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This paper solves exactly a set of fully quantized coupled equations describing the quantum dynamics of quantum

spins mixing in spin-1 Bose–Einstein condensates by deriving the exact explicit analytical expressions for the evolution

of creation and annihilation operators.
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Recently there are considerable interests in mul-
tiwave mixing in cold atoms and Bose–Einstein
condensates.[1−12] One of the great challenges in quan-
tized multiwave mixing is to solve exactly a set of fully
quantized coupled equations in order to better de-
scribe the quantum dynamics including the evolution
of quantum fluctuations, entanglements, and correla-
tions as well as revealing the possible Rabi oscillations,
collapse and revivals.[12]

To the best of our knowledge, no one has been
able to obtain the exact analytical results for the set
of coupled operator equations for the quantum spins
mixing in spin-1 Bose–Einstein condensates because
it is a highly nonlinear and fully quantized set of cou-
pled equations. Here we shall accomplish such very
difficult task.

In this paper, we consider a dilute gas of trapped
bosonic atom with hyperfine spin f = 1. Due to
the nonlinear interactions between condensate atoms,
the internal dynamics of the spin-mixing process will
evolve with time. By the second quantized theory,
the Hamiltonian describing quantum spins mixing in
spin-1 Bose–Einstein condensates[1] can be expressed
as

Ĥ =~g(â†1â
†
1â1â1 + â†−1â

†
−1â−1â−1 − 2n̂1n̂−1

+ 2n̂1n̂0 + 2n̂−1n̂0 + 2â†0â
†
0â1â−1

+ 2â†1â
†
−1â0â0), (1)

where g is a coupling parameter, n̂j = â†j âj , âj

(j = 1, 0,−1) are the annihilation operators associ-
ated with the condensate modes of different spin states
and they satisfy the usual commutation relations for
bosons [âj , â

†
k] = δjk and [âj , âk] = 0. Furthermore,

this Ĥ describes a non-symmetric part, the symmetric
part of the Hamiltonian is a constant operator for a
fixed number of atoms and is not considered.

Introducing an angular momentum of the three
components Lx,y,z as follows:[1,13,14]

L̂− =L̂x − iL̂y =
√

2(â†1â0 + â†0â−1), (2a)

L̂+ =L̂x + iL̂y =
√

2(â†0â1 + â†−1â0), (2b)

L̂z =â†−1â−1 − â†1â1, (2c)

where L̂z, the lowering operator L̂− and raising oper-
ator L̂+ obey angular momentum commutation rela-
tions [L̂+, L̂−] = 2L̂z and [L̂z, L̂±] = ±L̂±, The model
Hamiltonian (1) can be put into the form[1]

Ĥ = ~g(L̂2 − 2N̂), (3)

where L̂2 = L̂2
x + L̂2

y + L̂2
z, and N̂ = n̂1 + n̂0 + n̂−1

denotes the total atom number in all three conden-
sate modes of different spin states. Obviously, the
operators N̂ , L̂2 and L̂z,± (L̂z, L̂+, L̂−) are con-
served quantities, i.e., N̂(t) = N̂(0), L̂2(t) = L̂2(0)
and L̂z,±(t) = L̂z,±(0) because they commute with
the Hamiltonian. There exist the explicit expressions
related all the eigenstates |l, m〉 of the angular momen-
tum (2) to the Fock states[14] and the corresponding
algebraic approach has been developed.[14−17]
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Using the Heisenberg equation of motion
i~ dÂ/dt = [Â, Ĥ], we readily obtain the following
equations:

i
dâ1

dτ
=− 2L̂zâ1 +

√
2L̂+â0, (4a)

i
dâ0

dτ
=
√

2L̂−â1 +
√

2L̂+â−, (4b)

i
dâ−1

dτ
=2L̂zâ−1 +

√
2L̂−â0, (4c)

where τ = gt.
Our purpose is to solve this set of operator-type

differential equations to obtain the explicit analyti-
cal expressions showing how the annihilation opera-
tors vary with respect to the time τ = gt. To achieve
this goal, we follow the previous strategy[12] to put
them into the more concise form with the correspond-
ing formal solution,

i
dα̂

dτ
= K̂α̂ ⇒ α̂(τ) = e−iK̂τ α̂(0), (5)

where α̂(τ) = (â1(τ), â0(τ), â−1(τ))T and K̂ is a time-
independent 3× 3 operator-type matrix of the form

K̂ =
√

2



−√2 L̂z L̂+ 0

L̂− 0 L̂+

0 L̂−
√

2 L̂z


 , (6)

where L̂z = L̂z(0) and L̂± = L̂±(0).

Consequently, to solve the set of operator-type
differential equations (4) has turned into finding the
explicit expression of the operator exp(−iK̂τ). The
extreme difficulty in doing so lies in the fact that the
elements of the matrix K̂ are operators and they do
not commute with each other due to [L̂+, L̂−] = 2L̂z

and [L̂z, L̂±] = ±L̂±, and hence one cannot adopt the
usual powerful techniques for c-number matrices.

We therefore utilize the previous approach[12] to
diagonalize the operator-type matrix K̂. Defining
Ω̂ =

√
4L̂2 + 1 with L̂2 = L̂2(0) = L̂2(t) and us-

ing the properties [L̂z, L̂±] = ±L̂± ⇒ L̂zL̂± =
L̂±(L̂z ± 1) ⇒ F (L̂z)L̂± = L̂±F (L̂z ± 1), L̂−L̂+ =
L̂2 − L̂2

z − L̂z = (Ω̂ + 1 + 2L̂z)(Ω̂ − 1 − 2L̂z)/4,
L̂+L̂− = L̂2−L̂2

z +L̂z = (Ω̂ +1−2L̂z)(Ω̂−1+2L̂z)/4,
we can from K̂ψ̂ = λψ̂ with ψ̂(τ) = (α, β, γ)T to show
that K̂Ŵ = Ŵ D̂ or K̂ = Ŵ D̂Ŵ−1 with the diag-
onal matrix D̂ =diag(−2,−1 + Ω̂ ,−1− Ω̂) and hence

e−iK̂τ = Ŵ




e2iτ 0 0

0 eiτ−iτΩ̂ 0

0 0 eiτ+iτΩ̂


 Ŵ−1, (7)

where the operator-type matrix Ŵ is

Ŵ =




L̂+

√
2 L̂+(1 + Ω̂ − 2L̂z)

√
2 L̂+(1− Ω̂ − 2L̂z)√

2 L̂z (1 + Ω̂)2 − 4L̂2
z (1− Ω̂)2 − 4L̂2

z

−L̂−
√

2 L̂−(1 + Ω̂ + 2L̂z)
√

2 L̂−(1− Ω̂ + 2L̂z)


 . (8)

All the operators in Eq.(8) are the corresponding values at t = 0. Besides, we can consider the conserved
operators Ω̂ and L̂2 in Eqs.(7) and (8) as c-numbers because they commutes with all the other operators in
Eqs.(6–8). However it should be noted that the operators L̂2 and Ω̂ =

√
4L̂2 + 1 do not commute with the

operators âj and â†j , j = 0,±.
Then after some tedious but straightforward manipulations, we derive from Eqs.(5), (7) and (8) the exact

explicit analytical expressions for the evolution of creation and annihilation operators as follows:

â1(τ)e−iτ =f(τ, L̂z)â1(0) + g(τ, L̂z)â0(0) + h(τ, L̂z)â−1(0), (9a)

â0(τ)e−iτ =s(τ, L̂z)â1(0) + vâ0(0) + s(τ,−L̂z)â−1(0), (9b)

â−1(τ)e−iτ =h(τ,−L̂z)â1(0) + g(τ,−L̂z)â0(0) + f(τ,−L̂z)â−1(0), (9c)

with

f(τ, L̂z) =
cos(Ω̂τ) + eiτ

2

+
4Ω̂ [cos(Ω̂τ)− eiτ ](1 + L̂z)L̂z − i[Ω̂2 + 3 + 4(4− 3L̂z − Ω̂2)L̂z] sin(Ω̂τ)

2Ω̂(Ω̂2 − 5)
, (10a)

g(τ, L̂z) =
2
√

2L̂z[eiτ − cos(Ω̂τ)]
Ω̂2 − 5

− i
√

2(6L̂z + Ω̂2 − 9)
Ω̂(Ω̂2 − 5)

, (10b)
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h(τ, L̂z) =
[Ω̂2 − 4L̂z(L̂z − 1)− 5][cos(Ω̂τ)− eiτ ]

2(Ω̂2 − 5)

− i
Ω̂2 + 4L̂z(3L̂z − 5) + 3

2(Ω̂2 − 5)Ω̂
sin(Ω̂τ), (10c)

s(τ, L̂z) =
[−Ω̂2 + 4L̂z(L̂z + 1) + 5]L̂z[cos(Ω̂τ)− eiτ ]√

2(Ω̂2 − 5)

− i
(Ω̂2 − 1)2 − 4L̂2

z(1 + 6L̂z + Ω̂2) + 2(3 + Ω̂2)L̂z

2
√

2(Ω̂2 − 5)Ω̂
sin(Ω̂τ), (10d)

v(τ, L̂z) = cos(Ω̂τ)− 4L̂2
z[cos(Ω̂τ)− eiτ ]

Ω̂2 − 5
+ i

Ω̂2 − 12L̂2
z + 3

(Ω̂2 − 5)Ω̂
sin(Ω̂τ). (10e)

Equations (9) and (10) are the central results of
the present paper and they represent the exact analyt-
ical solution to a set of four highly nonlinear and fully
quantized coupled equations (4). They completely de-
scribe the quantum dynamics of the quantum spins
mixing in spin-1 Bose–Einstein condensates including
the evolution of quantum fluctuations, entanglements,
average atom numbers (〈â†kâk〉, k = 0,±1) and corre-
lations such as 〈âiâj〉 and 〈â†i âj〉 (i 6= j).

In summary, we have derived and solved exactly
a set of fully quantized coupled equations describ-

ing the quantum dynamics including the evolution of
quantum fluctuations, entanglements and correlations
for the quantum spins mixing in spin-1 Bose–Einstein
condensates. The exact analytical solution could also
be used to demonstrate the possible Rabi oscillations,
collapse and revivals.[18−21]
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