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This paper considers classical strings propagating in «-deformed AdSs x S3 backgrounds generated by certain shift

T-dualities accompanied (TsT) transformations on S3 and AdSs, respectively. Tt finds that the U(1) currents of strings

with the twisted boundary conditions are equal to those in y-deformed backgrounds generated by TsT transformations

on both S3 and AdS3. Applying the TsT transformations, it derives the local Lax connections and the monodromy

matrices in y-deformed backgrounds with the spectral parameter which ensure the classical integrability of the string

theories.
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1. Introduction

Recently, Lunin and Maldacenal') found the grav-
ity dual to the SB-deformations of N'=4 super Yang—
Mills (SYM) theory.l? This deformation of the string
background can be obtained by applying two T-
dualities accompanied by certain shift parametrized
by 8 (TsT transformation). For real values of § =
v, Frolov obtained the strings in the ~-deformed
background by TsT transformation.®! Furthermore,
Rashkov et al studied the multi-shift Ts...sT trans-
formation applied to the backgrounds with at least
two U(1) isometries.

In recent years, integrabilities of nonlinear equa-

[5-10] Especially,

tions have received wide attention.
integrabilities in string theories are expected to play
an important role in establishing strings on the anti-
de Sitter space/conformal field theory (AdS/CFT)
correspondence.!'' =17l The classical integrability and
non-local charges in the type IIB string theory on
AdSs x S° were suggested in the early work!'®! by re-

garding the S° part as a nonlinear o model. For such a
PSU(2,2/4)
SO(1,4) x SO(5)
Polchinski-Roiban['¥! found an infinite set of classi-

non-symmetric coset space , Bena—

cally conserved currents for the Green—Schwarz (GS)
superstring on AdSs x S°, such that it may be ex-

TsT transformation, Lax connection, monodromy matrix, integrability

actly solvable. For this new ~-deformed backgrounds,
the integrabilities are still useful for searching new
less supersymmetric examples of the AdS/CFT cor-
respondence. Frolovl®) obtained the Lax operator for
the bosonic part of superstring in the ~v-deformed
background generated by TsT transformations on S°
which proves the integrability at classical level, and
the Lax operator in the TsT transformed AdSs; was
constructed in Ref.[20]. Moreover, the Lax operator
of GS superstring included the fermionic sector was
given in 7-deformed backgrounds by redefinition of
the fermionic variables.?!] Tn Ref.[22], the Lax pair
for the pure spinor strings was determined in the TsT-
deformed backgrounds.

The bosonic part of the worldsheet action for a
string on AdSs x S3 is the sigma model action on
the group manifold SU(1,1) x SU(2).1?3 (In Ref.[24],
since the group manifold SU(1,1) is locally isomor-
phic to SL(2, R), the manifold AdSs; x S can be un-
derstood as the group manifold SL(2, R) x SU(2).)
In the present paper, the string sigma model ac-
tion on AdS; x S? is described by the group mani-
fold SU(1,1) x SU(2).
transformations on both S and AdSs, we obtain the

Moreover, according to TsT

Lax connections and the monodromy matrices of the
strings in y-deformed AdS3 x S? backgrounds.
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This paper is organized as follows. In Section 2,
we use TsT transformations on S® and AdSs, respec-
tively, and then derive the string actions in y-deformed
AdS3 x 83 backgrounds. In Section 3, the Lax con-
nections and the monodromy matrices in «-deformed
backgrounds generated by TsT transformations on
53 and AdSs are both acquired from the strings on
AdS3 x S3.

2. The ~-deformed AdS; x S? ac-

tion

2.1. The y-deformed action generated by
TsT transformations on S*

In this section, we consider the string sigma model
on S3, using a T-duality on one circle of S3, a shift of
a second angle variable, followed by another T-duality,
then we will derive the strings in the y-deformed back-
ground.

Since the TsT-transformation involves only vari-
ables of S3, it is sufficient to consider that the S part
of the string action is a sigma model by unitary SU(2)
matrices of the form

X, X,
g= ;o xP X =1 (1)
—X5 X
where
Xy =, Xy =10, and r4ri=1. (2)

In terms of the parametrization of g, the string action
on S takes the form

2 o
o zﬂ[ Y (DariOpri + 9ij0adi 03¢ )

+ A(ri + 73 - 1)], (3)

S/I —

where VA = R?/a/, R is the radius of S%, 4 is a La-
2, and v = diag(—1,1).
The metric g;; and the anti-symmetric 2-form field b;;

grange multiplier, ¢ = 1,

are

2 2
gi1 =171, g22 = Tg,

912 = g21 = 0, bi; = 0. (4)

The action is invariant under the SU(2) group, and
the two U(1) isometry transformations are realized as
the angle variables ¢!

Firstly, we make the T-duality transformation!®4

on the circle parametrized by ¢]. We obtain the ac-
tion for the T-duality theory

S =— /d

&ﬁ 8 7'1867'1 +gzj 0,(]5 85(25 )

+ /1(r1 +7r5—1)], (5)
where / 1 / )
911—¥7 922 = T2,

912 = 9/21 =0, bgj =u. (6)

The T-duality variables ¢} are related to ¢} as follows

Dot = Yape” 010011,
= 5. (7)

The relations in Eq.(7) are satisfied only on-shell, it
means that their consistency conditions lead to the
equations of motion for ¢ and ¢}.
Secondly, we make the following shift of the angle
variable ¢}:
¢y — ¢ + 541, (8)
After the shift the T-
transformed metric ¢’ and the field b’ acquire the fol-
b, — Bi:

where 4 is any constant.

: !
lowing form, g;; — G,

G =g + 7052 = G;%l’
Gl =1+4%3,
Gy = 4952 = 77"2,
/22 = 952 = 7”57 Bz{j =0, 9)
and the variables ¢} transforms into
a0 =Vape” 0101911,
=y + 4} (10)
The final step is to make again the T-duality

transformation on the circle parametrized by ¢/. This
leads to the string action in the 7y-deformed back-

ground
VA a8
S§=-- 27T[ (OariB57i + Gij0atiOs0;)
= € Bij 0adiOst; + AT +15 - 1), (1)
where
Gij = Ggij, Biz=—Ban = A4Grirs. (12)

The variables ¢} are related to the T-duality variables
¢; as follows:

Oa® =Vape” 0y01G11 — a2 Bia,
¢y =2 (13)
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We have the string action in the y-deformed back-
ground about $3

i

— e
S 2 277[ (a rlaﬁrl + G’I’ aa¢zaﬁ¢z)
— 29Grir3e™ 010302
+ A(r} + 73 — 1)) (14)

Equations (7), (10) and (13) allow us to determine the
following simple relations between the angle variables
¢! and TsT-transformed variables ¢;:

Da 1 = ( Oathr — 'Ayr%')/aﬁeﬁ’ya'y(éﬂ’
aa /2/ = ( a¢2 + PAYT%’Yaﬁeﬁ’Ya’ygﬁl)a
Gl =144%{r3. (15)

To clarify the meaning of the relations in Eq.(15) we
compute the conserved U(1) isometry currents for the
string theories on the backgrounds under considera-
tion
JI' = -V 2y B4l
—VArIy PG (0ph1 — 43780 Dy 2),
VA2 PG (B + AT, Dy1). (16)
Comparing the relations in Eq.(15) with the expres-
sions for the currents in Eq.(16), we see that Eq.(15)

is just a statement that the U(1) currents of strings on
53 are equal to those in the y-deformed background:

JIe = e, (17)

Moreover, we can label canonical momenta as p; =

J?

70

and the associated charges J; = f pl, so the

twisted boundary conditions for the U(1) Varlables @
on S% take the form!l

1(27m) — ¢7(0) =27 (m1 + 7J2),
5(27) — ¢5(0) =2m(ma — v.J1), (18)

where v =

bers defined

, and m; denotes integer winding num-

B

@i (2m) — ¢;(0) = 2wm,;. (19)

2.2. The y-deformed action generated by
TsT transformations on AdSs

In this section, we consider the string sigma model
action on AdSs, and find that the AdS3 sector takes
the form by unitary SU(1, 1) matrices,

X1 X

g= (20)
X5 X7

with
f _ — 1 2 2 _
g'sg=s, s=diag(-1,1), —|Xi|°+|X|*=—
(21)
where
X, = rleid’/l/, Xo = rzei¢/2/, and r% — r% =1.

(22)
Hence, the string action on AdSs takes the form

VA
8" =~ > T%[’Yaﬁ(aaﬁaﬁrl — Oar20pT2
+ 9ij0ati 00}) + A(r? —r3 — 1)), (23)

where the metric g;; and the anti-symmetric 2-form
field b;; are

_ 2 _ 2
gi1 =77, g22 = —Ty,

912 = g21 = 0, bij = 0. (24)

The action is invariant under the SU(1, 1) group, and
the two U(1) isometry transformations are realized as
the angle variables ¢/ .

Similar to the TsT transformation on 52, we make
the TsT transformation on AdS3. The ¢4 direction is
spacelike, so we invoke a TsT transformation which
acts as a T-duality along the ¢4 direction, a shift in
the ¢} direction ¢) — ¢} + ¢4, followed by a second
T-duality in the new ¢ direction.

After the TsT transformation, we derive the
string action in 7-deformed background about the
AdS3 sector,

/I

do
= Y2 [ dr—[yf
s 5 | Aol

— Gr0u$10501 + Gr3dadadsds)
+ 29Grir3e*P 0, $105¢2
+ A(r? —r3 = 1)] (25)

(aoﬂ"lang — 5‘ar285r2

with the relation between ¢! and ¢;

O /1/ = —G(0a01 — ’3/7"3704[?56787(152),
Oty = —G(Oat2 — Ar1Vape™0,01),
G™' = —1+44%rirl. (26)

We compute the conserved U(1) isometry currents for
the string theories in the backgrounds

T = =V Aty P 0541,
J3 = VAr3y*Poaey,
\fr2 aﬁ(

G)(Db1 — Ar375p€" Dy b2),
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J5 = VAr3y* P (—G) (02 — ArivspeOydn).  (27)

According to the relations in Eq.(26) and the currents
in Eq.(27), we easily find that the U(1) currents of
strings on AdS3 are equal to those in the ~-deformed
background:

J'* = J (28)

The twisted boundary conditions for the U(1) vari-
ables ¢’ on AdSs take the form

1(2m) = ¢7(0) =27 (my —vJ2) ,
5(2m) — ¢5(0) =27 (mz + 1), (29)

where m; denotes integer winding numbers defined by
(]51(271') — ¢1 (0) = 27Tm¢. (30)

It is emphasized that the twisted boundary conditions
(29) on AdS; are different from those in Eq.(18) on
S3.

So we have derived the y-deformed actions gener-
ated by TsT transformations on S® and AdSs;. What
is more, it is found that the U(1) currents of strings
with the twisted boundary conditions are equal to
those in y-deformed backgrounds generated by TsT
transformation on both S and AdSs. In next sec-
tion we will use these relations in Egs.(15) and (26)
to find the Lax connections for the string theory in
v-deformed backgrounds.

3. Classical

deformed backgrounds

integrability in ~-

In this section, from the known Lax connection
for the string theory on AdS3 x S2, we will derive the
Lax connections and the monodromy matrices for the
string theory in y-deformed backgrounds.

The sigma model on S3 (or AdS3) follows from
the usual action for the principal chiral field:

S = /dz+dz_tr(J+J_), (31)

1
where we use z4 = 5(7 +0), and 0+ = O % 0O,

the right currents J4+ = ¢~ '0+g. The Euler-Lagrange
equation can be written as

OyJ_+0_Jy =0. (32)
J+ also satisfies the Maurer—Cartan equation

8+J, - 87J+ + [J+7 J,] = 0 (33)

Now the Lax connection A;(l) with the spectral pa-

rameter [ is constructed,
-
A+(l) = a1 Dy = 7
l

=—J_. 34

1+1 (34)

It is obvious that the Lax connection Ay (1) in Eq.(34)

satisfies the compatibility condition for the integrable

J—'ra

A_(l) = a_(1)J-

system (or the zero curvature condition)
8+A— - 8—A+ + [A+7 A—] = 07 (35)

or

[Dy,D_]=0, Di=0s+As. (36)

The Lax connection in Eq.(34) for the sigma model on
S3 (or AdS3) cannot be used to derive a local Lax con-
nection for the string in the y-deformed background,
because it is not invariant under the U(1) isometry
transformations.

About the sector S3, for the right currents Ji,
the dependence on the angle variables ¢} can be eas-
ily found if one notices that the matrix g (1) can be
represented in the following factorized form, !

g(ri, @) = M'(6])g(r;) M(8),  X;=rie®, (37)

where
0 o3 (67 —97)
M = i 1 11 b
e*%(‘% —¢7) 0
, 0 o3 (¢ +¢3)
M' = . ,
e~ 3 (87 +0%) 0
. 1 —T2 o .
g = ’ b= gT7
r2 T1
M*'=M, M'=M, (38)
we derive the following formulal®!
Ji(ri, ¢") = M~V Ji(ri, 007 )M, (39)
where

Ji =5 (056 = 0u6)os + 97" 0ug

i A1 s
- 5(3i¢/1/ + 0:05)g 03 (40)
Gauging away the dependence of the Lax connection

A4 on the matrix M, we obtain the Lax connection

that depends only on 0,¢,
Dy — MD M ' =0, + A,
A () =MA M+ Mo M
=ax(1)J: + %(8525’2’ — 0+67)os.
(41)
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The local Lax connection A’y (I) in the y-deformed
background about S3 is now obtained by expressing
the angle variables 0,¢! of S3 in terms of the angle
variables 0, ¢; of the y-deformed background by using
the explicit relations in Eq.(15).

For the sector AdSs, the matrix g in Eq.(20) can
also be represented in the following factorized form:

g(ri, ) = M'(¢])g(r:) M (7)),

where M, M’ have the same form as those in Eq.(38),
but

X; = rie'% | (42)

A T T2
g = )
T2 T1
L —T2
~A—1
g = : (43)
—re M

Hence J4, Jy and A’ have the same form with those
in the Eqgs.(39) (40) and (41).
nection in the y-deformed background about AdSs is

So the local Lax con-

now obtained by expressing the angle variables 9, ¢!
in terms of the angle variables d,¢; by the explicit
relations in Eq.(26).

Therefore, one constructs the monodromy matrix
T(I) by using the given Lax connection in Eq.(41),
2

T(l) = Pexp{ - A;(z)da}

0

- Pexp{ A% % (AL (1) — A;(Z))da}. (44)

The Lax connection and the monodromy matrix of
the string theory would naturally lead to an infinite
number of non-local conserved charges by the stan-
dard method™ which are intimately connected to the
classical integrability of the theories. This fact is a
characteristic property that the string theories in the
~v-deformed backgrounds generated by TsT transfor-
mations on both S3 and AdS3 are completely inte-
grable at least at classical level.

In summary, we have discussed TsT transforma-
tions on S3 and AdSs, and generated the string actions
in y-deformed backgrounds. Then we have found that
the U(1) currents of strings with the twisted bound-
ary conditions are equal to those in y-deformed back-
grounds. Finally, we have derived the local Lax con-
nections and the monodromy matrices in y-deformed
backgrounds which imply the classical integrability of
the string theories.
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