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Traditionally, the zitterbewegung (ZB) of the Dirac electron has just been studied at the level of quantum mechan-

ics. Seeing the fact that an old interest in ZB has recently been rekindled by the investigations on spintronic, graphene,

and superconducting systems, etc., this paper presents a quantum-field-theory investigation on ZB and obtains the con-

clusion that, the ZB of an electron arises from the influence of virtual electron—positron pairs (or vacuum fluctuations)

on the electron.
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1. Introduction

B) of the
Dirac electron has recently been rekindled by the

An old interest in zitterbewegung (Z

investigations on spintronics, graphene, and super-
conducting systems, etc.'=6 where spintronics and
graphene are red hot topics.l"=9 In particular, there
are recently important progresses in improving the
predictions for detecting ZB and relating them to
Schrodinger cats in trapped ions.['%'Y However, tradi-
tionally, ZB has been studied at the level of quantum

mechanics,12-20]

while a rigorous investigation on ZB
at the field-quantized level is still absent. This paper
will present a quantum-field-theory investigation for
7B, which has potential applications to spintronics,

graphene, and superconducting systems, etc.

2. Zitterbewegung at the level of

quantum mechanics

In the following, the natural units of measurement
(h = ¢ = 1) is applied, repeated indices means sum-
mation according to the Einstein rule, and the four-
dimensional (4D) space—time metric tensor is chosen
-1, p,v =0,1,2,3. At the
level of quantum mechanics, there have been many in-

as g"¥ = diag(1, -1, -1,

vestigations on the ZB of the Dirac electron.!'2=2% Let

d* denote the complex conjugate of d (and so on), '
denote the hermitian conjugate of the electron’s wave-
function ¢ (and so on), as the general solution of the
Dirac equation, the wavefunction ¢ can be written as

@ 3/2\/ Z c(p, s)u(p, s) exp(—ip.x)

+d* (p, s)v(p, s

() =

eXp(lp )], (1)

where s = 1,2 correspond to the spins of +1/2, re-

, B = \/p?+m2, m is the

mass of the Dirac electron, u(p, s) and v(p,s) are the

spectively, p.x = p,x

4 x 1 Dirac spinors in the momentum representation.
Because all observables are the averages of operators
rather than the operators themselves, one had bet-
ter study the ZB of an electron via the electron’s
mean position X = [ Yixyd®z and mean velocity
V = dX/dt (in the position space, the position oper-
ator & = x). Using the Dirac equation Hy = oy /ot
with H = a-p+fm (p = —iV, v and B are the Dirac
matrices) and dx/0t = 0, one can prove that

V = dX/dt
= [ v\ @e /ot + il al)vde

- [vlavd’a. (2)

Substituting Eq.(1) into Eq.(2), one has V' = Vgjassic+
V,bw, Where

Votassic = / &*p S lle(p, ) + |d(p, )| (p/E) (3)
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corresponds to the classic velocity of the Dirac elec-

tron, while[20]

‘/zbw
-/ dBp{ S [ (=, ) (b, $)(=p, 5 Yorv (p, 5)]

s,s’

x exp(i2Et) — Z[d(—p, s")e(p, s)o(—p,s’)

xau(p, s)] exp(—iQEt)} (4)

corresponds to the ZB velocity of the Dirac electron,
where ¢(p, s) = ¢(F,p,s) and c¢(—p,s) = ¢(E, —p, s)
(and so on), % = u'B (and so on). The ZB term is
caused by the interference between the positive- and
negative-energy components of the wavefunction 1,
and then it vanishes if there is only the positive- or

negative-energy component.

3. Zitterbewegung at the level of
quantum field theory

At the level of quantum field theory, the wave-
function ¥ should be reinterpreted as the field opera-
tor 1/3 in Fock space, where the operator property of 1&
is carried by the creation and annihilation operators,
then Eq.(1) becomes

b = [ ban Sl )t expli)

+d'(p, 5)v(p, s) exp(ip.z)]. (5)

The expansion coefficients ¢! and & (or df and J) repre-

sent the electron’s (or positron’s) creation and annihi-
lation operators, respectively. As mentioned before, at
the level of quantum mechanics, the ZB can be stud-
ied via the electron’s mean position X = fwfccwd%:
and mean velocity V = dX /dt = [¢Taypd3z (in the
position space & = x). However, in quantum field the-
ory, the position vector  plays the role of a parameter
rather than an operator. Nevertheless, in terms of the
field operator 7,/; one can formally introduce an opera-
tor in Fock space as follows (its operator property is
entirely carried by the creation and annihilation oper-
ators):

X = /wwd% X+ X 4 X+ X, (6)

In fact, let ¢ denote electric charge, taking x as a
displacement vector with respect to the origin of co-
ordinates, one can regard X = Ik @quﬁ)dgm as an

electric dipole moment, it is a well-defined operator
in quantum field theory. To calculate Eq.(6), let
{e1,ez,e3} denote an orthonormal basis with ez =
e; X e; = p/|p|, its spinor representation forms an-
other orthonormal basis {'rpr,n,,n/ /}, where n+ =
(e1 tiez)/v2 and i/, = e3 (see Appendix A), one
can prove that

Xo = Y (tp/E)[é (p, 5)é(p, s)

_JT (p7 S)d(pv S)], (7)
X1 =) {l(-i0/0p)é (p,s)|é(p, )

+((10/0p)d(p, s)ld" (p, )}, (8)

X, =y {J;Em ¢ (5, 2)d! (—p, 1) exp(i2F1)

+é(—p, 1)d(p, 2) exp(—i2Et)] + h.c.}, (9)

—im R
Xy =3 s AlE @ 1)d (=p,1)
p

—ét(p,2)df (—p,2)] exp(i2Et) + h.c.}. (10)

Here h.c.
preceding term, é(p,s) = ¢(E, p,s) while é(—p,s) =
Obviously, X, is related
to the free motion of charges and describes the po-

denotes the hermitian conjugate of the
¢é(E,—p,s) (and so on).

sition of centre-of-charge of the Dirac field; Xz 1 and
X, ;, are perpendicular and parallel to the momen-
tum vector p, and arise from the contributions of the
transverse and longitudinal ZB motions, respectively.
If all particles have the same momentum (or veloc-
ity), one has X, = 0, then X can be regarded as a
correction for the position of centre-of-charge of the
Dirac field, which arises from a mutual effect between
the fast and slow particles. Moreover, because Xh
XZJ_7 Xz// x fi (note that we apply the natural units
of measurement & = ¢ = 1), they are the quantum
corrections for the position of centre-of-charge of the
Dirac field. Therefore, we call X = fq[ﬁ:m/}d?’w as
the position operator of centre-of-charge of the Dirac
field, and then V = dX/dt is the velocity opera-
tor of centre-of-charge of the Dirac field. Obviously,
V = [¢lapdde = [ jd3x, where j = i is the
3D current density of the Dirac field, then V =dX /dt
also represents the 3D current operator of the Dirac
field. One can prove that (the field ¥ given by Eq.(5)
is free, then d X /dt = 0)

VEdX/dt: Vdassic-i-ZAJ_-i-ZA//, (11)
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where
‘A/tvclassic = dXO/dt
= (p/B)E (p, s)é(p, 5)
p,;s

—CZT(p, S)CZ(p,S)}, (12)

is the classic current, while ZAL = dXzL/dt and
VA /)= dX, ;,/dt are the transverse and longitudinal
7ZB currents, respectively, they are

Z, = {Vn[et(p,2)d' (—p, 1) exp(i2Et)

—é(—p, 1)d(p, 2) exp(—i2Et)] + h.c.}, (13)
Zy, = (m/Emny{['(p,1)d (—p,1)
—ét(p,2)dt (—p, 2)] exp(i2Et) 4+ h.c.}. (14)

Equation (12) shows that the classical current Vilassic
is formed by electrons or positrons with the momen-
tum p. On the contrary, in Eqs.(13) and (14), é'd' and
ed are respectively the creation and annihilation op-
erators of electron—positron pairs with vanishing total
momentum (as viewed from any inertia frame of ref-
erence), then the ZB currents Z, and Z /) are related
to the creation and annihilation of virtual electron—
positron pairs. In fact, seeing that a hole in Dirac’s
hole theory can be interpreted as a positron, in terms
of quantum field theory the traditional argument!!9-2%!
for the ZB of an electron (in a bound or free state) can
be restated as follows: around an original electron, vir-
tual electron-positron pairs are continuously created
(and annihilated subsequently) in vacuum, the origi-
nal electron can annihilate with the positron of a vir-
tual pair, while the electron of the virtual pair which
is left over now replaces the original electron, by such
an exchange interaction the ZB occurs. Therefore,
from the point of view of quantum field theory, the
occurrence of the ZB for an electron arises from the
influence of virtual electron—positron pairs (or vacuum
fluctuations) on the electron.

Moreover, let A, be the 4D electromagnetic po-
tential, 7# = (°,7) be the 4D current-density vector,
according to QED, in the electromagnetic interaction
j*A, (let the unit charge e = 1), the classical cur-
rent Vdassic can contribute to the Compton scatter-
ing, while the ZB currents Z, and Z /, can contribute
to the Bhabha scattering. However, in the presence
of the electromagnetic interaction, the vacuum is re-
placed with electromagnetic fields, and the electron—
positron pairs in the Bhabha scattering are real rather
than virtual ones.

4. Another interpretation for the

position operator

As mentioned above, at the level of quantum field
theory, X = Il z/A)Ta:z/AJd:ﬁ:c can be interpreted as the po-
sition operator of centre-of-charge of the Dirac field,
and as the velocity operator of centre-of-charge of the
Dirac field, V = dX/dt is also the Dirac current
operator because of V = fj'd?’w. Note that as the
Fock-space operators, their operator property is en-
tirely carried by the creation and annihilation oper-
ators, which avoids any problem with ‘position as an
operator in quantum field theory’. Now, let us provide
another physical interpretation for X = J z/ﬁ:mﬁd?’m.
As we know, the 4D momentum of fields acts as the
conserved Noether charge related to the symmetry
of the Poincaré group. Likewise, we will show that
XK = ft/ﬁx“z/}d?’x can be regarded as a generalized
(non-conserved) Noether charge associated with a lo-
cal U(1) symmetry. For this let A, be the 4D elec-
tromagnetic potential, v*’s represent the Dirac ma-
trices satisfying the algebra ~#~" + y¥~y#* = 2gH",
D,, = 0,+ieA,, represents the covariant derivative (for
convenience let the unit charge e = 1), and 12 = 1[1*70,
according to QED, the Lagrangian density

L = () (i7" Dy, — m)i(x)
+(1/4)(8, A, — 8, A,) (0" AY — 0 A*) (15)

is invariant under the local U(1) transformation as
follows:

(@) = P! () = exp[—i0(x)] (x),
Ay — Al = A, +9,0(x), (16)

where 6(z) can be arbitrary scalar and continuously
differentiable function. For our purpose, let 8(z) =
e xt, where ¢,’s (u = 0,1,2,3) are real constants.
However, contrary to the usual local U(1) transfor-
mation, here we take £, as the transformation pa-
rameter, while regard z* as the generator of the
transformation, and call the transformation (16) with
0(x) = e a* alocal pseudo-U (1)-transformation. Un-
der the transformation (16), applying variation oper-
ations in £ = 0 and applying the Euler-Lagrange
equations of the fields, one can obtain an equation of
continuity Duj“” = ¥, where

T NPT TR
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In fact, applying Eq.(17) and (iy*D, — m)z/AJ = 0,
iD,ﬂ/ﬁw” + mz/j = 0, one can examine the validity of
D, J" = j¥. By convention we take X” = [ J%d3z
as a charge, and call it a generalized Noether charge,
it is

X”:/@%%&x:dﬁXy with

X:/WW&m (18)
As we know, under the global gauge transforma-
tion U(1), the free Lagrangian density zZ(x)(i’y”@u -
m)y(x) is invariant, from which one can obtain the
usual equation of continuity ,7” = 0 and the con-
served Noether charge Q = [ 7°d3z. On the contrary,
here the generalized Noether charge X* = (X9, X) is
associated with a local symmetry and is no longer a
conserved quantity: dXxw /dt # 0, and its spatial com-
ponent X = fi[)T:B@/AJdSEL' is exactly the position oper-
ator of the centre-of-charge of the Dirac field (defined
by Eq.(6)). A "
becomes 9, J"” = j”, it can be examined via Eq.(17)

and (iv#0, —m)y =0, 18#127“ +ma) = 0.

As A, = 0, the equation of continuity

5. Conclusions

Though the position vector x in quantum field
theory is just a parameter, one can still introduce a
Fock-space operator X = fﬁfmﬁd?’x (its operator

l

property is entirely carried by the creation and anni-
hilation operators), it plays the role of a generalized
(non-conserved) Noether charge associated with a lo-
cal U(1) symmetry of the Lagrangian density given
by Eq.(15), and describes the position of centre-of-
charge of the Dirac field (it can also be regarded as
the electric dipole moment with the electronic charge
of ¢ = 1). Correspondingly, as the velocity of centre-
of-charge of the Dirac field, V =dX /dt also repre-
sents the current vector of the Dirac field because of
V= fjd“m As a result, via X = fv,/ﬁ:cz@d‘rsa: and
V= dX/dt one can study the ZB of the Dirac elec-
tron at the level of quantum field theory, from which
one can show that, from the point of view of quantum
field theory, the ZB of an electron arises from the in-
fluence of virtual electron-positron pairs (or vacuum
fluctuations) on the electron.
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Appendix A

In this paper, the orthonormal basis {e;, e, e3}
is expressed as

e = e(p,1) = (P%Pa + 3 |p| pipaps — pip2 |P| P1> ’

Ip| (p7 +p3)’

lp| (7 +p3)  Ipl

s = e(p,2) = (P1p2p3 —pip2|p| p3ps + i [Pl _P2> ’

Ip| (P + p3)

1
€3 = e(pv 3) = E(p, 1) X e(pa2) = m = m(plvp27p3)'

"ol (3 +p3)"  |pl

P (A1)

As the spinor representation of {ej, es, e3}, another orthonormal basis {77+, n_, 77//} is defined by n+ = e; +

ie2)/V2 and m/, = es, that is

p1 — ip2

p1 — ip2

p1ps — ip2 |p| paps +ip1 |p .
e =nelo) = 1/l | 2l i+,

p1p3 +ip2 || p2p3 —ip1|p .
n:n@zawmw( Pl ”;m—mo,

p1 +ip2

D 1
n;=n/,p) =eP3)=7=—
/=" ol Tpl

(p1,p2,p3)-

p1 +ip2
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Obviously, the momentum p is perpendicular to 1.
while parallel to n,,. In fact, n+ and n,, represent
the three circular polarization vectors of the photon
field (the spin-1 field), while e;, es, and es are the
three linear polarization vectors. In terms of the ma-
trix representation of the vectors i and n,, (n* is
the complex conjugate of n_)

p1p3 — ip2 |p|
1 p1 — ip2
Ny =n" = —— | P2P3 1P |p|
V2 |p| p1 — ipa
—(p1 +ip2)
1 b1
W | P2 | (A3)
P3

one can prove that

R

- i = )\1771 1= +,—, )
] ( /1)

Ar =41, A, =0, (A4)

where the spin-1 matrix vector 7 = (71, T2, 73) has the

components
00 0 00i
T1=|100-11], T2= 000¢{,
0i 0 -100
0-10
=100 (A5)
000

That is, n+ and 7/, represent the three eigenvectors
of the spin-projection operator 7 - p/ |p| of the spin-1
field, with the eigenvalues A+ = +1 and A\,, = 0, re-
spectively, which implies that 7, is the longitudinal
polarization vector of the spin-1 field, while n; and
n_ are the right- and left-hand circular polarization
vectors, respectively.
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