Vol 17 No 11, November 2008
1674-1056/2008/17(11) /4091-09

Chinese Physics B

© 2008 Chin. Phys. Soc.
and IOP Publishing Ltd

Exponential stability of cellular neural networks
with multiple time delays and impulsive effects”

Li Dong(Z #)¥, Wang Hui(E E)», Yang Dan(¥# F1)°,
Zhang Xiao-Hong(7K/Mit)®), and Wang Shi-Long(FE &)
a) College of Mathematics and Physics Science, Chongqing University, Chongging 400030, China

b) Department of Mathematics, Leshan Teachers’ College, Leshan 614004, China
<) College of Software Engineering, Chongqing University, Chongqging 400030, China

d)State Key Laboratories of Mechanical Transmission, Chongqing University, Chongqing 400030, China

(Received 9 May 2008; revised manuscript received 8 June 2008)

In this work, the stability issues of the equilibrium points of the cellular neural networks with multiple time delays

and impulsive effects are investigated. Based on the stability theory of Lyapunov—Krasovskii, the method of linear matrix

inequality (LMI) and parametrized first-order model transformation, several novel conditions guaranteeing the delay-

dependent and the delay-independent exponential stabilities are obtained. A numerical example is given to illustrate

the effectiveness of our results.
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1. Introduction

Cellular neural networks (CNNs) were introduced
by Chua and Yang!!! and Roska and Chual? in 1988
and 1992 respectively. They have found that the
CNNs have important potential applications in sig-
nal processing, pattern recognition, optimization and
associative memories, especially in static image treat-
ment. However, some application requires the signals
transmitted among the cells to have a delay in time.
The delayed cellular neural networks (DCNNs) were
first introduced in Ref.[2] and applied in some motion-
related fields, such as speed detection of moving ob-
jects, processing of moving images and pattern clas-
sification. In order to achieve these applications, one
must introduce the time delays in the signal trans-
mission among the cells. It is well known that time
delays may cause instability, divergence or oscillation
in many systems.l®) In recent years, the stability of
DCNNSs has become an important topic of theoretical
studies. So many sufficient conditions ensuring global
asymptotic stability and global exponential stability
for CNNs with constant or time-varying delays have
been derived. Some of them can be found in Refs.[4—
22].

For the cellular neural network mode with im-
pulses, up till now, a few relevant studies can be

d.123:24 Recurrent neural networks are often sub-

foun
jected to impulsive perturbations which can affect dy-
namical behaviours of the systems, just as time delay.
Therefore, it is necessary to consider both impulsive
effect and delay effect on the periodic solution and
stability of neural networks. To the best of our knowl-
edge, no or few results for the problem of CNNs with
multiple time delays and impulse effects have been re-
ported in the literature. In this paper, we attempt to
derive several delay-dependent and delay independent
exponential stability criteria for CNNs with multiple
time delays and impulsive effects, and discuss the con-
ditions of the stability.

The remainder of the present paper is organized
as follows. In Section 2, the problems to be investi-
gated in this paper are formulated, and some prelim-
inaries are presented. In Section 3, the exponential
stability criteria for the equilibrium points of CNNs
with multiple time delays and impulsive effects are
derived. A numerical example and the simulations
including a comparison analysis of conservatism are
presented in Section 4. Finally, some conclusions are
drawn in Section 5.
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2. Problem formulation and pre-
liminaries

Let ||| denote the Euclidian norm in R™ or R™*"™
and ||¢l|, =

sup ||¢ ()||. AT represent the trans-
r<6<0

pose of matrix A € R"", where A > 0 (<0), ie.
A is a positive definite (negative definite) matrix, and
A < B means that A — B < 0 is negatively semi-
definite.

We consider the following cellular neural network
model with impulsive effects:

e (1) = ~dg () + 2 agfy oy () + £ S 0S5 oy (0= m) A

Ax; (tr) = Lz (tr)

or, in the matrix-vector notation

t=t,, k=1, 2, ...,

& (t) = —Dz () + Af (x (1)) + > Bif (@ (t = 7))t # t,

Ax (tk) = Ik.’B (tk) s

where n is the number of neurons in the network, z; (¢)
is the state of the i-th neuron at time ¢, f; (z; (¢))are
the activation functions of the neurons at time t.
d; and 7 are nonnegative numbers representing the
neuron charging time constants and axonal signal
transmission delays, respectively. a;; and bgf) denote
the weights of the neuron interconnections. D =
diag(d;) > 0, A = (a;), ., B = (bg‘;o) , and

Fu)=(fi(ur),. .o folun)s Az (te) = 2 () -
T (t,;) = Ly (x; (t)) are the impulses at moments t,

and t; < t2 < ...Iis a strictly increasing sequence such
that lim ¢, = +oo.

k—o0

The initial conditions associated with Eq.(1) are
in the form

x;i (t) = ¢i (1), t € {— max {7}, O] ) (3)

where ¢; (t) (i =1,2,...,n) are continuous functions.

Many stability results associated with system (2)
have been derived recently under the assumption (H)
that the activation functions satisfy the Liptschitzian
continuous condition or the following condition:[*—24
fiti=1,2,...,n) are bounded on R, and for any

r,yeER i=1,2, ..., n,

filz) = fily) _
r—vy B

0<

1.

It is easy to see from the assumption (H) that the

activation functions are continuous on R.

Recall the assumption (H) and define

fi (i (1))

xX; (t) ’
O, ZT; (f) =0.

x; (t) £0, i=1,2, ..., n,

From the assumption (H) and Eq.(4), we have
So system (2) can be rewritten as follows:

&(t) = —Da (t) + AS () a (1)
+ kfjl BuS(t—m)a(t— )t # e, (6)

Acc(tk)zlkcc(tk), t:tk, k:1,2,...,

where S (t) = diag (s; (t))

System (6) can be seen as a linear non-

nxn'

autonomous delay system with impulsive effects.

From Ref.[3], the following equation holds:

0

w(t—7)=w(t)—/d3(t+§)d§

0
() — / Az (t+ &) + Aga (t + € — 7] de.
,T %

We use it to transform the following system:

i (t) = Az (t) + Agz (t — 7). (8)
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So, a distributed delay system can be described as
follows:

z(t)=(A+C)x(t)+(Ag—C)x(t—T1)

0
—C’/[A:c(t—i—@)—i—Ad:B(t—i-H—T)]dG,
a (9)
where C' is the parameter matrix. Terminologically,
such a process is called a parametrized first-order

model transformation.

Obviously, new system (9) may exhibit some ad-
ditional dynamics because the time delay in system
(9) is extended to 27. We can obtain the stability
conditions of system (8) form the stability analysis of
system (9) as shown in Refs.[2, 3].

Applying the above model transformation to sys-
tems (6), we have

:I}(t) = [—D-FAS(t)-f—krzj:le] x(t) + in: [BkS(t—Tk) —Ck]w(t—Tk)

m t
-2 C [
k=1 t—Tk

A.’B(tk):Ikw(tk),k:1,2,....

As the above analysis, we can obtain the stability con-
ditions of system (2) from the stability analysis of sys-
tem (10).

Firstly, some definitions and lemmas to be used
in this paper are listed as follows.

Definition 1 The equilibrium point of system
(2) is said to be stable and independent of delays, if
it is stable for any 7, > 0 (k=1,2,...,m).

Definition 26 The equilibrium point of system
(2) is said to be delay-dependent stable, if there exists
a maximal connected set @ C R’ containing the ori-
gin 0 € R™ of delay-parameter space such that it is
stable for any (71,72, ...,7m) € ©@. The maximal con-
nected set @ is called the stable region with respect
to delay parameter.

Lemma 12526 Given any real matrices X1, X,
and X3 of appropriate dimensions and a scalar € > 0
such that 0 < X3 = X3, then the following inequality
holds:

SIS+ X038, <eXNTE3%8, +e 13,81 5,

Lemma 2251 The following linear matrix in-
equality (LMI) holds:

Q(x) S(z)

>0
ST (z) R(x)

[<—D+As<s>>w<s>+ S ByS (6 — )@ (¢ — )| de, (10)

Jj=1

where Q(z) = QT (z), R(xz) = R (x), and S(x) de-
pend on x and are equivalent to

R(x)>0, and Q(x)— S(z)R ' (x)ST (x) > 0.

3. The exponential stability cri-
teria for CNNs with multiple
time delays and impulsive ef-

fects

Theorem 3.1 Suppose that the assumption (H)
is satisfied. Then, system (1) is globally exponen-
tially stable for any delay 7 € [0, 7], if there ex-
ist a positive constant € > 0, symmetrical and pos-
itive definite matrices P, Qo, T;, positive diago-
nal matrices Qo, Q;, R;, Q;; and constant matrix
W, e R"*" (i,j =1, 2, ...,m), with (Hy) I PI} —
I.P— PI, <0,k=1,2,..., satisfied and one of the
following LMIs holding:

() 22 = x2+ Ta + 3. " WiQ' WY <0,
i=1

(i) 25 = x5+ T2+ e*7 (PB; - W;) Q' (PB;—
1=1

Wi)T <0,



4094 Li Dong et al Vol. 17

where + 2ia Z (e2aﬁ _ 1)
X2 =—PD - DP +2:P + Q i=1
m x (W, DT, 'D"W' + W, AR 'ATW").
+Y (Wit W'+ Qi+ Qio + 7T, + TiRy)

i:WlL The corresponding parametrized model transfor-

+ Z 7iQij, mation matrices are given by C; = P7'W;
i,j=1 (i=1,2, ..., m).

X3 =x2+PA+A"P, Proof Counsidering the following Lyapunov—

Krasovskii functional candidate:

I, =PAQ;'A"P+) *"PB,Q;'BP

i=1 Viz @) =Vi(z(t)+Va(z®)+Vs(z(),
+ % ijzzl (*7 =) WiBjQ;le;rWiT where

m

Vi (z (1) = e*a’ (t) Px (t) + Z/ * 2" (€) (Qi + Quo) = () d,

i=17 T

Z / ( / ¥z’ (¢) Qi (€) d&) do

7,j=1
When t # tj, the time derivative of Lyapunov—Krasovskii functional V (x (t)) along the trajectories of system
(10) is derived as follows:

V(@ () = Vi(z (1) + Vo (@ (1) + V(2 (), (11)

where

m 0 t
Vol (1) =) U *aT (1) (T; + Ri) @ (1) dé — /ti 2T () (T; + Ri)w (€) d&}

i=1 —Ti
=> [nemwT (t) (T; + Ri) () — / 2 (&) (T, + Ri) x (¢) dﬁ}, (12)
i=1 t—Ti
%(w(t))—_z[ 2" (1) Qijx (1) — /t»e%(f%T@—n)Qijw@—n)df], (13)

Vi ( (1) =2¢ e®taT (t) Pa (t) + 2e%'a" (1) Pa: (1)

ZEtZ:B Q1+Q10 Ze25t TZ) T t—Ti) (Qi+Qi0)$(t—Ti)

i=1

=2ce®'x T (t) Px (t) + 22T ( P{( D+ AS(t iC’J:c(t)
+ <§: [B:S (t —7;) — C’i]>m(t—ri)
Yo [(—D+As<§>>w<§>+iBjS<§—mw<§—m}dg}
i=1 T Jj=1

m

Q“Z-’B )(Qi+ Qio)x (t) = Y e* e (t — 1) (Qi + Qio) x (¢ — 7). (14)

=1
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From Lemma 1, the following inequalities hold:

22T (t) PAS (t)x (t) <a" (t) PAQ, ' AT Px (t) + 2" (t) S (t) QoS (t) x ()
<z" () PAQ,'AT Pz (t) +x" (1) Qox (1).

Moreover,
zm: 22T (t) P (B;S(t —1;) — Cy) x (t — 7)
= zm: 22T (t) PB;S (t — 1)@ (t —7,) — i 22T (t) Wiz (t — 7;)

[e*72T (t) PB;Q; 'Bf Pz (t) + e > (t — ;) Qiz (t — 73)]

=

<

.
I

VR

T (1) WiQpg W (t) + ¢ 27 3" & (¢ ) Qua (t - 72),

1 i=1

+

(2

> /t B 22" (t) PC; Dz (€) d¢

i=1

m t m t
<™ () W,DT; ' DW 'z ()} / Q2=6gg 13 / 05T (6) Ty (€) de
i=1Yt=Ti i=17Yt=Ti

mo 2eT; 1 m t
=y QT:L-T (ty W, DT, 'DW, z (t) + > / T (&) Tyx (¢) d¢,
i=1 i=17t-Ti

=S / 227 (t) PC;AS (€) @ (€) d¢
i=1Y 1t

m t m t
<z" () WiAR;'ATW Tz (1)) / e*=0dg 4+ / e 20T (&) Ry (€) d¢
i=17 =T i=17t=Ti

mo 2e7T; 1

e2eTi _
:ZT

=1

m t
" () WARTATW (1) +) / e 2=02T (&) Ry (€) d€,
i=17Yt=Ti

M-
NE

/t 2¢" (t) PC;B;S (£ — 7)) @ (£ — 77) d€
t

—T;

1

Il

-
.
Il

t

|}BT (t) WlB]QZ_JlB;TWlTJ: (t) / e2g(t_5+ﬂ)d§
t

-7

NE

N
Il
-

<
I

j=1
e 2e(t—=£+7i) T (€—7)Qij x({—1;)dE }

e2€77'»; (62677'1' _ 1)
2e

+
T
3

-
NE

{wT (t)W:B;Q;;' Bf W'z (t)

1

-
Il

1J

n e 2e(t=&+7i) T (5 — Tj) Qij €T (5 - Tj) d€:| :

t—T7;

=

From inequalities (12-19), we have
V(x (1) < e®aT (t) 2oz (1)

On the other hand, inequality (15) is replaced by the following inequality:

22T (t) PAS (t)x (t) =22 (t) P[A+ A(S (t) — I)] = (t)

<2z" (t) PAz (t) + 2" (t) PAR'ATPx (t) + 2" (t) Riz (1).

(17)
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Similarly, inequality (16) can be rewritten as

22T (t) P (BZ + B; (S (t — 7'1') — Eo) — Cl).’ll (t — Ti)

i

'tﬂqs

s
Il
-

T (t)PB; (S (t —7:) — Eo)x (t —T,) 22“’ )(W; — PB))x (t —,)

-

[e*Tiz™ (t) PB;Q; ' B Px (t) + e *Tia" (t — 7;) Qiz (t — 7))

.
Il

_|_
MSH

i=1

/_\)_.

From Eqgs.(1 ) 14) and inequalities (16)—(18), (21), and (22), we have

Vi(x (1) <a (t) 252 (1).

From inequality (20) or (23) it follows that V (z () < 0. And V (z (t)) = 0 if and only if () = 0.
When t = ti, we have

V (z (t7)) =% 2T (ty) (Bo — It)" P(Ey — I) = (1)

+Z/ k i e**a’ (£) (Qi + Qio) z (€) dg

</tk =z (&) (T + Ry) z (€) d§> do
- \Jt{+0

[ e gt y
! Z_ /nrj </t;+96 z” () Qi (€) d§> do

=e*"* g () (I} — I.P — PI},) x (t) + " 2" (t),) Pz (t))

+Z/k_ e 2T () (Qi + Qo) T (€) d¢

i=1 Yt —Ti
/ " eegT (g <Ti+Ri>w<5>d5) a6

! i_n:/or < ko
LT e

=V (z (ty)) + *" 2T (t) (I} — I,P — PI,) x (ts) <V (z (tx)) .

Hence, we have €2\, (P) ||z (t)||> <V (z (t)) < V (z (0)).
On the other hand

0
V(z(0)) =z" (0) Pz (0)+/_ *at (€) (Rz + Ry) @ (€) d¢

o [ [ eam© Rt Row @ ac aor [ ] [ e ) Row ) ] s
/_T 0 0

—27

0
s (Pl + har (B + Ryl [ e

0 0 -7 r0
P (Ro+ Rl [ [ eagan s a (Ra) ol [ [ e<agan
-7 Jo —27 Jo

_ 67257" 25_ —1 + 67257"
+ At (Ra+ Rs) TT

< {)\M(P)+)\M(R2+R3)1

267 — 67257" + 67457" 9
+Am (Ry) leell5-

2e

€2€T'fﬂT (t) (W; — PB,), Q' (Wi — PB,)" @ (t) + ¢ > i zt (t —7) Qiox (t — 7).

(22)

(25)
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Hence, we obtain
1 1 _ 6726‘7'
[z @) < P A (P) + Ay (R + R3) 5
- —2e7 s o267 | a—4eF3
+Am (R4+R5)% + A (Re) i 92 e lllp- =" (26)

It implies that the CNNs with multiple time delays and impulsive effects are exponentially stable. The proof is

completed.

If we do not apply the parametrized first-order model transformation to the system, i.e. W; = 0, then the

following Corollary 3.1 holds.

Corollary 3.1 Suppose that the assumption (H) is satisfied. Then, system (2) is globally exponentially

stable, if there exist a positive constant € > 0, symmetrical and positive definite matrix P, positive diagonal

matrices Q; (=0, 1, 2, ..., m), with (H,) I,PI;, — I; P — PI;, <0, k =1,2,.

following LMIs holding:

.., satisfied and one of the

(i) 221 = -PD - DP+2:P+ ) Q; + PAQ,'ATP + Y ¢*"PB,Q,;'BfP <0,

7=0 =1
Or, ) )
—~PD-DP+2P+5 Q; —PA —e"PB, —e™ PB,,
§=0
—~ATP -Qo 0 . 0
—e'BTP 0 -Q ... 0 <0,
—e™ BT P 0 0 . —Qm

(i) 25, = —PD -~ DP +2:P+PA+ A"P + Y Q; + PAQ,'A"P +
=0

K2

e*"PB,;Q;'BI'P <0,
=1

Or,
—-PD-DP+2:P+PA+A"P+5 Q;, —PA —c"PB, —e™ PB,,
j=0
—ATP -Qo 0 . 0
—e BT P 0 -Q ... 0 <0.
—c™m BT P 0 0 -Qun

Remark 3.1 If we have the known delays, from
Corollary 3.1, we can estimate the degree of exponen-
tial convergence of the considered system by solving
the following optimization problem:

maxe,

ST (H,)

and 29, <0, or Q;l < 0.

Considering the system with a single delay, we obtain
the following Corollary 3.2.

Corollary 3.2 Suppose that the assumption (H)
is satisfied. Then, for any delay 7 € [0, 7], system (2)
with a single delay is globally exponentially stable, if
there exist a positive constant € > 0, symmetrical and

positive definite matrix P, Rg3, R4, positive diago-
nal matrices Ry, Ry, Rs;, Rg, and constant matrix
W e R™", with (Hy) I,PI;, — I,P — PI;; < 0,
k=1,2,..., satisfied and one of the following LMIs
holding;:

(1) 253 = X2 + s+ €2ETWR§1WT <0,

(ii) 2%, = x5+ Ta+e*" (PB-W)R;* (PB-W)"
<0,

where

X3 =x2+ PA+A"P,
X2=—PD —-DP +2P+W+4+W7T
+R1+R2+R3+7_’(R4+R5+R6),
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I's =PAR;'A"P +¢*"PBR;,'B"P

e2e-r -1

+

+ *"WBR;'B"WT).
The corresponding parametrized model transforma-
tion matrix is given by C = P~1W.
Based on the Corollary 3.2, if W = 0, the follow-
ing Corollary 3.3 holds.

(WDR;'D"WT + WAR;'A™WT

Corollary 3.3 Suppose that the assumption (H)
is satisfied. Then, for any delay 7 € [0, 7], system (2)
with a single delay is globally exponentially stable,
if there exist a positive constant € > 0, symmetrical
and positive definite matrix P, positive diagonal ma-
trices Ry, Ro, with (Hy) Iz PI, — I, P — PI;, < 0,
k=1,2,..., satisfied and one of the following LMIs
holding:

i) 290 = —PD —DP+2P+ R+ Ry + PAR;'ATP + ¢*"PBR,'BTP < 0,
1 2

Or,
~-PD-DP+2P+R, +R;, —PA —¢"PB
—ATP -R; 0 <0,
—e"BTP 0 -R;,
(ii) 25, = —PD - DP +2:P+PA+ AP+ R, + R, + PAR;'A"P +¢*"PBR,'B"P <0,
Or,
—-PD-DP+2:P+PA+A"P+ R, +R, —PA —¢"PB
—ATP -R, 0 <0.
—e"BTP 0 -R,

Remark 3.2 If we have the known delays, from
Corollary 3.3, we can estimate the degree of exponen-
tial convergence of the considered system by solving
the following optimization problem:

maxe,

(P2) .
s.t. (Hy) and 293 <0, or £23; <O0.

4. Numerical examples

Example 4.1 Consider the following CNNs with
multiple time delays and impulsive effects:

i(t) = —Dz(t) + Af (2 (1)) + Bof (® (t — 7))

+ Baof (z(t—72)) ,
Ax (tk) =Lz (t;) ,

1
where fi (z) = f2 (z) = > (lz+ 1 = |z — 1),
{2 O] [—0.10 0 ]
D = b = b
02 0 —0.050
0.05 —0.01 0.10 —0.03
1= B2 - )
—0.10 0.035 0 -0.035
and
{0.2 0 }
Ik = I = .
0 0.2

(27)

When 71 = 1, and 75 = 2, from Theorem 3.1, solv-
ing the optimization problem (P3) yields that the sys-
tem is exponentially stable when ¢ < 0.9872. When
e = 0.9872, the corresponding feasible solution is

shown as follows:

10638 —235 7 1069.5 0
pP= ; QO = ;
—235 8716 | 0 487
41.55 172.53] 41.53 172.45
Q1o = , Q20 = ;
172.53 720.87 J 172.45 721.06
0.296 0 0.151 0
Rl = ) R2 = )
0 5.045] 0 2.530
2057.9 0 7702.1 0
Ql = ) Q2 = )
0 2107.14 0 7196.9
41.537 172.574 27.463 114.186
T1 = 5 T2 - )
172.574 720.570 114.186 477.300
[0.101 0 }
11 = )
0 1.689
0.1024 0
Q12 = Q22 = )
0 1.6892
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and
0.2023 O
21 = .

0 1.6892

The time response curves are plotted in Fig.1.

0.2 T T T T T T T T T
X1 i
—_————T
0.1p -
8 0 T
-
L A ]
/
-0.1 -,’ g
i
H <
13
-0.2 . . L . . L . . L
0 2 4 6 8 10

Fig.1. The time response curves of system (27) for
71 =1 and » = 2.

5. Conclusions

In this paper, we have investigated the expo-
nential stability of the cellular neural networks with
multiple time delays and impulsive effects. The
method combining Lyapunov-Krasovskii functional,
parametrized first-order model transformation and the
linearization of considered model has been adopted to
study these issues. As a result, several novel delay-
dependent and delay-independent exponential stabil-
ity criteria for cellular neural networks with multiple
time delays and impulsive effects have been exploited
separately. The stability region with respect to the
delays can be estimated. By comparing with the re-
cent results, the illustrated example shows that the
proposed results are effective.
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