicon nanoplate), and the full 6×6 Hamiltonian in the
envelope-function space, including strain and spin-off
effects, is given by[21]

Hh = −
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where m0 is the free electron mass, γi is the Lut-
tinger parameters, a, b, and d are the Bir–Pikus de-
formation potentials, which can be directly measured
experimentally, and their values are well-known for
silicon,[22] ∆ is the spin–orbit split-off energy, εij is
the symmetric strain tensor, Ev is the valence band
edge energy. For the silicon nanoplate, as there is no
translation invariance along the z direction, replacing

the wave vector kz with its differential operator nota-
tion as kz = −i∂/∂z, and using the three-point finite-
difference method, Eq.(1) can be recast into an eigen-
value equation for the in-plane eigenenergies at dif-
ferent values of the in-plane wave-vector, K// (kx, ky).
The solution to the eigenvalue problem involves the
diagonalization of a 6Nz × 6Nz tridiagonal block ma-
trix
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where Nz is the number of mesh points along the quan-
tization direction in the real space,

_

Dl,
_

Dtop, and
_

Dbot

_

D
+

top are 6×6 block-diagonal difference opera-
tors, functions of K// (kx, ky).

If an initial potential V0 is assumed, Eq.(4) is first
solved, En(kx, ky) and ψn,kx,ky (z) are then obtained.
Thus the density of carriers, p(z), can be calculated
by

p(z) =
∑

n=subbands

∫
d2K//

4π2
× f [En(kx, ky)]

× ∣∣ϕn,kx,ky
(z)

∣∣2 , (5)

where

f [En(kx, ky)] = {1+exp[(Ef−En(kx, ky))/(kBT )]}−1

is the Fermi–Dirac function for holes, kB is the Boltz-
mann constant, and

∣∣ϕn,kx,ky
(z)

∣∣2 ∼=
∣∣ψn,kx,ky

(z)
∣∣2.

At a given temperature T , based on charge conser-
vation law,[23] the numerical evaluation of the Fermi
level, Ef , is performed by using Newton’s methods.
Once p(z) is obtained, we can obtain the electrostatic
potential V (z) by further solving the Poisson equa-
tion. The Poisson equation is given by

−∂2V (z)
∂z2

=
e

ε
[p(z)−NA(z)− n(z)], (6)

where p(z), n(z), and NA(z) are the hole density, the
electron density, and the ionized acceptor density, re-
spectively. With the new V (z), and using Eqs.(4) and
(5), we calculate p(z) once again. It keeps continuing
iteratively until convergence is achieved.

3. Results

3.1.Valence-band structures

As expected, due to the quantum size-effect, the
valence band of a strained-silicon nanoplate obtained
by using the full six-band k · p model is reshaped.
The influence of the quantum confinement of holes

on the band structure not only splits the heavy hole
(HH), light hole (LH) and split-off hole (SO) bands
into subbands, but also results in the separation of
HH and LH subbands under no stress. This leads to
strong variations in population distribution of holes
and in effective mass, implying different electrome-
chanical properties from those of the bulk counter-
part. The valence-band structures for the lowest quan-
tized subbands demonstrate obvious anisotropy as il-
lustrated in Fig.1. It is apparent from the figures that
the warped band structure depends on both K// and
stress. The greater the value of K//is, the more no-
ticeable the warping will be. Therefore, it is a very
crude approximation in hole study to consider the
bands to be parabolic, and so the complex disper-
sion characteristics should be considered. The appro-
priate modelling of the dispersion near the Γ point
(K//=0) is important as it provides the highest hole
occupation. Figure 1(a) corresponds to HH-like sub-
band near the Γ point, while Figs.1(b) and 1(c) have a
mixture of LH-like and SO-like characteristics. Note
that the Γ point in Fig.1(c) is characterized by re-
versed camel back structures with negative hole ef-
fective mass, which means that some states in hole
subbands behave like conduction-band electrons near
the Γ point. The electron-like effective mass has to
be considered, and especially the contribution of SO
band is significantly large in the simulation of elec-
tromechanical property.

It is useful to illustrate anisotropic isoenergetic
lines of subbands in the cases with and without
stresses, since the origin of piezoresistive effect can
be qualitatively explained by using the shape change
of isoenergetic lines at the presence of deformation.
For example, the isoenergetic lines of the n=1 sub-
band with and without stresses are shown in Fig.1(d).
Under the zero stress condition, the heavy holes are
equally located in the four wings I1, I2, I3, and I4 en-
closed by the isoenergetic lines. However, it is clear
that I2 and I4 have a small curvature along the [110]
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Fig.1. Warped band structure in the kx − ky plane with 100MPa mechanical tensile stress along the [110]

direction. Panels (a), (b), and (c) correspond respectively to the first three subbands. The isoenergetic lines

related to each subband have also been plotted. Panel (d) is isoenergetic lines of the n=1 subband without

stress (solid lines) and with 100MPa stress (dotted lines ) for a silicon nanoplate.

direction than I1 and I3, so carriers sitting on I2 and
I4 will have a heavier effective mass than those sit-
ting on I1 and I3. On the application of 100MPa [110]
tensile stress, an increase in effective mass along the
[110] direction due to the strain is visible. In addition,
stronger anisotropic isoenergetic lines are produced by
the stress. The wings can be moved up and down in
energy, and Fig.1(d) shows the lowering of the I2 and
I4 wings and the rising of the I1 and I3 wings, resulting

in a hole repopulation from the low transport effective
mass regions I1 and I3 to the high transport effective
mass regions I2 and I4. Therefore , the origin of the
piezoresistive effect of a p-type single-crystal silicon
nanoplate is still based on the change in hole concen-
tration and the change in transport effective mass.

In order to assess the band mixing effect quantita-
tively and study further the spin–orbit coupling effect,
the nature of the subbands has been calculated as[24]

PHH,n,kx,ky
=

100
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The character of subbands can be examined with∣∣K//

∣∣ increasing. This is illustrated in Fig.2 for
the first three hole subbands of a 10nm-thick silicon
nanoplate. Under the zero stress condition, near the Γ
point, the n=1 subband is purely HH-like in character.
The n=2 subband, slightly mixed with an SO band,
is mainly LH-like, while the n=3 subband, slightly
mixed with an LH band, is mainly SO-like. As K//

increases along the [110] direction, it is clear that the
nature of the bands is strongly mixed, and split-off
holes contribute more than the light holes in the na-
ture of each subband for K// > 1.9× 109m−1. When
K// > 2.5 × 109m−1, then PHH:PLH:PSO

∼=51:18:31
for an unstrained silicon nanoplate. It is rather sur-
prising that as the ratio for each subband is almost
invariable with stress increasing. However, at small
values of K//, the strain introduces an extra coupling
between the HH, LH, and SO subbands. The strong
mixings between HH, LH and SO subbands can be
seen in the low part of Fig.2. Under 2GPa of uniaxial
stress along the [110] direction, near Γ point, the n=1

subband, slightly mixed with an HH band, is mainly
LH-like. The n=2 subband, slightly mixed with both
an LH band and an HH band, is SO-like. The n=3
subband, slightly mixed with both an LH band and an
SO band, is mainly HH-like. Therefore, it is suggested
that the nature of subbands is stress-dependent, that
is, the stress determines the extent to which the band
is mixed. In addition, a large anisotropy is also ob-
served from Fig.2. We see that at large values of

∣∣K//

∣∣
along the [100] direction, the ratio, PHH:PLH:PSO, is
about 24:44:32, which is different from that along the
[110] direction. This indicates that the contribution
of LH band is significantly larger than that of the
HH subband, implying that the hole transport and
the electromechanical property along the [100] direc-
tion are governed largely by the properties of the LH
band. In addition, it is also worth noticing that the
spin–orbit coupling effect should be considered in hole
study, especially in a highly strained silicon nanoplate,
for the contribution of SO band is significantly large
in the LH band.

Fig.2. Natures of band (percentage) vs K//, separately, along [100] and [110] directions for the first three subbands

subject to different stresses: F=0Pa for top panels, F=500 MPa for middle panels, and F=2GPa for bottom panels.

3.2.Piezoresistive coefficients

The electromechanical property or the piezoresis-
tance effect is defined as the change in electrical resis-
tivity of solid when it is subjected to stress fields. It is

well known that piezoresistance effect can be charac-
terized by the piezoresistive coefficient. As discussed
above, it can be defined in terms of the change in car-
rier concentration and the change in effective mass of
hole as follows:
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where pi is the hole number per unit area in each
subband, p =

∑
pi is the total number of holes per

unit area obtained from expression (5). ∆(1/mi) is
the mass shift upon the application of stress, and mi

is the effective mass of hole, which is defined as the
inverse of the curvature of the valence subbands as
shown below:

mi = −~2

[
∂2E

∂K2
//

]−1

. (9)

Once the energy spectra in silicon nanoplate are calcu-
lated for the cases with and without uniaxial stresses,
separately, the change in effective mass, ∆(1/mi), can
be obtained from the above expression.

Figure 3 shows the variations in hole occupation

Fig.3. The variations in subband occupation with thick-

ness in the cases with and without stresses.

at 300K as a function of thickness in the cases with
and without stresses. It is observed that at a stress of
0.1GP a slight change in hole occupation takes place.
However, the hole occupation dramatically changes
with the thickness of the silicon nanoplate decreasing.
As the thickness decreases from 14 to 3nm, the hole
occupation of the n=1 subband increases monotoni-
cally, while those of the n=2 subband and the n=3
subband decrease monotonically. This change is at-
tributed primarily to the enhancement of the quan-
tum confinement of holes, which results in increasing
the separation of the subbands, leading to a carrier
repopulation in favour of the HH subband.

To calculate the piezoresistive coefficient, it is nec-
essary to obtain the variation in valence-band effective
mass. Considering the concentration of the carriers
in the n=3 subband is not negligible, the change in
effective mass has been calculated for the first three
subbands. In Fig.4, the variations in effective mass
are depicted as a function of the thickness in the cases
with and without stresses. It is important to note that
the bulk HH mass, the LH mass and the SO mass
in the [110] direction are 0.62, 0.15, and 0.24m0, re-
spectively. The panels clearly show that the effective
masses of a silicon nanoplate below 20nm are not gov-
erned by bulk properties. However, it is observed that
the effective masses approach the bulk value as the
thickness increases. The quantization effective masses
of the n=1 hole band are almost independent of the
thickness for unstrained silicon nanoplate below 20nm.
This is expected because this subband is purely HH-
like at the band minimum as shown in Fig.2. However,
the results are quite different from those for n=2 or
n=3 subband due to band mixing.

Fig.4. The thickness dependence of valence-band effective mass in the cases with and without stresses.
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Based on the hole concentration and effective
mass in the cases with and without stresses, the depen-
dences of the piezoresistive coefficient on thickness or
temperature are quantitatively investigated in the fol-
lowing. The variation in piezoresistive coefficient with
the thickness is shown in Fig.5(a). The piezoresis-
tive coefficient exhibits size dependence. It increases
monotonically as the thickness of the silicon nanoplate
decreases. The interaction of the piezoresistive effect
with quantum confinement is the origin of this be-
haviour. As the thickness of the silicon nanoplate de-
creases, an increase in separation of the subbands re-
sults in an extra reduction in carrier mobility, which

is mainly due to the changes in effective conduction
mass and subband repopulation associated, hence, en-
hancing the piezoresistance effect. The piezoresistive
coefficient increases about 4 times as the thickness de-
creases from the bulk to 3nm, exhibiting a promising
application in mechanical sensors. However, this value
is not as large as that given by Ref.[19] where only
HH and LH couplings were taken into account，while
our result is obtained by considering the band mixing
among HH, LH, and SO bands. Note that the piezore-
sistive coefficient of the 10nm-thick silicon nanoplate
obtained from our model is close to the calculated
value.[12]

Fig.5. (a) Piezoresistive coefficients varying with thickness (a) and temperature (b) separately.

It is interesting to analyse the temperature depen-
dence of the piezoresisitive coefficient for the silicon
nanoplate. Typical p-type silicon mechanical sensors
are designed to operate under temperatures ranging
from 173 to 373 K. Figure 5(b) shows the calculated
result of the piezoresistive coefficient as a function
of temperature in this regime. The size-dependent
piezoresistive coefficient is observed to decrease with
temperature increasing. This is mainly due to the
redistribution of the carriers between the HH, LH
and SO subbands. However, the piezoresistive co-
efficient decreases only by almost 7.5% for a change
in temperature from 173 to 373K. At room tempera-
ture, the piezoresistive coefficient of a 5nm-thick sil-
icon nanoplate reaches as high as 224.2×10−11 Pa−1

compared with a bulk value of 71×10−11 Pa−1 for the
case with an impurity concentration of 1×1017/cm3.

4. Conclusions

The Schrödinger equation and the Poisson equa-
tion are solved in an iterative process to obtain the

subband structure of a p-type single-crystal silicon
nanoplate. It shows that hole quantization effect and
the hole band mixing as well as the spin–orbit cou-
pling effect should be taken into account in order to
describe appropriately the subband structure and the
electromechanical property. Due to the band mixing
and the spin–orbit coupling, all subband dispersions
are strongly anisotropic, far from parabolic, and at
small values of K//, a stress can introduce an ex-
tra coupling between the HH, LH, and SO subbands,
which has an influence on the nature of subband.
Our result also indicates that the piezoresistive co-
efficient is size-dependent due to the interaction of
the piezoresistive effect with hole quantization effect.
In particular, at room temperature, the piezoresistive
coefficient of a 5nm-thick silicon nanoplate reaches
as high as 224.2×10−11Pa−1 compared with a bulk
value of 71×10−11Pa−1 for the case with an impu-
rity concentration of 1×1017/cm3. Furthermore, the
size-dependent piezoresistive coefficient is observed to
slightly decrease with temperature increasing.
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