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This paper investigates the dynamics of cooperative emissions in a cascade three-level system driven by an ultra-

short laser pulse by solving numerically the full-wave Maxwell–Bloch equations. The 4, 4′-bis(dimethylamino) stilbene

molecule is used as the model molecule because of its strong two-photon absorption property. The two-colour cooper-

ative emissions are studied as functions of molecular number density and dephasing rate of the dipole coherence. The

propagation effects on the evolution of the cooperative radiations are also taken into account. The cooperative radiations

are enhanced for large number density of the molecule, while the fast dephasing of the dipole coherence reduces the

intensity of the cooperative radiations and delays the emission times or even inhibits the formation of the emissions. The

delay time of the radiation decreases with the increase of the molecular number density and the propagation distance.

Keywords: superfluorescence, ultra-short laser pulse, 4, 4′-bis(dimethylamino) stilbene organic
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1. Introduction

Since the pioneering work of Dicke[1] which pre-
dicted the cooperative emission of coherent radi-
ation in an ensemble of completely inverted two-
level systems, the collective emission phenomenon
has attracted intense theoretical and experimental
interest,[2−9] because the correlated investigations can
give us a profound understanding of interaction be-
tween matter and light field. The cooperative effects
involve many inverted atoms and change the nature
of the spontaneous emission. The inverted medium
can radiate its energy through typically two different
ways: one is superfluorescence (SF), and the other
is called amplified spontaneous emission (ASE). SF
is non-stationary emission, where the formation and
growth of the macroscopic dipole moment is expected.
In contrast, ASE is quasi-stationary emission, where
the formation of the macroscopic dipole moment is
prevented due to the fast dephasing of the coherence
between individual dipole. However, if the number

density of the inverted atoms is large enough, the
spontaneous emission from a single atom is ampli-
fied as the radiation propagates through the inverted
medium.

There are basically two types of theoretical meth-
ods to investigate the cooperative emission. In the
semi-classical theory, the emission of the coherent
radiation is described by the Maxwell–Schrödinger
or Maxwell–Bloch equations, and the initiation of
the emission is induced by a fluctuating polarization
source.[10−13] In the fully quantum-mechanical theory,
the Heisenberg equations of motion for the field and
microscopic atomic operators are used, and the ra-
diation is initiated by zero-point fluctuations of the
vacuum field.[14,15] Most of the previous studies used
the slowly varying amplitude approximation (SVEA)
and the rotating-wave approximation (RWA), as well
as the linear approximation where the depletion of the
upper level population is assumed to be much smaller
than one. However, in the region of ultrastrong and
ultrashort laser physics, the SVEA and RWA have al-
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ready broken down.[16−21] Moreover, the linear theory
is also not valid anymore since the decrease of the up-
per level population can be considerably large.

In this paper, we investigate theoretically the dy-
namics of cooperative emissions in a cascade three-
level system excited by an ultrashort laser pulse using
the full-wave Maxwell–Bloch equations in which the
classical fields are treated strictly with the Maxwell
equations and the quantized optical active medium is
described by the Bloch equations beyond the SVEA
and RWA. The 4, 4′-bis(dimethylamino) stilbene is
chosen here as the model molecule because of its
strong two-photon absorption (TPA) property.[20,22]

Electronic structure calculations show that in infrared
and optical regions the molecule can be considered
as a cascade three-level system, marked by S0, S1

and S2 with energy levels E0 < E1 < E2. Us-
ing an iterative predictor–corrector finite-difference
time-domain method (FDTD),[17,18] we solve numer-
ically the mutually coupled full-wave Maxwell–Bloch
equations. The population inversion of the molecular
medium is driven by an ultrashort laser pulse which
is in two-photon resonance with the TPA transition
between the ground (S0) and the highest (S2) lev-
els. The dynamics of two-colour SF are studied for
different number densities and dephasing rates of the
molecular medium. Effects of pulse propagation on
the emission of the cooperative radiations are also dis-
cussed in detail.

2. Theoretical tools: full-wave

Maxwell–Bloch equations

Let us start from the density matrix equations
in which the relaxation effects are taken into account
phenomenologically,[23]

∂ρmn

∂t
=− i

~
[Ĥ, ρ]mn − γmnρmn (m 6= n),

∂ρnn

∂t
=− i

~
[Ĥ, ρ]nn +

∑

Em>En

Γnmρmm

−
∑

Em<En

Γmnρnn. (1)

Here γmn is the decay rate of the coherence ρmn re-
lated with the formation of the macroscopic dipole
moment, and Γmn is the decay rate of the popula-
tion from the energy level n to m. The decay of the
coherence consists of two qualitatively different con-
tributions,

γmn =
Γm + Γn

2
+ γph

mn, (2)

where Γm =
∑

Em′<Em

Γm′m and Γn =
∑

En′<En

Γn′n are

respectively the total decay rates of populations out
of levels m and n which usually do not depend on the
number density of the medium, whereas the dipole de-
phasing rate γph

mn is proportional to the number den-
sity of the medium[24]

γph
mn ' v̄σmnN, (3)

where σmn is the cross section of the dephasing colli-
sions of the absorbing molecule with the solvent parti-
cles and v̄ is the thermal velocity, and N is the number
density of the molecule. Within the electric dipole ap-
proximation, the total Hamiltonian Ĥ is the sum of
the free system Hamiltonian Ĥ0 and the interaction
Hamiltonian V̂ (t, z) = −µ ·E of the medium with the
external field E, where µ is the electric dipole moment
operator of the medium.

For a three-level system, using the following sub-
stitution in Eq.(1):

ρ01 =
u0 + iv0

2
,

ρ12 =
u1 + iv1

2
,

ρ02 =
u2 + iv2

2
, (4)

we obtain the corresponding Bloch equations,

∂u0

∂t
= −ω10v0 +

E · (µ11 − µ00)v0

~
+

E · (µ12v2 + µ02v1)
~

− γ01u0,

∂v0

∂t
= ω10u0 − E · (µ11 − µ00)u0

~
− E · (µ12u2 − µ02u1)

~
− 2
~
E · µ01 (ρ00 − ρ11)− γ01v0,

∂u1

∂t
= −ω21v1 +

E · (µ22 − µ11)v1

~
− E · (µ02v0 + µ01v2)

~
− γ12u1,

∂v1

∂t
= ω21u1 − E · (µ22 − µ11)u1

~
− E · (µ02u0 − µ01u2)

~
− 2
~
E · µ12 (ρ11 − ρ22)− γ12v1,
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∂u2

∂t
= −ω20v2 +

E · (µ22 − µ00)v2

~
+

E · (µ12v0 − µ01v1)
~

− γ02u2,

∂v2

∂t
= ω20u2 − E · (µ22 − µ00)u2

~
− E · (µ12u0 − µ01u1)

~
− 2
~
E · µ02 (ρ00 − ρ22)− γ02v2,

∂ρ00

∂t
=

E

~
· (µ01v0 + µ02v2) + Γ01ρ11,

∂ρ11

∂t
= −E

~
· (µ01v0 − µ12v1)− Γ01ρ11 + Γ12ρ22,

∂ρ22

∂t
= −E

~
· (µ02v2 + µ12v1)− Γ12ρ22, (5)

where µmn = µnm (m,n = 0, 1, 2) are the matrix
elements of the permanent electric dipole moments
(m = n) or of the transition electric dipole moments
(m 6= n), and (Ĥ0)mn = ~ωmn is the transition energy
between the states m and n.

With the assumption that the polarization vector
of the incident field is along x-axis and that the field
propagates along z-axis, the one-dimensional Maxwell
equations can be written as

∂Ex

∂z
= −µ0

∂Hy

∂t
,

∂Hy

∂z
= −∂Px

∂t
− ε0

∂Ex

∂t
, (6)

where µ0 and ε0 are respectively the permeability and
permittivity of free space, Px is the x component of
the macroscopic dipole moment P . The macroscopic
dipole moment is related to the ensemble average of
the expectation value of the dipole moment operator,

P = N < µ >= Ntr(µρ). (7)

For a three-level system, with the substitutions of
Eq.(4), P equals to

P =N(µ01u0 + µ12u1 + µ20u2 + µ00ρ00

+ µ11ρ11 + µ22ρ22). (8)

3. Computational details

The Maxwell equations (6) and the Bloch equa-
tions (5) couple with each other through the macro-
scopic dipole moment P expressed in Eq.(8). In simu-
lations, we solve numerically the three-level Maxwell–
Bloch equations with the FDTD and predictor-
corrector methods.[17,18] The 4, 4′-bis(dimethylamino)
stilbene is used as the nonlinear medium because the
ab initio calculation[20] shows that this strong TPA
molecule can be well described by a cascade three-
level model in low energy region. The transition

dipole moments between the ground state (S0) and
the first excited state (S1) and between S1 and the
TPA state S2 along x-axis are µx

10 = 10.433Debye
and µx

21 = 18.497Debye, respectively, while the other
components are approximately equal to zero due to
the planarity of the molecule. The transition be-
tween S2 and S0 is dipole forbidden, µ20 = 0. The
permanent dipole moments of these states are also
equal to zero in the 4, 4′-bis(dimethylamino) stilbene
which has a one-dimensional symmetrical characteris-
tic. The excitation energies of the S1 and S2 states
are ~ω10 = 3.46 eV and ~ω20 = 4.27 eV. The molecule
is assumed to be rest in its ground state S0 and
there is no coherence between states before the ex-
citation laser pulse is switched on, namely ρ00 = 1,
ρ11 = ρ22 = 0 and ρmn = 0 (m 6= n). The low-
est excited electronic state always has a long lifetime
(∼ 1 ns), while it is much shorter for the higher ex-
cited states (≤ 1 ps).[24] In simulations, 1/Γ01 = 1 ns
and 1/Γ12 = 1 ps are used. And the decay rates of
the dipole coherence are assumed to be the same for
all transitions, γ01 = γ12 = γ02 = γ.

The incident excitation pulse is modelled with a
hyperbolic-secant shape

Ex(t = 0, z)

=F0sech[1.76(z/c + z0/c)/τ ] cos[ω(z + z0)/c],

where F0 is the peak amplitude of the pulse, τ is the
full width at half maximum (FWHM) of the intensity
profile of the pulse. The carrier-wave frequency of
the incident field is taken to be half of the frequency
between the S2 and S0 states (ω = ω20/2), i.e. the
two-photon resonant frequency of the TPA process.
It is worthwhile to point out that the field E in the
Maxwell–Bloch equations (5) and (6) is the total field,
including both the excitation field and the cooperative
emitted radiations.[19] In the following numerical sim-
ulations, the FWHM of the incident excitation pulse
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τ is set to be 5 fs, and the peak amplitude F0 of the
pulse are chosen as 4.0×107 V/cm. The corresponding
two-photon area of the pulse is θ0 = 1.4π. Since the
two-photon area theorem[19] was obtained within the
two-photon RWA which breaks down for the intense
ultrashort laser pulse, there are only about 90% popu-
lations of the ground state S0 which are excited to the
TPA state S2 by the 1.4π driving pulse. The atten-
uation of the excitation pulse during its propagation
is also taken into account, which means that the de-
gree of the population inversion becomes weaker and
weaker through pulse propagation. However, since the
spatial and temporal evolution of the two-photon res-
onant pulse has been investigated in detail in Ref.[20],
here we will mainly pay attention to the cooperative
emission of radiations.

4. Results and discussion

The temporal evolution of the field after propa-
gating 7.0 µm in the molecular medium with different
number densities is shown in Fig.1. The decay rate
γ of the dipole coherence is 1 × 1013 /s. The fore-
front pulse in each panel of Fig.1 is the excitation
one, and the following parts are the emitted cooper-
ative radiations of the medium inverted by the two-
photon coherent excitation. One can see from Fig.1
that with the increase of the molecular number den-
sity, the intensity of the cooperative emissions are also
enhanced, and the delay time between the cooperative
emissions and the excitation pulse decreases. As is ex-
pected, through spectrum analysis we have confirmed
that the observed cooperative emissions in Figs.1(b)–
1(c) belong to cascade two-colour SF.[25,26] The front
edge of the radiation is mainly the SF centred at the
resonant transition frequency ω21 between levels S2

and S1, and then the cascade SF of levels S1 and S0

with frequency ω10. The two-colour SF radiations are
not completely separated in time, for example, they
mix with each other in the middle of the two radia-
tion pulses in Fig.1(b), and the delay time between
the initiation of the two-colour SF reduces for higher
molecular number density. When the number density
N is 7×1020/cm3 (Fig.1(d)), there is almost no delay
time both between the excitation pulse and the two-
colour SF and between the two-colour cascade emis-
sions. In this case, the excitation pulse is seriously
deformed and is a little delayed with respect to the
lower density cases (Figs.1(a)–1(c)). Furthermore, the

spectrum is shifted because the four-wave mixing ef-
fects come into play and new frequency components
such as 2ω21 + ω are generated.[27−29]

Fig.1. Temporal shape of the field after propagating

7.0 µm in the medium with different molecular number

densities. The decay rate γ = 1× 1013 /s. The FWHM of

the excitation pulse τ = 5 fs and the two-photon area of

the pulse is θ0 = 1.4π.

The emission of the cooperative radiations as a
function of the dephasing rate of the transition dipole
moments is studied for different molecular number
densities N , 7×1018 /cm3 (Fig.2(a)) and 7×1019 /cm3

(Fig.2(b)). One can see that with the increase of the
dephasing rate, the intensity of the cooperative emis-
sion decreases, meanwhile the delay time increases.
That is because the rapid dephasing rate of the coher-
ence inhibits the formation of the macroscopic dipole
moment and it takes a longer time for the individ-
ual molecule to become in-phase. Comparing Fig.2(a)
and Fig.2(b), one can found that the intensity of the
cooperative emissions is enhanced and the delay time
is shortened for larger number density of the molecule.
When the decay rate is 1 × 1012 /s, the dephasing
of the dipole coherence is comparable with the life-
time broadening of the population (see Eq.(2)). In
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this case, the macroscopic dipole moment has enough
time to be formed before its growth is disturbed by
the depletion of the population, so we can see in the
upper-most panel of Fig.2(b) that an intense and short
SF pulse with carrier-frequency ω10 is generated. The
discontinuous long tail after the main SF radiation
is interpreted as the ASE that is amplified along the
propagation of the field.[5,10] When the decay rate in-
creases to 1×1014 /s, it is difficult for the macroscopic
dipole moment to be developed with a small molecular

number density (Fig.2(a)), so there are only very weak
spontaneous emissions due to the finite lifetime of the
excited states. However, if we increase the molecular
number density to 7× 1019 /cm3, a well-shaped pulse
with frequency ω21 can be obtained in Fig.2(b). But
there is still no cooperative emission at frequency ω10,
namely no macroscopic dipole moment between the
first-excited state and the ground state is formed due
to the fast decay of the coherence.

Fig.2. Influence of the dephasing rate of the coherence on the evolution of the field in the molecular

media with the number densities to be 7× 1018 / cm3 (a) and 7× 1019 /cm3 (b). The decay rates γ are

1 × 1012 /s (upper panel), 1 × 1013 /s (middle panel) and 1 × 1014 /s (bottom panel), and the lifetime

broadening of states S1 and S2 are 1 ns and 1 ps, respectively. z = 7.0 µm, τ = 5 fs, θ0 = 1.4π.

In order to give an insight into the physical mech-
anism of the cooperative emission, Fig.3 shows the
temporal evolution of the populations ρ(t) and of the
macroscopic dipole moment P (t) at different propa-
gation distances. In the cascade three-level system,
the population inversion between states S2 and S0

is achieved by an incident two-photon resonant pulse
with a 1.4π pulse area, and the intermediate state S1

is not populated initially by the excitation field. Fig-
ure 3(a) shows that at the beginning of the propa-
gation, the depletion of the upper state populations
ρ22(t) to the intermediate state S1 is only caused by

weak spontaneous emission, and there is no popula-
tion transfer between the intermediate and the ground
states due to the long lifetime of the first-excited
state (1/Γ01=1ns). Correspondingly, the macroscopic
dipole moment is negligible except for the forefront
peak which is coherently induced by the incident laser
pulse (Fig.3(b), z=0.014µm). With the increase of the
propagation distance, an emission process occurs that
is qualitatively different from the spontaneous emis-
sion. The populations of the state S2 are transferred
suddenly into the intermediate state S1 at the instance
t1, which indicates the burst of the SF between these
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two levels. One can also see from Fig.3(b) that the
macroscopic dipole moment is built up at t1, which
then becomes the source of the SF. The large popula-
tion transfer from the upper state to the intermediate
state initiates the population inversion between the
intermediate and the ground sates. At a later time t2,
the SF emission between states S1 and S0 bursts, it is

accompanied by the large population transfer from S1

to S0. The two characteristic times t1 and t2 are the
delay times of the initiation of the two-colour SF with
respect to the driving laser pulse and they decrease
with further propagation of the field in the inverted
medium.

Fig.3. Temporal evolution of the population ρ00(t) (dash-dotted), ρ11(t) (dashed), ρ22(t) (solid) (a),

and the formation of the macroscopic polarization P (t) (b) with different propagation length z. γ =

1× 1013 /s, N = 7× 1018 /cm3, τ = 5 fs, θ0 = 1.4π.

Finally, we would like to point out that the
emission of the cooperative radiations also depends
strongly on the intensity of the incident driving pulse,
since it determines the population inversion of the
medium. We found that when the population inver-
sion between the upper and the ground states excited
by the two-photon driving pulse is very weak or even
when no population inversion is achieved, yoked SF[6]

other than the cascade two-colour SF is formed for
slowly dephasing rates. In the case of yoked SF, the
emission of the SF from the upper and lower tran-
sitions bursts simultaneously due to the coupling of
the upper emissions with the coherent superposition

state of the two-photon excited molecules. On the
other hand, with high enough dephasing of the dipole
coherence only SF between the upper and the inter-
mediate states with ω21 frequency is emitted in this
case due to the lack of population inversion between
the intermediate and the ground states.

5. Conclusions

We have studied theoretically the dynamics of co-
operative emissions in a cascade three-level system
driven by an ultrashort laser pulse by use of the semi-
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classical theory. The full-wave Maxwell–Bloch equa-
tions beyond the SVEA and RWA are solved numer-
ically with the iterative predictor–corrector FDTD
method. The strong TPA organic molecule 4, 4′-
bis(dimethylamino) stilbene is selected as the model
system. The incident laser pulse tuned in two-photon
resonance with medium provides the initial population
inversion between the upper and the ground states of
the cascade three-level system. It is found that the
intensity of the two-colour cascade cooperative radia-

tions are enhanced for large molecular number density,
on the other hand the fast dephasing of the dipole co-
herence reduces the intensity of the cooperative radi-
ations and delays the emission times or even inhibits
the formation of the emissions. The delay time of
the radiation decreases with the increase of the num-
ber density and the length of the nonlinear molecular
medium due to the faster formation of the macroscopic
dipole moment.
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