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Periodic solutions and flip bifurcation
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In this paper, the dynamical behaviour of a linear impulsive system is discussed both theoretically and numerically.

The existence and the stability of period-one solution are discussed by using a discrete map. The conditions of existence

for flip bifurcation are derived by using the centre manifold theorem and bifurcation theorem. The bifurcation analysis

shows that chaotic solutions appear via a cascade of period-doubling in some interval of parameters. Moreover, the

periodic solutions, the bifurcation diagram, and the chaotic attractor, which show their consistence with the theoretical

analyses, are given in an example.
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1. Introduction

Impulsive differential equations (IDEs) are suit-
able for the mathematical simulation of evolution-
ary processes in which the parameters undergo rel-
atively long periods of smooth variation followed by
a short-term rapid change in their values. The study
of IDEs is mainly concerned with the properties of
their solutions, such as, existence, uniqueness, stabil-
ity, boundedness, oscillation, etc.[1,2] In recent years
the potential applications of IDEs in various sci-
entific fields, such as impulsive control,[3] impulsive
synchronization,[4] etc have been extensively studied.

Finding the explicit and exact periodic solutions
plays an important role in studying the dynamics of
IDEs (see Refs.[5, 6] and references cited there for ex-
ample). However, little is known about the bifurcation
theory of IDEs. Lakmeche and Arino[7] converted a
problem of periodic solution into a fixed-point problem
and discussed the bifurcation of non-trivial periodic
solution. Akhmet[8] obtained the conditions of exis-
tence for Hopf bifurcation. Gan et al [9] discussed the
bifurcation and chaos in a ratio-dependent predator-
prey system by using the normal form theory. Jiang
and Lu[10,11] discussed fold and flip bifurcations the-
oretically and numerically by using the Poincaré map

in several autonomous systems with impulses. Among
the papers about IDEs in the literature, many authors
discussed numerically the complex dynamics of impul-
sive differential systems, such as period-doubling bi-
furcation, chaos, crisis, etc. (see Ref.[12] for example).
Therefore, the theoretical analysing of the dynamical
behaviours of impulsive differential systems is a chal-
lenging task.

In this paper, a linear system, whose dynamics is
very simple, is used to build a linear impulsive sys-
tem with impulses at fixed time. Here we construct a
discrete map and present analytical results about the
complex dynamical behaviour. The purpose of this
paper is to find the conditions of existence for peri-
odic solutions and bifurcations theoretically by using
the centre manifold theorem and the bifurcation the-
orem. The organization of the rest of this paper is as
follows. A linear impulsive system is introduced and
a discrete map is constructed in Section 2. In Section
3, the existence and the stability of the period-one so-
lutions are given. In Section 4, the flip bifurcation
analysis is given in detail. The detailed numerical re-
sults are presented in Section 5 to verify the theoreti-
cal analysis, and the conclusion is presented in Section
6 finally.
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2. The linear impulsive system

Linear differential equation is widely used to de-
scribe various dynamical systems. For example, to
analyse the vibration of a mass m on a spring with
a dashpot, the second-order linear differential equa-
tion mẍ + cẋ + kx = F (t) is used, where c is the
damping constant of the dashpot, k is the spring con-
stant, and F (t) is a given external force. This equa-
tion transforms via the substitution ẋ = y into a two-
dimensional linear system





ẋ = y,

ẏ = − k

m
x− c

m
y + F (t).

In view of the external force F (t), the continuous con-
trol is used here. However, in many cases impulsive
control is more efficient than continuous control.[3,13]

By using impulsive control inputs, the speed of the
mass m changes impulsively. It follows from the above
linear system that





ẋ = y,

ẏ = − k

m
x− c

m
y,



 t 6= nT,

4x = 0,

4y = h(x, y),



 t = nT.

(1)

Now we consider the following linear system with
impulse control at periodic fixed time:





ẋ = ax + by,

ẏ = cx− ay,



 t 6= nT,

4x = −(1− p)x + h,

4y = qy2 − y,



 t = nT,

(2)

where q > 0, 0 < p < 1, 4x(t) = x(t+) − x(t),
x(t+) = limτ→0+ x(t + τ), 4y(t) = y(t+) − y(t), and
y(t+) = limτ→0+ y(t + τ). More details about the ex-
istence and the uniqueness of solutions of impulsive
systems can be found in Ref.[1].

It is well known that the dynamics of the following
linear system: 




ẋ = ax + by,

ẏ = cx− ay

is very simple. For a2 + bc > 0, the characteristic
equation of the equilibrium point O(0, 0) is

λ2 − a2 − bc = 0,

which has a positive root and a negative root, and
then O(0, 0) is a saddle. For simplicity, we set

a > 0, b = 0, and c < 0 (3)

in this paper and the solution from the initial point
(x0, y0) is

x(t) = x0 exp(at),

y(t) =
cx0

2a
exp(at) +

y0 − cx0

2a
exp(−at). (4)

The phase portrait of system (2) is shown in Fig.1,
where the trajectory originating from the initial point
Ak(xk, yk) reaches the point Bk(x̄k, ȳk), next jumps
to the point Ak+1(xk+1, yk+1) due to the effect of
impulse.

Fig.1. The phase portrait of system (2).

From system (4) it follows that

x̄k = xk exp(aT ),

ȳk =
cxk

2a
exp(aT ) +

yk − cxk

2a
exp(−aT ). (5)

Meanwhile, considering the effect of impulse in sys-
tems (2) and (4), one obtains

xk+1 = px̄k + h,

yk+1 = qȳ2
k. (6)

It follows from systems (5) and (6) we obtain the dis-
crete map

xk+1 = p exp(aT )xk + h,

yk+1 = q
( c

2a
(exp(aT )− exp(−aT ))xk

+exp(−aT )yk

)2

. (7)

For each fixed point of map (7) there exists an asso-
ciated periodic solution of system (2), and vice versa.
So in the following, on the assumption that T is a con-
trol parameter, we discuss the dynamics of system (2)
in virtue of map (7).
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3. Existence and stability of peri-

odic solutions

In this section we consider the existence and the
stability of period-one solution of system (2). Sup-
pose that the fixed point of (7) is (X, Y ), then

X =
h

1− p exp(aT )
, and

q exp(−2aT )Y 2 +
(

qch(1− exp(−2aT ))
a(1− p exp(aT ))

− 1
)

Y

+q

(
ch (exp(aT )− exp(−aT ))

2a(1− p exp(aT ))

)2

= 0. (8)

It follows from Eq.(8) that map (7) has no fixed point

for 1− 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

< 0, one fixed point for

1 − 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

= 0, and two fixed points

for 1− 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

> 0.

Now consider the following function:

H(T ) = 1− 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

, T ∈ (0, +∞). (9)

There exists a unique T ∗ ∈ (0, +∞) such that
H(T ∗) = 0. In fact, in view of a > 0, h > 0, q > 0,
c < 0 and T ∈ (0, +∞), we have

H(0) = 1− 2qch(1− 1)
a(1− p)

= 1 > 0,

lim
T→ 1

a ln( 1
p )−

H(T ) = +∞,

lim
T→ 1

a ln( 1
p )+

H(T ) = −∞,

and

lim
T→+∞

H(T ) = 1. (10)

Setting H̄(T ) = p exp(3aT )− 3p exp(aT ) + 2, then

H̄(0) = p− 3p + 2 = 2(1− p) > 0,

H̄ ′(T ) = 3ap(exp(3aT ) − exp(aT )) > 0 for a > 0
and T ∈ (0, +∞), which leads to H̄(T ) > 0 for

T ∈ (0, +∞), hence for T ∈
(

0,
1
a

ln
(

1
p

))
∪

(
1
a

ln
(

1
p

)
, +∞

)
,

H ′(T ) =
−2qch exp(−2aT )
(1− p exp(aT ))2

,

and

p exp(3aT )− 3p exp(aT ) + 2 > 0. (11)

Considering expressions (9), (10) and (11), there ex-

ists an unique T ∗ ∈
(

1
a

ln
(

1
p

)
, +∞

)
such that

H(T ∗) = 0.

For
1
a

ln
(

1
p

)
< T < T ∗, H(T ) < 0 and map

(7) has no fixed point, and hence system (2) has no
period-one solution; For T = T ∗, H(T ) = 0 and map
(7) has one fixed point, and hence system (2) has a

unique period-one solution; For 0 < T <
1
a

ln
(

1
p

)
or

T > T ∗, H(T ) > 0 and map (7) has two fixed points,
and hence system (2) has two period-one solutions.

Now we consider the stability of the period-one so-

lutions in the cases of T ∈
(

0,
1
a

ln
(

1
p

))
∪(T ∗,+∞)

and T = T ∗.
In the case of T = T ∗,

1− 2qch(1− exp(−2aT ∗))
a(1− p exp(aT ∗))

= 0,

and the unique fixed point A(xk, yk) of map (7) is



h

1− p exp(aT ∗)
,

1− qch(1− exp(−2aT ∗))
a(1− p exp(aT ∗))
2q exp(−2aT ∗)




=
(

h

1− p exp(aT ∗)
,

1
4q exp(−2aT ∗)

)
.

The characteristic polynomial is given by
∣∣∣∣∣∣
λ− p exp(aT ∗) 0

a11 λ− 1

∣∣∣∣∣∣
,

where a11 = −2q
( c

2a
(exp(aT ∗)−exp(−aT ∗))xk +(1−

aT ∗)yk

) c

2a
(exp(aT ∗)−exp(−aT ∗)), and the eigenval-

ues are
λ1A = p exp(aT ∗), λ2A = 1.

For T ∗ >
1
a

ln
(

1
p

)
, λ1A = p exp(aT ∗) > 1 and the

fixed point A is unstable. Hence the unique period-one
solution corresponding to the fixed point A is unsta-
ble.

In the case of T ∈
(

0,
1
a

ln
(

1
p

))
∪ (T ∗,+∞),

the two fixed points of map (7) are

B


 h

1− p exp(aT )
,

(
1 +

√
H(T )

)2

4q exp(−2aT )


 ,

and

C


 h

1− p exp(aT )
,

(
1−

√
H(T )

)2

4q exp(−2aT )


 . (12)
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Similar to the case of T = T ∗, it is easy to calculate
the eigenvalues of the fixed points B and C as

λ1B = p exp(aT ),

λ2B = 1 +
√

H(T ),

λ1C = p exp(aT ),

and

λ2C = 1−
√

H(T ). (13)

For T > T ∗ and T >
1
a

ln
(

1
p

)
, then λ1B =

p exp(aT ) > 1 and λ1C = p exp(aT ) > 1. So the fixed
points B and C are unstable. Therefore the associated
two period-one solutions are unstable for T > T ∗.

For 0 < T <
1
a

ln
(

1
p

)
, the eigenvalues λ1B ∈

(0, 1) and
λ2B = 1 +

√
H(T ) > 1,

which means that the period-one solution correspond-
ing to the fixed point B is unstable. We also have
λ1C ∈ (0, 1) and λ2C = 1−

√
H(T ).

It follows from expressions (10) and (11) that

there exits an unique T0 ∈
(

0,
1
a

ln
(

1
p

))
such that

H(T0) = 4. (14)

Then

−1 < λ2C < 1 for 0 < T < T0,

and

λ2C < −1 for T0 < T <
1
a

ln
(

1
p

)
, (15)

from which it follows that the period-one solution cor-
responding to the fixed point C is stable for 0 < T <

T0 and unstable for T0 < T <
1
a

ln
(

1
p

)
.

To summarize the above discussion, the following
results about the existence and the stability of period-
one solutions of system (2) are obtained.

Proposition 3.1

(i) System (2) has no periodic solution for
1
a

ln
(

1
p

)
< T < T ∗, where T ∗ is the solution of the

equation

1− 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

= 0, T ∈ (0, +∞); (16)

(ii) System (2) has a unique unstable period-one
solution for T = T ∗;

(iii) System (2) has two period-one solutions for

T ∈
(

0,
1
a

ln
(

1
p

))
∪ (T ∗,+∞). Furthermore, if

T ∈
(

T0,
1
a

ln
(

1
p

))
∪ (T ∗,+∞), where T0 is the

solution of the equation

1− 2qch(1− exp(−2aT ))
a(1− p exp(aT ))

= 4, T ∈ (0, +∞), (17)

then these two period-one solutions are unstable. If
T ∈ (0, T0), then one period-one solution is stable
and one is unstable.

4. Flip bifurcation

There are three ways for a fixed point P of a dis-
crete map f : Rn → Rn to be nonhyperbolic, that is,
Df(P ) has an eigenvalue +1, an eigenvalue −1 or a
pair of complex eigenvalues λ and λ̄ with | λ |= 1.

Lemma 4.1
Let fµ : R → R be a one-parameter family of

maps such that fµ0 has a fixed point x0 with an eigen-
value of −1, and assume the following conditions:

(F1)
(

∂f

∂µ

∂2f

∂x2
+ 2

∂2f

∂x∂µ

)
6= 0 at (x0, µ0);

(F2) ā =
1
2

(
∂2f

∂x2

)2

+
1
3

(
∂3f

∂x3

)
6= 0 at (x0, µ0),

then there will be a smooth curve of fixed points of
fµ passing through (x0, µ0), whose stability changes
at (x0, µ0). There is also a smooth curve γ passing
through (x0, µ0) so that γ − (x0, µ0) is a union of
hyperbolic period-2 orbits.

The proof of this lemma is can be found in
Ref.[14]. In (F2) the sign of ā determines the sta-
bility and the direction of bifurcation of the orbits of
period-2. If ā is positive, the orbits are stable; if ā is
negative they are unstable. As mentioned above, an
eigenvalue of −1 is associated with a flip bifurcation,
which is also referred to as a period-doubling bifurca-
tion. Now we discuss the flip bifurcation of system (2)
by using Lemma 4.1.

Proposition 4.1

Assume that the following condition holds:

(F3) A4

(
A7 − A1apx0 exp(aT0)

1 + p exp(aT0)

)
+

(
A3apx0

exp(aT0) + A6 +
2A1apx0 exp(aT0)

1 + p exp(aT0)

)
6= 0, where T0
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is the solution of the equation 3ap exp(3aT0) − (3a +
2chq) exp(2aT0) + 2chq = 0,

x0 =
h

1− p exp(aT0)
, y0 =

exp(2aT0)
4q

,

A1 =
2c2q2x0y0

a2
− c2qx0

a2
+

c2x0

8a2y0
+

cqy0

a
− c

4a
,

A2 =
c2q(exp(aT0)− exp(−aT0))2

4a
,

A3 =
cq(1− exp(−2aT0))

a
,

A4 = q exp(−2aT0),

A5 = −3
2
c exp(2aT0)− c,

A6 = 2cqx0 exp(−2aT0),

and

A7 =
8c2q2x2

0y0

a
− 2c2qx2

0

a
+ 2cqx0y0 − 2ay0,

then a flip bifurcation will occur at T = T0 in sys-
tem (2). For some cases where ε > 0, system (2) has a
positive stable period-two solution for T ∈ (T0, T0+ε).

Proof It follows from Section 3 that one of the eigen-
values of the fixed point C is λ2C = −1 at T = T0,
and hence T0 is a candidate of flip bifurcation. Map
(7) may be rewritten as

FT :


 x

y


 7→


 p exp(aT )x + h

q
( c

2a
(exp(aT )− exp(−aT ))x + exp(−aT )y

)2


 . (18)

Expression (14) yields

3ap exp(3aT0)− (3a + 2chq) exp(2aT0)

+2chq = 0, (19)

where T0 ∈
(

0,
1
a

ln
(

1
p

))
. In this case, the fixed

point C(x0, y0) is
(

h

1− p exp(aT0)
,

exp(2aT0)
4q

)
. (20)

Let u = x − x0, v = y − y0 and T̃ = T − T0, we
transform the fixed point C(x0, y0) of map (18) to the
origin, then map (18) becomes


 u

v


 7→


 p exp(aT0) exp(aT̃ )u + p exp(aT0) exp(aT̃ )x0 + h− x0

q exp(−2a(T0 + T̃ ))
( c

2a
(exp(2a(T0 + T̃ ))− 1)(u + x0) + v + y0

)2

− y0


 . (21)

By using x0 = p exp(aT0) + h,

y0 = q exp(−2aT0)
( c

2a
(exp(2aT )− 1)x0 + y0

)2

,

and exp(aT̃ ) = 1 + aT̃ + O(|T̃ |2), map (21) becomes

 u

v


 7→


 p exp(aT0) 0

A1 −1





 u

v




+


 f1(u, v, T̃ )

g1(u, v, T̃ )


 , (22)

where

f1(u, v, T̃ ) = ap exp(aT0)T̃ u + apx0 exp(aT0)T̃

+O(|T̃ |2 + |u|2 + |v|2),

and

g1(u, v, T̃ )

= A2u
2 + A3uv + A4v

2 + A5uT̃ + A6vT̃ + A7T̃

+O(|T̃ |2 + |u|2 + |v|2). (23)

Let

J =




0
1

A1

1
1

1 + p exp(aT0)




and use the translation


 u

v


 = J


 x̃

ỹ


 , then map

(22) will become
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
 x̃

ỹ


 7→


−1 0

0 p exp(aT0)





 x̃

ỹ


 +


 f(x̃, ỹ, T̃ )

g(x̃, ỹ, T̃ )


 , (24)

where

f(x̃, ỹ, T̃ ) = g1

(
1

A1
ỹ, x̃ +

1
1 + p exp(aT0)

ỹ, T̃

)
− A1

1 + p exp(aT0)
f1

(
1

A1
ỹ, x̃ +

1
1 + p exp(aT0)

ỹ, T̃

)
,

and

g(x̃, ỹ, T̃ ) = A1f1

(
1

A1
ỹ, x̃ +

1
1 + p exp(aT0)

ỹ, T̃

)
.

Now the centre manifold theorem is used to deter-
mine the nature of the bifurcation of the fixed point
(x̃, ỹ) = (0, 0) at T̃ = 0. There exists a centre mani-
fold for map (24) which can be represented as follows:

W c(0) = {(x̃, ỹ, T̃ ) ∈ R3|ỹ = h(x̃, T̃ ),

h(0, 0) = 0, Dh(0, 0) = 0}.
Letting

ỹ = h
(
x̃, T̃

)
= B0T̃ + B1T̃ x̃ + B2x̃

2

+O
(
|T̃ |2 + |x̃|3

)

and substituting it into map (24) yield

h(−x̃ + f(x̃, h(x̃, T̃ ), T̃ ), T̃ ))

−p exp(aT0)h(x̃, T̃ )− gx̃, h(x̃, T̃ ), T̃ ) = 0. (25)

Equating terms of like powers to zero gives

B0 = A1apx0 exp(aT0), B1 = 0, and B2 = 0.

Therefore, the map restricted to the centre man-
ifold is given by

f̄ : x̃ 7 7→ −x̃ +
(

A7 − A1apx0 exp(aT0)
1 + p exp(aT0)

)
T̃ +

(
A3apx0 exp(aT0) + A6 +

2A1apx0 exp(aT0)
1 + p exp(aT0)

)
X̃T̃

+A4X̃
2 + O

(
|T̃ |2 + |x̃|3

)
.

In view of (F3), we have
(

∂f̄

∂T̄

∂2f̄

∂x̄2
+ 2

∂2f̄

∂x̄∂T̄

)

= 2A4

(
A7 − A1apx0 exp(aT0)

1 + p exp(aT0)

)
+ 2

(
A3apx0 exp(aT0) + A6 +

2A1apx0 exp(aT0)
1 + p exp(aT0)

)
6= 0

and

ā =
1
2

(
∂2f̄

∂x̄2

)2

+
1
3

(
∂3f̄

∂x̄3

)
= 2A2

4 > 0

at
(
x̃, T̃

)
= (0, 0). Then conditions (F1) and (F2)

hold. So a flip bifurcation occurs in view of Lemma
4.1. A positive period-two solution bifurcates from the
positive period-one solution at T̄ = 0, that is, T = T0.
Since ā > 0 in (F2), the positive period-two solution is
stable. It also means that for some cases where ε > 0,
system (2) has a positive stable period-two solution

for q ∈ (T0, T0 + ε). At the same time, the positive
period-one solution loses its stability. Thus we com-
plete the proof of Theorem 4.1.

5. Numerical example

In this section, viewing T as parameter, we give
the numerical results about the dynamics of consid-
ered impulsive differential systems through the follow-
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ing example:





ẋ = x,

ẏ = −2x− y,



 t 6= nT,

4x = −(1− 0.5)x + 0.5,

4y = 1.5y2 − y,



 t = nT.

(26)

In our case, a = 1, b = 0, c = −2, p = 0.5, q = 1.5,

h = 0.5, and
1
a

ln
(

1
p

)
= ln(2).

It follows from H(T ∗) = 0 that

1 +
3(1− exp(−2T ))
(1− 0.5 exp(T ))

= 0, T ∈ (0, +∞), (27)

which yields T ∗ ≈ 2.067365. Then the fixed point

A

(
h

1− p exp(aT ∗)
,

1
4q exp(−2aT ∗)

)
is (−0.1694,

10.4122) and the eigenvalues are λ1 = 1 −
p exp(aT ∗) = −2.9520 < −1, and λ2 = 1. The unique
period-one solution corresponding to this fixed point
is unstable, see Fig.2.

Fig.2. Stability of period-one solution of system (26) with

T = 2.067365.

Setting T = ln(10), T ∈ (T ∗, +∞) and the fixed
points are B(−0.125, 37.8732) and C(−0.125, 4.0435).
Therefore system (26) with T = ln(10) has two period-
one solutions, see Fig.3. It can be seen from Fig.3 that
the solution from the initial point (−0.125, 30.8732)
does not tend to these two periodic solutions and then
these periodic solutions are unstable.

Fig.3. Stability of period-one solution of system (26) with

T = 2.067365.

From expression (14), we have

1 +
3 (1− exp(−2T ))
1− 0.5 exp(T )

= 4, T ∈ (0, +∞), (28)

which yields T0 =
1
3

ln(2). Setting T =
1
4

ln(2),

T ∈ (0, T0) and the fixed points are B(1.2334, 1.8213)
and C(1.2334, 0.1433). Then system (26) with T =
1
4

ln(2) has two period-one solutions, see Fig.4. It
can be seen that the solution from the initial point
(1.2334, 1.8) tends to the period-one solution corre-
sponding to the fixed point C. Hence system (26)

with T =
1
4

ln(2) has one stable period-one solution
and one unstable period-one solution.

Fig.4. Stability of period-one solution of system (26) with

T = 2.067365.

For T = T0 =
1
3

ln(2), the fixed point C(x0, y0)

is

(
1

2− 3
√

2
,

3
√

4
6

)
in view of proposition 4.1. It fol-

lows from expression (23) that A1 = −1.7867, A2 =
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0.3260, A3 = −1.1101, A4 = 0.9449, A5 =
6.7622, A6 = −5.1072, and A7 = 10.1993. Then

2A4

(
A7 − A1apx0 exp(aT0)

1 + p exp(aT0)

)

+2
(

A3apx0 exp(aT0) + A6 +
2A1apx0 exp(aT0)

1 + p exp(aT0)

)

= 5.2023 6= 0.

Condition (F3) holds and then a flip bifurcation oc-

curs at T = T0 =
1
3

ln(2) ≈ 0.2310. Figure 5 shows
the bifurcation diagram of stable periodic solutions of
system (26). It can be seen from the bifurcation di-
agram in Fig.5 that there exists a stable period-two

solution in system (26) for T ∈
(

1
3

ln(2), 0.345
)

and

the route to chaos is period-doubling bifurcation. A
period-two solution with T = 0.3 is shown in Fig.6
and a chaotic solution of system (26) with T = 0.432
is given in Fig.7.

Fig.5. The bifurcation diagram of system (26) with re-

spect to T .

Fig.6. The stable period-2 solution of system (26) with

T = 0.3.

Fig.7. A chaotic solution of system (26) with T = 0.432.

6. Conclusion

The dynamics of a linear impulsive system is stud-
ied. It is seen that the impulsive system (2) is very rich
in dynamics, although the corresponding system with-
out impulses is simple. By using a discrete map, we
obtain the conditions of existence and stability of the
period-one solutions. The conditions of existence for
flip bifurcation are derived by using the centre mani-
fold theorem and the bifurcation theorem. Viewing
T as a parameter, the numerical results reveal the
complicated dynamical behaviour of system (2), which
verifies the theoretical analysis. These results about
linear impulsive systems are of significance for the dy-
namic analysis of nonlinear impulsive systems and we
will adopt more real economics, ecology and environ-
ment models for the further study.
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