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In this paper, by using the stability theory of stochastic differential equations, the average-consensus problem with

noise perturbation is investigated. It is analytically proved that the consensus could be achieved with a probability of

one. Furthermore, numerical examples are taken to illustrate the effectiveness of the theoretical result.
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1. Introduction

In recent years the consensus problems have
aroused an increasing interest due to their applica-
tions in many areas such as biology, physics and en-
gineering. The studies of multiple agents focus on
an understanding of the general mechanisms and in-
terconnection rules of cooperative phenomena as well
as their potential applications in various engineering

problems. 1 6]

In Ref.[1], Vicsek et al proposed a simple but in-
teresting discrete-time model which can be viewed as
a particular case of computer model mimicking ani-
mal aggregation. In Ref.[7], Jadbabaie et al provided
a theoretical explanation for the consensus behaviour
of the Vicsek model. In the past few years, consen-
sus problems have developed very fast and several
research topics have been addressed, such as agree-
ment over random networks, 8 networks with commu-

[4,6] 6] and

nication time-delays, consensus with leaders
consensus in discrete-time multi-agent systems.[®! For
more details, see the relevant review paper!*® and ref-

erences cited therein.

Noise, commonly regarded as a random and per-
sistent disturbance obscuring or reducing the clarity of
a signal, is of omnipresence in nature and in man-made
systems.[!1=4] And there are also many synchronous
phenomena in noisy environments, such as the blink-
ing synchronization of a swarm of fireflies through ran-

dom mutual communications and the chaos synchro-
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consensus problems, multi-agent systems, white noise

nization inducted by noise coupling.['>=17 In Ref.[18],
the numerical simulation results show that flocking
motions can be maintained for weak noise.

In reality, the motion of agent group is inevitably
subjected to noise and disturbance in environments.
Hence, it becomes interesting to ask such questions:
can consensus be achieved in a noisy environment?
Besides the numerical evidence, are there any analyt-
ical conditions that can be rigorously established?

In this paper, we investigate an average-consensus
problem in the environment with white noise. Our
contribution is to consider the effect of noise on in-
terconnection communication. In noisy environments,
the communication between two agents is disturbed,
i.e. the noise can affect an agent’s sensing of other
agent’s value, so we assume that the communication
links are fixed and the link weights are stochasti-
cally perturbed by white noise. The average-consensus
problem is more challenging than other consensus
problems. The analysis becomes more difficult if the
noise perturbation is involved. Based on the stability
theory of stochastic differential equations, we present
an analytical proof of some sufficient conditions, which
ensure consensus in a noisy environment with a prob-

ability of one.

2. Problem statement

Algebraic graph theory is a natural framework

for analysing consensus problems. If each agent is
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regarded as a node of a graph, then their coupling
topology is conveniently described by a simple graph.
Let G = (V,e, A) be a weighted digraph of order
n with a set of nodes V = {1,2,...,n}, a set of
edges ¢ C V x V, and a weighted adjacency matrix
A = (a;5) € R™™" with nonnegative elements. The
node indices belong to a finite set Z = {00, €,...,\}.
An edge of G is denoted by (i,5), which starts from
node i and ends at node j. Then element a;; asso-
ciated with the edge of the digraph is positive, i.e.
a;; > 0 < (i,j) € E. Moreover, we assume a;; = 0
for all ¢ € Z. A set of neighbours of node i is de-
noted by N; = {j € V: (i,j) € €}. A path in a di-
., iy of different nodes such

o f ezt
Digraph G is strongly connected if there exists a

graph is a sequence ig, i1, . .
that (i;_1,4;) is an edge for j = 1,2,...

path between any two distinct nodes. Moreover, if

2jen; ij
the digraph G is called being balanced. A diagonal

= ZjeNi aj; for all ¢ = 1,2,...,n, then
matrix D = diag(dy,...,d,) € R"™™ is a degree ma-

trix, with diagonal elements d; = ) a;; for all

<N,
i = 1,2,...,n. Then the Laplacianjrenatrix of the
weighted digraph G is defined as L = D — A € R™*™.

Remark 1 The Laplacian matrix L of the di-
graph G is a zero row-sum matrix, so L has a zero
eigenvalue with eigenvector 1 = (1,...,1) € R". In
addition, the digraph G is a strongly connected dia-
graph if and only if L has a simple zero eigenvalue,
and the digraph G is balanced if and only if 1TL = 0.

Let z; € R denote the value of node i, we refer to
G. = (G,2) with & = (z1,...,2,)7T
value z € R™ and topology G. Node ¢ and node j are

as a network with

said to be in agreement with each other in a network
if and only if ; = ;. The nodes of a network are
said to reach a consensus if and only if x; = z; for all
i,jE€Li#j.

Suppose that each node of a group is a dynamic
agent with dynamics

xT; = f(.%‘“ul),l S I, (1)

where u; is a coupling input. For any initial state xq, if
x(t) converges to some equilibrium point z* such that

€T.:

;=aj foralli,j € T as t — oo, then system (1) is

said to have solved a consensus problem, especially, if
* 1 n
xf = Ave(zg) = Ezizl
have solved the average-consensus problem.
In Ref.[4], Olfati-Saber and Murray proposed a
typical continuous-time model

T; = Z aij(xj—xi),ieI. (2)

JEN;

x;(0), system (1) is said to

The authors proved that system (2) could solve the
average-consensus problem provided that the digraph
G was a strongly connected and balanced diagraph.
Based on this model, a number of conditions for
asymptotic consensus under a variety of assumptions
on interconnection communication have recently been
reported. Our contribution here in this paper is to
extend these recent contributions to considering the
effect of noise on interconnection communication.

As mentioned above, noise is unavoidable in the
real world. The motion of the agent group is subject
to environmental noise. In order to investigate the
average-consensus problem with noise perturbation,
we stochastically perturb system (2) into the following
stochastic differential equation

dz; = Z a;j(z; —x;)dt
JEN;
+ Z oij(z; —x;)dw,i € T, (3)
JEN;

where w is a Brownian motion defined in a complete
probability space (£2,F,P) with a natural filtration
{Fi}t>0. Accordingly, w is white noise. A, = [0;5] €
R™*™ is the matrix representing the intensity of noise.
To highlight the presence of noise, it is natural to as-
sume that o;; > 0if j € Nj;055 = 01if j ¢ Nj3j # 4,

and T4 = Z 04j- Let Da = diag{oll, .. -7Unn} and
JEN;
G=D,—-A,.

Remark 2 In noisy environments, the noise af-
fects an agent’s sensing of its neighbouring agent’s
value, i.e. the communication between two agents
is disturbed, so we assume that the parameter a;; is
stochastically perturbed in the form of a;; — a;; +
o;;w for all a;; > 0.

In what follows, it is shown that system (3) could
almost surely solve the average-consensus problem
provided that certain conditions on matrices L and
G are satisfied. As is well known, the term “almost
surely” means that an event occurs with a probability
of one.

3. Convergence analysis

Before the discussion, we introduce some results
for stochastic differential equations and matrix analy-
sis.

Consider the following n-dimensional stochastic
system:

dz(t) = f(t,=(t))dt + g(t,2(t))dw(t),  (4)
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where f(t,z) : [0,400] x R* — R™ and g(t,z) :
[0, +00] x R™ — M™*™ are continuous and satisfy the
local Lipschitz condition and linear growth condition
with f(¢,0) =0, g(¢,0) = 0. w(t) is an m-dimensional
Wiener process.

Then, for each V(t,x) € C*(R x R™), define the
differential operator £ that is related to system (4) by

ov. oV
ST
1 r O?V
+ §trace {g S }, (5)

where 0V/0x = (0V/0x1,.
(02V /020 ) nxn.-

The following result gives conditions on stability

.., 0V/0xy,), 0*°V/0x? =

of the trivial solution of system (4), of which the de-
tails can be found in Ref.[19].

Lemma 1 Suppose that there exist a non-
negative function V(¢,z) € C?!([tg, +o0] x R™, RT),
and three positive numbers, i.e. p, 6, A, such that for
all x #£0,t > tg,

0|z <V(t,z),

LV (t,x) < =MV (t,x)

hold, then for any xo € R™ the trivial solution of sys-
tem (4) is almost surely exponentially asymptotically
stable, i.e.

1 A
: - < —— .S.
i g et to.20)] < - 0

The following lemma is obtained from Ref.[20].
Lemma 2 Let A € M,, be a real and symmetric
matrix and denote the eigenvalues of A as

)\min:>\1§>\2§~~~§>\n:)\maxa

then
Mzte <zTAz < \,z"x

for all x € R™. Furthermore, if u; is the right eigen-
vector of A associated with \;
then

. T Az B

i
Theorem Consider a network of integrators with

topology G = (V,¢,.A) that is a strongly connected

and balanced digraph, then system (3) will solve the

average-consensus problem with a probability of one

if the following conditions are satisfied:

i) 1TG = 0;

i) Anax(GTG) < A2(L + L),

where Apnax(GTQ) is the largest eigenvalue of matrix
G'G, and )\o(L + L7T) is the second smallest eigen-
value of matrix L + LT.

Proof With matrices L and G, system (5) can
be written in a matrix form as follows:

de = —Ladt — Gzdw, (6)
where = (z1,...,2,)T, dz = (dz1,...,dz,)T.
Let o = Ave(zx), with 1TL = 1TG = 0 we have

1 & 1
b= ;x = —ﬁ(lTLa: +17Gzw) =0. (1)

So o = Ave(x) is an invariant quantity. This allows
the decomposition of « in the form * = e+ a1, where
e is a disagreement vector. With L1 = G1 = 0, we
can rewrite system (6) as a disagreement system given
by

de = —Ledt — Gedw, (8)

Clearly, e(t,0) = 0 is a trivial solution of the disagree-
ment system (8). Moreover, the asymptotic consensus
could be achieved with a probability of one, provided
that the trivial solution of system (8) is almost surely
globally asymptotically stable, i.e. for any initial value
eo € R™, |le(t,to,e0)]| — O almost surely holds as
t — oo. Here, ||-|| denotes the Euclidean norm.

To prove that the trivial solution of system (8)
is almost surely globally asymptotically stable, take a

Te. Thus, the op-

positive-define function V(e) = e
erator £ defined in expression (5) is exerted onto the

disagreement system (8), giving

LV =—e"(L" + L)e
+ trace(eT’GTGe)
— e (LT + L)e+ "G Ge. 9)

To further estimate LV, we first prove that
eT(LT + L)e = \(LT + L)eTe holds. Note that
L7+ L is a symmetric and zero row-sum matrix, based
on the Gersgorin disc theorem[?) all the eigenvalues
of matrix LT + L are real and non-negative. So all
the eigenvalues of LT + L can be ordered as

0=Amin =A1 < A2 < ..o < Ay = Ajax (10)

Since the digraph G is balanced, then from the the-
orem 7 in Ref.[4] (LT + L)/2 is a valid Laplacian
matrix for a graph G. In addition, the digraph G is
strongly connected, then the graph G is also strongly
connected. So the matrix LT + L is irreducible, and
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has a single zero eigenvalue with eigenvector 1. More-

over, we have

n
1"e=> a; —na=0. (11)

i=1

Hence, e is orthogonal to 1 and belongs to the
(n — 1)-dimensional subspace called the disagreement
eigenspace of LT + L. Then with Lemma 2 we have

e"(LT + L)e = \o(L" 4+ L)e"e, (12)
eTGTGe < Auax (GTG)e"e. (13)
Therefore, with expressions (9), (12) and (13), we have

LV < - X(LT + L)e"e + Auax (GTG)ee
= —(M(LT + L) — Muax (GT@))eTe. (14)

If the condition Apmax(GTG) < Ao(L + LT) holds, ap-
plying Lemma 1, one arrives at the disagreement vec-
tor e almost surely globally asymptotically converging
to 0. The proof is now completed here.

1

2 3
@ L

Fig.1. An example of a strongly connected and balanced
digraph with 8 nodes.

Numerical simulations will be performed to il-
lustrate the theoretical results. Figure 1 shows the
network with n=8 nodes and 0-1 weights. Clearly,
the graph G is strongly connected and balanced. For
simplicity, we take the noise intensity matrix G =
ooL in the simulation, and the initial state xy =

(1,-1,2,-2,3,-3,8,0)T. It is not hard to obtain:

Ave(x(0)) =1,

Xo(L 4+ LT) =0.6971,
Amax(LTL) = 12.0924,
Amax(GTG) = 12.092402.

When oy < 0.24, then the condition Ay (GTG) <
Ao(L + L7T) holds. If we take g = 0.2 in the sim-
ulation, then Fig.2 will show the state trajectories of

the deterministic system (2) and the stochastic system

(3)-

— stochastic trajectories

t

Fig.2. The trajectories of the deterministic system (2)
and the stochastic system (3) with og = 0.2.

The group disagreement 6 (i.e. |e]|) is shown in
Fig.3. Clearly, the group disagreement is monoton-
ically decreasing. Omne can observe that an average-
consensus is reached asymptotically both in system
(2) and in system (3).

reach the average-consensus in a noisy environment.

But it takes much time to

14
121 — stochastic

“““ deterministic
10}

Fig.3. The group disagreement of the deterministic sys-
tem (2) and the stochastic system (3) with oo = 0.2.

With g = 2 chosen, Fig.4 shows that the consen-
sus fails simply due to the violation of noise intensities.
It is worth mentioning that the hypotheses in Theo-
rem are sufficient conditions for a successful consensus
but not necessary. So, the violation of them does not
necessarily lead the consensus to fail. But the simu-
lation result in Fig.4 shows that the strong noise can

prevent the consensus from occurring.
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25
— stochastic
20 - deterministic
4. Conclusion
15
In this paper, the average-consensus problem with
b noise perturbation is investigated. Based on the sta-
bility theory of stochastic differential equations, suffi-
cient conditions ensuring a successful consensus with
a probability of one have been rigorously established.
R T Numerical examples are taken to illustrate the effec-
4

Fig.4. The group disagreement of the deterministic sys-
tem (2) and the stochastic system (3) with o9 = 2.

tiveness of the theoretical result. Compared with the

result of consensus problems without noise perturba-

tion, it takes much time to reach the consensus in a

noisy environment.
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