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Excitonic optical absorption in semiconductors
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The excitonic optical absorption of GaAs bulk semiconductors under intense terahertz (THz) radiation is investi-

gated numerically. The method of solving initial-value problems, combined with the perfect matched layer technique,

is used to calculate the optical susceptibility. In the presence of a driving THz field, in addition to the usual exciton

peaks, 2p replica of the dark 2p exciton and even-THz-photon-sidebands of the main exciton resonance emerge in the

continuum above the band edge and below the main exciton resonance. Moreover, to understand the shift of the position

of the main exciton peak under intense THz radiation, it is necessary to take into consideration both the dynamical

Franz–Keldysh effect and ac Stark effect simultaneously. For moderate frequency fields, the main exciton peak decreases

and broadens due to the field-induced ionization of the excitons with THz field increasing. However, for high frequency

THz fields, the characteristics of the exciton recur even under very strong THz fields, which accords with the recent

experimental results qualitatively.
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1. Introduction

The effect of external electric fields on the opti-
cal absorption near the band edge in semiconductors
is a subject that has been extensively studied both
theoretically and experimentally. The resulting shift
and broadening of the band edge absorption by an
electric field in bulk semiconductors is well known
as the Franz–Keldysh effect (FKE).[1−4] However,
to model the electro-absorption at low temperatures
appropriately, one must also include the excitonic
effects,[5,6] because the excitonic effects in quantum-
well structures are much more pronounced and can
be clearly observed even at room temperature.[7−11]

And the effect of electric fields on excitonic absorp-
tion in quantum wells has been widely used as an
electro-optical modulation in modern optical commu-
nications. Therefore, there are a great many of papers
dealing with the excitonic optical absorption of low-
dimensional semiconductor structures, and some ex-
cellent monographs have already been available.[12,13]

The FKE was also generalized to the case of an ac

electric field, i.e. dynamical Franz–Keldysh effect
(DFKE), by Yacoby,[14] Rebane,[15] and recently by
Jauho and Johnsen[16], and Johnsen and Jauho.[17]

Since terahertz (THz) radiation and its effect on
the transport and the optical properties have at-
tracted much attention in recent years,[18−29] the THz
DFKE in low-dimensional semiconductor structures
has been investigated, without[16,17] and with[30−40]

the Coulomb interaction included. However, for three-
dimensional bulk semiconductors, there are few re-
ports on the numerical study of the DFKE, and the
reported results for bulk semiconductors were pre-
sented only for free electron–hole absorption, with the
Coulomb interaction neglected.[41]

In this paper, we extend the real space initial-
value method[42−44] to time-dependent field and in-
vestigate the DFKE of excitonic optical absorption in
a bulk semiconductor under intense THz radiation.
The theoretical approach is based on the discretiza-
tion of the Hamiltonian in real space and the solu-
tion of the initial-value problem in real time. This
approach, combined with the perfect matched layer
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(PML) technique developed for Schrödinger-like equa-
tions, can significantly improve the efficiency of the
calculations. This paper is also stimulated by a se-
ries of recent optical absorption experiments in bulk
semiconductors.[45−48] In addition to the generation of
THz-sidebands of mid-infrared light, the experiments
also show the absence of exciton quenching in the pres-
ence of strong THz fields at high frequencies, which is
not well explained.[47] The results presented in this
paper show that this is due to the adiabatic stabiliza-
tion of excitons in a high frequency field, acting as the
strong-field atomic stabilization.[49,50]

2. General theory

The linear optical absorption coefficient α(ω) of
dielectric media is proportional to the imaginary part
of the linear optical susceptibility χ(ω) as given

α(ω) =
ω

cn
Imχ(ω), (1)

where c is the speed of light in vacuum, n is the refrac-
tive index of the dielectric media. The linear optical
susceptibility relates the exciting optical field E(t) to
the induced macroscopic polarization P (t) through

P (t) =
∫ t

−∞
dt′ε0χ(t, t′)E(t′), (2)

where ε0 is the dielectric constant of free space. By
performing a Fourier transform, one obtains the linear
optical susceptibility as

χ(ω) =
P̃ (ω)

ε0Ẽ(ω)
. (3)

The macroscopic polarization in a semiconductor is re-
lated to the microscopic electron–hole pair amplitude
ψ(re, rh, t) by

P (t) =
1
V

d∗
∫

d3rψ(r, r, t), (4)

where V is the normalization volume, and d∗ is the
complex conjugate of the dipole matrix element d be-
tween valence band and conduction band. To deter-
mine the microscopic electron–hole pair amplitude, we
solve the time-dependent inhomogeneous Schrödinger
equation

i~
dψ(t)

dt
= Ĥψ(t)− i~γψ(t)− dδ(re − rh)E(t), (5)

where ~ is Planck constant, γ is a phenomenologi-
cal dephasing constant, Ĥ is the Hamiltonian of the

electron–hole pair system. In fact, this is the polariza-
tion equation of the semiconductor Bloch equations in
real-space and in the low-density limit. Usually, E(t)
is the slowly varying envelop of the excitation opti-
cal pulse, and Eq.(5) is used extensively for studying
the transient optical response of photoexcited semi-
conductors and the motion of polarization wave packet
in real space.[36] In that case, the initial condition of
the polarization is zero everywhere in the calculated
region, while in the initial problem scheme introduced
by Glutsch et al [42] the excitation optical pulse is set
to be in a specific form, i.e. Dirac delta function,
E(t) = −i~δ(t), and the problem is further converted
into the initial case, i.e. initially, the polarization is
zero everywhere except at the origin, where the value
of polarization is set to be d. And expression (3) be-
comes

χ(ω) =
1
ε0

P̃ (ω)

= lim
T→∞

∫ T

0

dteiωte−γtP (t)/ε0. (6)

In this paper, we investigate the DFKE of bulk
semiconductors by using the initial-value problem
method, due to its high storage efficiency and numer-
ical effectiveness and nonperturbatively dealing with
the driven THz field. The Hamiltonian of a bulk ex-
citon under a THz electric field is given by

Ĥ =− 1
2m⊥

1
ρ

∂

∂ρ

(
ρ

∂

∂ρ

)
− 1

2m‖

∂2

∂z2

− e2

4πε0ε
√

ρ2 + z2
+ eF (t)z, (7)

where m⊥ and m‖ are the reduced longitudinal (per-
pendicular to the field direction) mass and the trans-
verse (parallel to the field direction) mass, respec-
tively; z and ρ are the relative distances between
the electron and the hole along the THz field direc-
tion and in the perpendicular plane, respectively; e

is the elementary charge; ε is relative dielectric con-
stant; F (t) = F0 cos(Ωt − φ) is the applied THz field
with F0, Ω , and φ the strength, frequency, and ini-
tial phase of the THz electric field, respectively. The
first term on the right-hand side in Eq.(7) describes
the kinetic energy in the plane perpendicular to the
field direction, the second term represents the kinetic
energy along the field direction, the third term refers
to the Coulomb interaction between an electron and
a hole, and the last term describes the effect of the
THz electric field. In our calculation, Hamiltonian
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(7) is discretized by the finite-difference scheme for
differential operators, while the Coulomb potential
is discretized by employing the ground-state-adapted
discretization.[42,51] Since ground-state wave function

and energy are related through, −1
2

∑

j′
∆jj′Φgs;j′ −

VjΦgs;j = EgsΦgs;j , the discretized potential is

−Vj = Egs +
1
2

∑
j′ ∆jj′Φgs;j′

Φgs;j
. (8)

It has been shown that this method gives practical
results even better than those obtained by using the
finite element method and reduces the programming
effort. The delta function δ(r) is discretized as

δ̄j0 =
4

π(∆ρ)2(∆z)
δj0. (9)

It could be confirmed by the relation of
2π

∫ ∆ρ/2

0
ρdρ

∫ ∆z/2

−∆z/2
dzδ̄j0 = 1.

A major progress in solving the wave equations
of electromagnetism and quantum mechanics in real
space is the introduction of absorbing boundary con-
ditions, which leads to a significant reduction in both
memory and numerical effort. The introduction of ab-
sorbing boundary condition is to simulate wave prop-
agation in an infinite domain by suppressing the re-
flection of the wavepackets at the artificial boundaries.
The PML technique is an effective and convenient ab-
sorbing boundary condition technique and has been
widely used in electromagnetic finite difference time
domain (FDTD) simulation.[52,53] The idea of absorb-
ing boundary conditions in quantum mechanic calcu-
lation lies in the modifying of the Hamiltonian or the
boundary conditions. This can be done by modify-
ing the potential or the operator of the kinetic energy.
Ahland et al [54] have proposed an PML technique and
demonstrated its usefulness for the calculation of the

optical absorption in the presence of continuum states.
The PML is realized by introducing complex stretched
coordinates. Recently, Glutsch et al [55] demonstrated
the PML by using complex effective masses in the ideal
absorbing layers and calculated the optical absorption
of a superlattice in the regime of the Zener break-
down. Candidates for absorbing boundary conditions
are suggested for those directions, where (i) the initial
wavepacket is localized near the origin, (ii) the polar-
ization of interest is only in a small region around the
origin, and (iii) the potential approaches a constant far
from the origin so that the time evolution of polariza-
tion is the same as that for a free particle.[13] In this
paper, we use the complex effective mass formulation.
Thus, the Hamiltonian of kinetic energy becomes

Ĥ = − ∂

∂z

1
2m(z)

∂

∂z
. (10)

This expression is in a typical form of a Hamiltonian
when the mass of the particle depends on the coor-
dinate. However, in the present case, the coordinate-
dependent mass is complex. The usefulness of the
complex effective mass is twofold: the increasing of
the real part causes a reduction in reduces wavelength
for a fixed energy and the imaginary part leads to the
damping of the wave packet. The mass is chosen as

m(z) = 1, for |z| 6 L1

2
;

m(z) → |∞|eiα for z → ±L2

2
; 0 < α < π, (11)

where L1 and L2 are the boundary of the PML and
the computed domain respectively. As the spectrum
is practically independent of the specific form of the
complex effective mass, we adopt the following expres-
sion that was used by Glutsch[13]

m(z) =





1, |z| ≤ L1,

1 + i
[
sec

(
π

2
|z| − L1

L2 − L1

)
− 1

]
, L1 < |z| < L2.

(12)

Through this modification, we can significantly reduce the computed domain.

3. Numerical results and discus-

sions

To simplify the numerical calculations and im-
prove the numerical accuracy, we use excitonic Hartree

units, which set all quantities to be of the order of
unity. The units for energy (E), length (a), time
(t), and electric field (F ) are 2Ry*, a∗B, ~/2Ry*,
and 2Ry*/ea∗B respectively, and for GaAs parame-
ters, their values are 9.37 meV, 11.7 nm, 70.3 fs, and
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7.98 kV/cm, respectively.[13] Here, Ry* and a∗B are the
excitonic Rydberg constant and the Bohr radius, re-
spectively. Thus, the bound energy of bulk exciton
is 0.5 in the units. In all figures throughout this pa-
per, the zero of the energy is the gap energy at zero
temperature. And the curves are offset for clarity.

Although the free electron–hole pair interband ab-
sorption is never realized in reality, it is still of the-
oretical interest, for it shows the optical density of
states and allows one to clearly identify the role of
excitonic effects. In Fig.1, we show the free electron–
hole pair interband absorption under a THz field with
different initial phases. This is calculated by simply
neglecting the Coulomb interaction term in Eq.(7).
The dashed line represents the optical absorption of
a free electron–hole pair in the absence of the THz
field, and the upmost solid line refers to the optical
absorption of a phase-averaged free electron–hole pair
in the presence of the THz field. By comparing these
spectra, we find that the principal effect of the THz
field on the spectrum occurs in the vicinity of the
absorption edge. The effect of the THz field is re-
sponsible for the dynamical Franz–Keldysh blueshift
of the absorption edge of the ponderomotive energy
EK = (eF )2/(4mΩ2) (0.77 in our parameters), as well
as the enhanced absorption below and reduced absorp-
tion above the unshifted bandedge. These features are
in consistent with the results observed in recent exper-
iments for bulk semiconductors.[45,48] Figure 1 also

Fig.1. Optical absorption spectra of free electron–hole

pairs in a bulk GaAs semiconductor under THz radiation.

(excitonic Hartree units are used.) The dashed line is for

the absorption spectrum in the absence of the THz field,

the upmost solid line is for the phase-averaged absorption

spectrum in the presence of the THz field, the other solid

lines from up to down correspond to the absorption spec-

trum in the presence of the THz field with different initial

phases from 0π/8 to 7π/8.

shows the dependence of the absorption spectrum on

the initial phase of the THz field. The lines below
the upmost line correspond to the initial phase of the
THz field of 0π/8-to-7π/8 from the top to the bot-
tom in steps of 1π/8. The absorption spectrum is
slightly distorted and modulated at every multiple
of the THz-photon energy. However, these features
become smoothed down for the phase-averaged spec-
trum.

In Fig.2, we show the optical absorption spectra
of a bulk GaAs driven by a THz electric field, with
the excitonic effect included. Figure 2(a) depicts the
optical absorption spectrum under a THz field with
a frequency of 0.4 and a strength of 0.3. Apart from
the Rydberg series of s-symmetric excitons below the
band gap and a continuum above the band gap for
undriven bulk semiconductors, a few prominent and
intriguing features show up, which have been identi-
fied as 2p replicas and two- and even four-THz-photon
sidebands of 1s exciton and labelled in Fig.2(a) for
clarity. The absence of the odd photon sidebands is
due to the inversion symmetry of the consider sys-
tem. Though these main features have been pre-
dicted for quantum wells based on the Green func-
tion techniques, four-THz-photon sideband and the
2p replica above the band edge, and two-THz-photon
sideband below the 1s exciton peak are not identi-
fied there because of the selected base functions in
the calculations.[31] Figure 2(b) and 2(c) show the
field strength dependences of the absorption spectrum
at THz field frequencies of 0.4 and 0.5, slightly less
and larger than the 1s-to-2p resonance frequency, re-
spectively. With field strength increasing, for the fre-
quency of 0.4, the main 1s exciton peak initially ex-
periences redshifts and then blueshifts, while for the
frequency of 0.5, the main 1s exciton peak blueshifts
always. These phenomena have indeed been observed
experimentally in quantum wells and first explained
by considering the interplay between the ac Stark ef-
fect (which results in a redshift for Ω < 1s −→ 2p but
a blueshift for Ω > 1s −→ 2p) and DFKE (which re-
sults in net blueshift).[30] With field strength increas-
ing, the 1s and the 2s exciton peaks decrease in height
and broaden, meanwhile the sidebands become more
prominent. When the field strength becomes compa-
rable with the bound energy of exciton, the exciton
peaks, the replica, and the sidebands broaden signif-
icantly and eventually merge (because the field can
cause the ionization of exciton), thus the details be-
come gradually indistinguishable.
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Fig.2. Optical absorption spectra of a THz-field-driven bulk GaAs semiconductor. (a) The frequency,

the strength, and the initial phase of the THz field are 0.4, 0.3 and 0, respectively. The dependence of

the optical absorption on the strength of the THz field are shown with frequencies of 0.4 (b) and 0.5 (c),

which are slightly less and larger than the 1s-to-2p resonance frequency, respectively. The field strength

varies from top to bottom in steps of 0.1.

We show the optical absorption spectrum under
a strong and high-frequency THz field in Fig.3. In
Fig.3(a), we show the optical absorption of the bulk
semiconductor under THz field at a frequency Ω of 1
with the field strength increasing from 0.5 to 3.5 (much
larger than the bound energy of excitons). With the
THz field strength increasing, more and more side-
bands and replicas emerge, and the heights of the
one-THz-photon 2p replica below main exciton peak
increase and become comparable with and dominant
over the reduced main exciton peak. Eventually, with
the field strength increasing further, the optical ab-
sorption spectra become similar to those of the free
electron–hole pairs with modulation by the replicas
and sidebands. This is due to the ionization of exci-
tons by the THz field. However, when the frequency
of the field further increases to 2, the optical absorp-
tion spectra change drastically as shown in Figs.3(b)
and 3(c). Though the field strength is much larger
than the bound energy of the excitons, which is ex-
pected to cause the ionization of these excitons, the

features of the excitons (even the 2s exciton) recur
in this high-frequency region. Apart from the sig-
nificant blueshifts, the features of excitons, such as
1s and 2s exciton peaks, 2p replicas, two-THz-photon
sidebands, all recur evidently. Thus, we demonstrate
theoretically the exciton surviving phenomena under
strong and high-frequency fields as reported in the re-
cent experiments.[46,47] We attribute this recurrence
of excitonic characteristics in strong fields at high-
frequencies to the adiabatic stabilization of excitons in
high frequency fields,[49] which acts as the strong-field
atomic stabilization.[50] Since, in practice, the tran-
sient optical absorption experiments are performed
with a femtosecond laser pulse, which is much less
than the period of the driving THz field, we expect
that the spectra may be dependent on the phase of the
THz field at which the femtosecond pulse arrives. Fig-
ure 2(c) shows the dependence of the absorption spec-
trum on the phase of the THz field. The upmost trace
corresponds to the phase-averaged spectrum, and the
eight traces below this trace, from up to down, cor-
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respond to the initial phase of 0π/8 to 7π/8. We see
the main 1s and 2s exciton peaks, as well as the 2p
replica below them, are nearly insensible to the phase,
while two-THz-photon replicas of 1s and 2s exciton, as
well as 2p replica above band edge are sensitive to the
phase. This is why the two-THz-photon sidebands of

main exciton peak above the bandedge in Figs.2(a)
and 2(b) are dips, where the initial phase of the THz
field is set to be zero. However, the phase-averaged
spectrum becomes featureless in the vicinity of the
phase-sensitive features due to their cancellation on
averaging the phase.

Fig.3. Optical absorption spectra of a THz-field-driven bulk GaAs semiconductor with higher frequencies,

showing the dependences of the optical absorption on the strength of the THz field with frequencies of 1(a) and

2(b), respectively, and the dependence of the optical absorption on the initial phase of the THz field, with field

strength and frequency fixed (c) at 3.5 and 2 respectively.

4. Conclusions

We have performed the numerical study the
DFKE on excitons in bulk GaAs semiconductors. By
employing the method of initial-value solution and
PML technique in real-space, the external electric field
and Coulomb interaction have been included nonper-
turbatively in the numerical scheme. In the presence
of a THz electric field, the optical spectrum exhibits
rich fine structures due to the emergence of the 2p

replicas of the dark 2p exciton and even-number-THz-
photon sidebands. The numerical results also show
that the excitonic characteristics, as well as the THz-
field-induced effect recur in high frequency THz fields,
even though the field strengths are far beyond the
bound energies of the excitons. The recurrence of ex-
citonic characteristics can be attributed to the adia-
batic stabilization of excitons under intense and high-
frequency fields.
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