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We investigate the wavefronts depinning in current biased, infinitely long semiconductor superlattice systems by

the method of discrete mapping and show that the wavefront depinning corresponds to the discrete mapping failure.

For parameter values near the lower critical current in both discrete drift model (DD model) and discrete drift–diffusion

model (DDD model), the mapping failure is determined by the important mapping step from the bottom of branch γ

to branch α. For the upper critical parameters in DDD model, the key mapping step is from branch γ to the top of the

corresponding branch α, and we may need several active wells to describe the wavefronts.
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1. Introduction

Wavefront propagation failure and fronts depin-
ning (the transition from stationary wavefronts to
travelling wavefronts) in the current biased, infinitely
long weakly coupled superlattice (SL) systems have
attracted much attention in the past years because
characterizing the wavefronts travelling under con-
stant current condition is helpful to analysing the
self-oscillation under constant dc applied voltage, and
the stationary monopoles on finite superlattices basi-
cally correspond to the stationary wavefronts of the
infinitely long superlattices.[1−4]

For weakly coupled doped semiconductor super-
lattices, the main mechanism of vertical transport is
sequential tunnelling.[1,2,5−10] For different doping val-
ues, many interesting phenomena with reference to the
negative differential resistance (NDR)[11] have been
found in SLs under constant dc applied voltage. For
heavy enough doping, a multibranched I − V charac-
teristic is observed due to the formation of two static
electric field domains, separated by a domain wall
in the form of a charge accumulation layer (CAL),
or briefly, a monopole.[12−17] At intermediate doping
values, the current self-oscillation appears due to the

motion of the domain wall.[18,19] And driven chaotic
oscillations have also been predicted and observed in
experiment.[20−23]

Starting from a microscopic sequential tunnelling
model, the above nonlinear phenomena can be de-
scribed by discrete balance equations.[24] One widely
used simplified model is the discrete drift model (DD
model), which was firstly introduced by Bonilla et al
for electric fields above the first plateau.[3,8] Then for
low dc voltage and at low temperature, a discrete dif-
fusion term was added and the DD model turns into
the discrete drift–diffusion model (DDD model).[3,4]

In these models, the domain wall contains one or sev-
eral SL periods, and the electric field Ei of the do-
main wall SL wells are connected to their neighbours
(Ei−1 for DD model and Ei+1, Ei−1 for DDD model)
by a discrete mapping. This mapping depends on the
doping and current rather than the applied voltage,
which merely determines the location of the domain
wall.[8,10] Based on this point, we consider an infinitely
long, sufficiently doped superlattice system under con-
stant current condition in both DD model and DDD
model. The wavefronts in these infinitely long SL sys-
tems correspond to the monopole domain walls under
voltage biased condition.
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The analysis of the wavefronts motion has been
performed by previous researchers.[3,4] In DDD model,
the wavefront is pinned for current values in a certain
interval (J1, J2) and depinned when the current sur-
passes these two threshold currents. The fronts move
downstream (the direction of the electron motion) if
the current is below J1 and move upstream (the direc-
tion opposite to the flow of the electron) above J2.[3]

In DD model, we obtain only the lower threshold Jc

(Jc is slightly larger than J1) and the wavefronts fail
to propagate for J > Jc. So the discrete diffusivity
or back-tunnelling should be responsible for the emer-
gence of the upstream-travelling wavefronts.[1] Carpio
et al have explained these critical phenomena based on
the comparison principle and estimated the bounds for
the critical doping values.[3] However, there is a gap
between Carpio et al’s bound and the simulation result
in the ν(J1) curve. For the upper threshold J2, only
the branch for large ν is estimated and it is invalid for
small ν.

Our motivation of this paper is to explain the
wavefront propagation failure and wavefront depin-
ning on discrete SL systems in terms of discrete map-
ping and eliminate these gaps. Our paper is organized
as follows: The discrete mapping in DD model and its
application for explaining the threshold current Jc is
presented in the second section. In Section 3, we anal-
yse the discrete mapping failure in DDD model and
explain the two critical currents according to our sim-
ulation results. Section 4 gives our conclusions and
comments.

2. Discrete mapping failure in the

DD model

Following the pioneering work on wavefront prop-
agation in semiconductor superlattice systems, we
consider the simple discrete drift model for an in-
finitely long doped SL under the constant current con-
dition in dimensionless form:[3,8,10]

dEi

dt
+ v(Ei)

(
1 +

Ei − Ei−1

ν

)
= J(t). (1)

We use the approximate dimensionless coefficient for
v(E), given by Ref.[4]. Let (Em, vm) be the local mini-
mum of v(E) for E > 1, and we limit the value of J be-
tween vm and 1 (vm ≤ J ≤ 1) in order to obtain three
solutions E(1)(J), E(2)(J) and E(3)(J) (E(1) ≤ E(2) ≤
E(3)) from the equation v(E) = J . Because there
are no stationary wavefronts corresponding to charge
depletion layer (CDL), so we are interested in the
nonuniform wavefronts which satisfy Ei → E(1)(J) as
i → −∞ and Ei → E(3)(J) as i →∞ and these states
correspond to CAL: ni − 1 = (Ei − Ei−1)/ν > 0.[1,2]

For the stationary state, dEi/dt = 0. Then we
have a so-called discrete mapping[8] from Ei to Ei−1:

Ei−1 = f(Ei;J, ν), (2)

f(E;J, ν) = E + ν(1− J

v(E)
). (3)

v(E) = J is equivalent to f(E) = E, so we can obtain
three intersection points of the curve f(E) with the
straight line E versus E at E(1), E(2) and E(3), as
shown in Fig.1.

Fig.1. The discrete mapping for ν = 3.0 in DD model. (a) J = 0.25 (above the threshold). (b)

J = 0.196 (around the threshold).
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Equation (2) allows us to obtain the whole elec-
tric field profile {Ei; i = −∞, ...,∞}, if there do exit
such a stationary profile for given J and ν. Let us
call branch α that satisfies ∂f(E)/∂E > 0 for lower
E, branch β with ∂f(E)/∂E < 0, and branch γ again
satisfies ∂f(E)/∂E > 0 but for larger E. There are
two points for ∂f(E)/∂E = 0, Eα at the top of the
branch α and β as local maximum and Eβ at the bot-
tom of the branch β and γ as local minimum value.

For stationary profiles, branch β is crossed by a
single jump from E(1)(J) to branch γ, as shown in
Fig.1(a). This means that for a certain E(1), there ex-
its such a E∗ at branch γ with f(E∗;J ; ν) = E(1)(J).
As ν is decreasing, E∗ decreases towards Eβ , and the
necessary and sufficient condition for the exitance of
such a jump (mapping step) is

f(Eβ ;J, ν) ≤ E(1)(J). (4)

If the parameters J and ν do not allow us to per-
form such a jump from branch γ to α, the wavefronts
will be depinned, then we call this case the discrete
mapping failure. Equation (4) gives the critical con-
dition of the transition from stationary wavefronts to
travelling ones. Figure 2 depicts the critical values of
Jc and ν, which satisfy Eq.(4), by the solid line, and
solid squares denote the critical current Jc obtained
by simulation. They are in good agreement with each
other.

Fig.2. Critical values of J . Solid line denotes critical val-

ues of Jc and ν, which satisfy Eq.(4). Solid squares denote

the critical current Jc obtained by simulation. Dashed line

shows Carpio et al’s bound, Eq.(18) in Ref.[3].

For given J and ν, the discrete mapping failure
is mainly determined by the shape of the f(E) curve
and its derivative is

∂f(E)
∂E

= 1 + Jν
v
′
(E)

v2(E)
. (5)

At the point (Em, vm) we have v′(Em) = 0 and
f ′(Em) = 1, while Eβ is the local minimum of f(E),
and f ′(Eβ) = 0. Because both Eβ and Em are on
the branch γ, so Em > Eβ , and f(Em) > f(Eβ). We
assume that f(Eβ) = f(Em) + ∆(∆ < 0). Critical
condition Eq.(4) means that

E(1)(Jc) =f(Eβ)

=f(Em) + ∆

=Em + ν
vm − Jc

vm
+ ∆. (6)

Therefore we obtain

ν = vm
Em − E(1)(Jc) + ∆

Jc − vm
. (7)

As Jc is increasing, E(1)(Jc) also increases, therefore
ν is a decreasing function of Jc according to Eq.(7).
On the other hand, we may have

Jc =v(E(1)(Jc))

=v(f(Eβ))

=v(f(Em)) +
∂v

∂E

∣∣∣∣
f(Em)

∆, (8)

and furthermore,

∆ =
Jc − v(f(Em))

∂v

∂E

∣∣∣∣
f(Em)

. (9)

If we assume that Eβ = Em, then we obtain

ν1b = vm
Em − E(1)(J)

J − vm
, (10)

which is exact Carpio et al’s bound ν1b(J) (Eq.(18)
in Ref.[3], estimated by the comparison principle) for
the inverse function of J1(ν) in the DDD model. In
their estimating analysis, they ignored the diffusion
term, so this bound can also be regarded as the bound
for Jc(ν) in the DD model, and we depict its inverse
function J1b(ν) in Fig.2 by the dashed line. As we will
show in the next section, J1(ν) is slightly smaller than
Jc(ν). However, Jc(ν) is smaller than J1b(ν) because
of the negative ∆. So the gap is induced by the neg-
ative ∆ and neglect of the diffusion term. For lower
ν, both (J1b − Jc) and (Jc − J1) increase, and so this
bound J1b(ν) for J1(ν) in the DDD model is not so
well founded.

As for the upper threshold current J2(ν) in DDD
model, the comparison principle can only be used for
estimating the bound for the increasing branch of J2

for large ν,[3] and a more reasonable bound for the
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whole J2(ν) curve is needed. By analysing the discrete
mapping failure, we have obtained the exact form for
Jc(ν), and, we will analyse the discrete mapping fail-
ure in the DDD model in the next section.

The wavefront (the domain wall separating two
electric field domains) moves downstream when J <

Jc, i.e. dEi/dt < 0. We will explain this by the dis-
crete mapping. Let us assume that Ei−1 = E(1) and
Ei > E(1) at time t. When the parameters J and
ν are in the depinning zone (under Jc in Fig.2), the
mapping above is not allowed, but we may have a
time-dependent discrete mapping, by which Ei can be
mapped to E(1),

ft(Ei) =Ei + ν

(
1− J − dEi

dt

v(Ei)

)

=Ei + ν

(
1− J

v(Ei)

)
+

ν

v(Ei)
dEi

dt

=f(Ei) +
ν

v(Ei)
dEi

dt
= E(1). (11)

If the parameters are in the depinning zone, ∀Ei >

E(1), the condition (4) is violated and we have

f(Ei) = Ei + ν

(
1− J

v(Ei)

)
> E(1). (12)

So the second term of Eq.(11) must be negative, then
we can obtain directly

dEi

dt
< 0. (13)

3. Discrete mapping failure in the

DDD model and active wells

In this section, we consider the discrete drift–
diffusion model (DDD model),[1,3,4] which contains an
electron diffusion term,

dEi

dt
+v(Ei)

(
1 +

Ei − Ei−1

ν

)

−D(Ei)
(

Ei+1 − 2Ei + Ei−1

ν

)
= J(t),

(14)

here we also use the approximate coefficient for v(E)
and D(E) in Ref.[4]. In contrast with the DD model,
new solutions and a new critical current are observed,
as shown in Fig.3. The wavefronts may move up-
stream. If the current J < J1(ν), the wavefront moves
downstream (to the right). Wavefronts are stationary
for J1(ν) < J < J2(ν), and move upstream (to the
left) for currents J > J2(ν). Obviously, the appear-
ance of J2(ν) should be due to the presence of the

discrete diffusion term.

Fig.3. Critical currents as functions of ν in DDD model

and comparison with the threshold in DD model.

Analogous to the DD model, we consider the
wavefronts propagation failure in DDD model by
analysing the discrete mapping on several so-called
active wells.[3,4] In the situation of DD model, we
may obtain the whole stationary field profile no mat-
ter whether the mapping is carried out from Ei to
Ei−1 or from Ei−1 to Ei, if keeping Ei ≥ Ei−1 (CAL
wavefronts). In the DDD model, we also suppose
Ei ≥ Ei−1, and mainly consider the mapping from
Ei to Ei−1.

For the stationary state, dEi/dt = 0, then we ob-
tain

Ei−1 =F (Ei, Ei+1;J, ν), (15)

F (E, Ei+1;J, ν) =E + ν

(
v(E)− J

D(E) + v(E)

)

−D(E)
Ei+1 − E

D(E) + v(E)
.

(16)

Different from the DD model, the discrete mapping
(15) from Ei to Ei−1 depends on Ei+1. So we have to
change the F (E) curve for each mapping step. For-
tunately, for the first several steps of the mapping on
branch γ, the Ei values are close to E(3) (slightly be-
low E(3), as shown in Fig.4), and these D(Ei) values
are so small that the third term of Eq.(16) vanishes
and we obtain Eq.(3).

In Fig.4, we show part of the discrete mapping
steps for ν = 3.0, J = 0.1795 (close to and below
J1(ν)) in (a) and ν = 3.0, J = 0.404 (close to and
above J2(ν)) in (c). The F (E) curves depend on dif-
ferent Ei+1 given by simulation. The corresponding
stationary field profile of (a) and (c) are depicted in
(b) and (d).
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Fig.4. Part of the discrete mapping steps and the corresponding wavefronts profile (denoted by the

solid squares) for ν = 3.0 and currents around the threshold currents in DDD model. (a) and (b) for

J = 0.1795 (around the lower threshold current), (c) and (d) for J = 0.404 (around the upper threshold

current). The F (E) curves in (a) and (c) depend on different Ei+1 values given by simulation results.

The solid triangles in (d) present the wavefronts in DD model with the same parameters for comparison.

From Fig.4, we find that:

(i) For different Ei+1, the branches γ of the curves
F (E) almost overlap with each other, and even with
the branch γ of the curve f(E) in the DD model owing
to small D(Ei).

(ii) Among these mapping steps, the most crucial
step to determine the discrete mapping failure is the
one from branch γ to branch α, which is mapped to a
larger value above E(1), then tends towards E(1) after
a few steps, but not to E(1) directly like in the DD
model.

(iii) For the parameters around J1(ν), this crucial
step is similar to the DD model, from Eβ to somewhere
larger than E(1)(J) in the corresponding branch α, de-
noted by Eβ−α (Eβ−α > E(1)).

(iv) For the parameters around J2(ν), the most

important step is the one from branch γ to the neigh-
bourhood of the top of the corresponding branch α.

For the case (iii) we have

Eβ−α = F (Eβ , Ei+1(β−α);J1, ν)

≈ f(Eβ ;J1, ν) > E(1)(J1). (17)

It means that for the same parameter J1 and ν in the
DD model, the wavefront is depinned. As a results,
the lower critical current J1(ν) is slightly smaller than
the critical current Jc in the DD model due to the
presence of the negative diffusion term, as shown in
Fig.3.

Next let us analyse the upper critical current
J2(ν). By comparing between the two profiles in
Fig.4(d), we find that there are two special points in
the solid square profile (DDD model situation). One
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is denoted by Ê, which is close to E∗ in the solid trian-
gle profile (DDD model situation) with f(E∗;J, ν) =
E(1)(J), and the other one is EM.

We suppose that the stationary wavefronts pro-
file in the DDD model is formed in the following
way (the first supposition): Ek = Ê; Ek−1 = EM;
Ei = E(1),∀i < k − 1; and Ej = E(3),∀j > k. This
means that there are only two active wells, Ê and
EM. The two discrete mapping steps from Ê to E(1)

is given by

EM = F (Ê, E(3);J2, ν), (18)

E(1) = F (EM, Ê;J2, ν). (19)

Based on Fig.4(d) and the point (iv) above, we may
give two additional suppositions for these two active
wells:

Ê =E∗, (20)

Emax =EM = F (Ê, E(3);J2, ν), (21)

here Emax is the local maximum value of the curve
F (E, E∗;J, ν). We have numerically found a number
of (J, ν) values which satisfy these three suppositions,
and depict them in Fig.5 by the solid triangles. Dur-
ing our simulation, we keep Ei ≥ Ei−1 to obtain the
CAL wavefronts.

D(E) ≈ 0 for large E, so we find no influence
of the diffusion term on the mapping steps on the
branch γ. But for the mapping steps on the branch
α and even the step from branch γ to branch α, we
can no longer neglect D(E) any more. According to
Eq.(16), the branch α of the curve F (E) is below the
curve f(E) for the same parameters due to the nega-
tive diffusion term. So when we map from branch γ

toward branch α, we always obtain a larger E than
E(1), and then the mapping tends to E(1) after a few
mapping steps on several active wells. For large ν,
the infinitely long, current biased SL systems are in
strongly discrete limit.[4] Hereby we need only a few
active wells to describe the wavefronts, so the critical
current J2(ν) and the solid triangle match well with
each other in Fig.5 for large ν. For low ν, we obtain
the continuum limit, and the influence of the diffusion
term is strengthened, more and more wells become
active.[4] So our results (the solid triangle in Fig.5)
are not so well matched for lower ν.

To improve our predictions, we have to increase
the number of active wells. Besides Emax and Ê, we
introduce two additional active wells: E∗∗ (after Ê)

and Ẽ (before Emax). These four active wells satisfy

F (E∗∗, E(3);J2, ν) =Ê, (22)

F (Ê, E∗∗;J2, ν) =Emax, (23)

F (Emax, Ê;J2, ν) =Ẽ, (24)

F (Ẽ, Emax;J2, ν) =E(1)(J). (25)

We have done the same numerical simulation with
these four active wells, and the results are depicted
in Fig.5 by the solid circles. They are in good agree-
ment with the upper threshold current J2(ν). The
existence of four active wells is a good supposition for
the infinite SL systems, as shown in Ref.[4].

Fig.5. The solid diamond represents J2(ν) in Fig.3. The

solid triangles and circles denote the (J, ν) values satisfy

our suppositions with two and four active wells respec-

tively.

4. Conclusions and comments

We have analysed the wavefront depinning by the
method of discrete mapping in both DD model and
DDD model of the nonlinear charge transport in cur-
rent biased, infinitely long superlattice systems. For
given values of parameters J and ν, the stationary
wavefront corresponds to the realizable mapping from
E(3) to E(1) on the curve of f(E) or F (E). If the pa-
rameters fall on the critical points where these map-
pings turn unrealizable (discrete mapping failure), we
will obtain the wavefront depinning.

It is much easier to find this critical point in DD
model, just given by the mapping step from the bot-
tom of branch γ to E(1). In DDD model, the situation
for the lower threshold current is similar to the DD
model, but it is complicated for the emergence of the
upper threshold current. Firstly, we have to change
the curve F (E) for every mapping step. On the other
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hand, we need more active wells to characterize the
wavefronts. We have simplified this by catching the
key mapping step, the step from branch γ to the top
of corresponding branch α.

Although the method of discrete mapping cannot
be used here to determine the exact form of J2(ν),
and the stationary wavefront profiles have to be de-
termined numerically, it is effective and encouraging
to investigate the wavefront depinning phenomenon
in SL systems, and even in other spatially discrete
systems, by the discrete mapping. Further more, we
are looking forward to finding some physical reality in
these discrete systems from the viewpoint of discrete
mapping failure.

As we have pointed out above, understanding the
motion of the wavefronts is the key to understanding
more complex phenomena related to the dynamics of
electric field domains. Provided that the charge in-
side the SL is large enough (ν → ∞), J1 → vm and
J2 → 1, we always obtain stationary states on a fi-
nite SL with their domain walls located in one of the
SL wells corresponding to one branch of the multi-
branched I − V characteristic curve. The location of
the domain wall depends on the voltage bias condi-
tion. For any branch of the I − V curve, the current
increases with voltage bias, but cannot exceed the in-
terval (J1, J2). At intermediate doping, the current

self-oscillation appears. The current has to oscillate
under threshold J1 to keep on moving downstream.

The upstream-moving wavefronts can be observed
in simulations of the SL system under current biased
condition at large enough level (above J2(ν)). And the
simulation results confirm our prediction above. It is
difficulty to observe the upstream-moving wavefronts
in real experiment due to some technical problems.[3]

But in the domain wall relocation experiments, we
may obtain this phenomena for a short time.[3,15,16]

These experiments investigated the transition process
from one current branch of the I − V characteristic
to the next branch by adding a bias step with differ-
ent amplitude to the dc bias and recording the time
resolved current.[16] After the voltage is suddenly in-
creased, the current response has a sharp peak Ip,
which is much larger than the initial current because
of the positive displacement current. For appropriate
voltage step, Ip may exceed the corresponding thresh-
old current J2, and the wavefronts move upstream un-
til the current drops below J2.
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